Lecture 1
Branching time logics and CTL

Peterson-Fischer: Possible Specifications

Variables: y1, y2: boolean, 1: {1,2}
Initially ~ yl1=y2 =false, =1

\‘ yl:= true

y1:= false

y2 := false

ylvit=2 @)

Mutual Exclusion: the two processes never simultaneously reach 13,m3

y2\/T=1$

Absence of Starvation: If the left process is at I1, it will later reach I3

Bounded Overtaking: If the left process is at 11, the other process will reach
m3 at most once (twice?) before the left process reaches 13

Two Classes of Formalizations

o & P

Branching Time Properties:
Specify properties that hold for Specify properties that hold for
all computations the computation tree (unfolding)
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Linear Time Properties:

Two Classes of Formalizations

o & P

Branching Time Properties:
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Specification says: .

Linear Time Properties:

[€) :
In all computations,
. Free in every 2nd state ; In all computations,
. In al ot always
n all computations, f :
Free in every 2nd state ; always possible to reach free ; at P1 always followed by free Inoz(jsr;;)‘?ec?(;nf:;itr;()?ree
at P1 always followed by free always possible to reach at P1 ; P
free is always eventually reached
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Two Classes of Formalizations Structure of CTL Formulas
Operators in branching time logic typically have two components:
@ @ @ <in all/some (future) path(s)> <temporal property>
CTL syntax:
Linear Time Properties: Branching Timoper‘(ies: A/E G/F/U ¢
/
@) .”.\
@ @ o

Specification says:
In all computations, .
Free in every 2nd state ; In all computations (paths),
always
in some computation (path)
possible to reach free

In all computations,
at P1 always followed by free




Structure of CTL Formulas

Operators in branching time logic typically have two components:
<in all/some (future) path(s)> <temporal property>
CTL syntax:

A/E G/F/U ¢

Invariant
AG p

N o

Potentially globally Possible

Inevitable
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E[¢ U ] is valid in s if some path from s satisfies the above

Al¢ U ] is valid in s if all pathes from s satisfy the above

Computation Tree Logic, CTL

Clarke & Emerson 1980

Syntax
¢pu=Pl=¢love | EXo|E[4UG] | AldU ¢]

where P e AP (atomic propositions)

o EX (pronounced “for some path next”)
« E (pronounced “for some path”)

o A (pronounced “for all paths”) and

o U (pronounced “until”).

Computations vs. States

Linear time formula satisfied by state in certain computation
Branching time formula satisfied by state in the computation tree.
Meaning of nested formula different

oop

Computations vs. States

Linear time formula satisfied by state in certain computation
Branching time formula satisfied by state in the computation tree.
Meaning of nested formula different
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Computations vs. States

Linear time formula satisfied by state in certain computation
Branching time formula satisfied by state in the computation tree.
Meaning of nested formula different
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Computations vs. States

Linear time formula satisfied by state in certain computation
Branching time formula satisfied by state in the computation tree.
Meaning of nested formula different

In branching time AF (?Gp)
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Computations vs. States
Linear time formula satisfied by state in certain computation
Branching time formula satisfied by state in the computation tree.

Meaning of nested formula different

In branching time AF (A Gp)
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Computations vs. States

Linear time formula satisfied by state in certain computation
Branching time formula satisfied by state in the computation tree.
Meaning of nested formula different

In branching time AF (A Gp)
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Computations vs. States

Linear time formula satisfied by state in certain computation
Branching time formula satisfied by state in the computation tree.
Meaning of nested formula different

In branching time AF (A Gp)
But then, we cannot let each computation “decide” when to start G p
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Computations vs. States

Linear time formula satisfied by state in certain computation
Branching time formula satisfied by state in the computation tree.
Meaning of nested formula different

In branching time AF (A Gp)
But then, we cannot let each computation “decide” when to start G p




Computations vs. States

Linear time formula satisfied by state in certain computation
Branching time formula satisfied by state in the computation tree.
Meaning of nested formula different

In branching time AF (A Gp)
But then, we cannot let each computation “decide” when to start & p

~

Why?

@@ QN
@
p ~p P ([}
This Transition system satisfies ¢ p
But not AF(AGp)
19 20
Formal Semantics of CTL Theorem

sEp iff p € Label(s)
skog (k)
sEovy Hi(skg) Vv (sk9)
sEEX¢ iff 3o € Pu(s).oll] ¢
sEE[pUY] iff Jo € Puy(s)

()

Where A£,(s) denotes the set of paths starting from s
and o[i] denotes i'th element of &
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iz 0alilly A (VOSE <j.olk] )
sEA[gUY] iffVo e Pu(s).3i20.0[)lEy A (YOS Kk <jolk]E9¢)).

All operators are derivable fr:
o« EXf
e EGF
e E[fUg]

and boolean connectives

A[f U g] = —|E[—|gU(—|f A —|g)] A—EG—g
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CTL Model-Checking Algorithms
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Labeling Methods [Clarke et al 81]
+ Sat(¢) = all states where ¢ is true

¢ Compute Sat(¢) recursively as follows:
— For each sub-formula ¢, of ¢, compute Sat(¢;)
— This is easier: e.g. Sat(P) = {s | PeLabel(s)}
e Compose Sat(¢;) to get Sat(¢)

24




Labeling Methods [Clarke et al 81]
Sat(¢) = all states where ¢ is true

e Compute Sat(¢) recursively as follows:
— For each sub-formula ¢, of ¢, compute Sat(¢;)
— This is easier: e.g. Sat(p) = {s | peLabel(s)}
e Compose Sat((;) to get Sat(¢)

This is a GLOBAL model checking algorithm:
Compute all states that satisfy ¢

Compare with LOCAL model checking algorithm:
Check whether some (e.g., initial) state satisfies ¢
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Simpler mutex

Variables: t+: {1,2}
Initially  +=1

Mutual Exclusion: AG =(at 12 /\ at m3)

Absence of Starvation: AG (at 12 -> AF at 13 )
Bounded Overtaking: AG(at |2 -> A[~at m3 U Alat m3 U A[=~at m3 U at I3 ]]])
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Simpler state space

t=1 t=2

I 12 13 11 12
ml

T
§
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Simpler state space

t=1 t=2
I 12 13 I 12 13
m  O—0O—0
j 1 7
m2 — O
Ll
m3 O

Absence of Starvation: AG (at 12 -> AF at 13) |
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Simpler state space

t=1 t=2
11 12 13 11 12 13
ml
m2
m3

Absence of Starvation: AG (at 12 -> AF at I3 )|
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function Sat(¢ : Formula) : set of State;
(* precondition: true *)
begin
if ¢ = true — return S
[ ¢ = false — return @
[ ¢ € AP — return {s| ¢ € Label(s) }
[¢= ¢ — return S — Sat(¢)
=61 V ¢ — return (Sat(¢)) U Sat(gy))
[¢=EX¢ —rreturn {s€ 5 |(s,') €R A & € Sat{¢1) }
[ ¢ = E[$1 U go] — return Satgy(¢1, ¢2)
(| ¢ = Al Ugs] — return Satay (41, 62)
fi
(* postcondition: Sat(¢) ={s| M,s ¢} %)
end




How to Compute Sat(E[¢ U v])

function Satgy (6, : Formula) : set of State;
(* precondition: true ¥)
begin var Q,Q': set of State;
Q. =Sat(y),2;
doQ#Q¢—
Q=0
Q:=QU({s|35'€Q.(s8) € R} N St(g))
od;
return Q
(* postcondition: Satey(d,¥) = {s€ S| M,s =E[gUY]}¥)
end v
‘Table 34: Labelling procedure for E[9U Y] Passed

How to Compute Sat(E[¢ U v])

function Satgy (¢, : Formula) : set of State;
(* precondition: true *)
begin var Q,Q': set of State;
0.Q':= Sat(y), &
doQ#¢—
Q=0
) 0:-Qu (5]3¢€Q.s) € R} n Sug)
od;
return Q
(* posteondition: Satay($,9) = {s€ §| M,s EE[gUY]} ¥)
end

Passed
Table 3.4: Labelling procedure for E U]

How to Compute Sat(E[¢ U y])

function Satey (6, Formale) : st of Sate New (not in Passed!
(* precondition: true ¥)
begin var Q,Q': set of State;

0.9'=Satly), ;

doQ#Q¢—

Q=0

W 00U ((s[3¢ Qo) € R} N Sl

od;

return Q
{* postcondition: Satgy(4,¥) = {s€ S| M,sEEgUY]} ¥)
end

Table 3.4: Labelling procedure for E U]

How to Compute Sat(E[¢ U y])

function Satey (¢, : Formula) : set of State;
(* precondition: true ¥)
begin var Q,Q': set of State;
0.9'=Satlg), ;
doQ#Q¢—
Q=0
W 0:=Qu ((s]3¢ Qo) € R} N Sl
od;
return Q
{* postcondition: Satgy(4,¥) = {s€ S| M,sEEgUY]} ¥)
end

Table 3.4: Labelling procedure for E[§U ]

How to Compute Sat(E[¢ U y])

function Satey (¢, : Formula) : set of State;
(* precondition: true ¥)
begin var Q,Q': set of State;
0.9'=Satly), ;
doQ#Q¢—
Q=0
W 00U ((s[3¢ Qo) € R} N Sl
od;
return Q
{* postcondition: Satgy(4,¥) = {s€ S| M,sEEgUY]} ¥)
end

Passed

Table 3.4: Labelling procedure for E U]

How to Compute Sat(E[¢ U y])

function Satey (¢, : Formula) : set of State;
(* precondition: true ¥)
begin var Q,Q': set of State;
0.9'=Satlg), ;
doQ#Q¢—
Q=0
W 0:=Qu ((s]3¢ Qo) € R} N Sl
od;
return Q
{* postcondition: Satgy(4,¥) = {s€ S| M,sEEgUY]} ¥)
end

Passed

Table 3.4: Labelling procedure for E[§U ]




How to Compute Sat(E[¢ U v])

function Satgy (¢, : Formula) : set of State;
(* precondition: true *)
begin var Q,Q': set of State;
0.Q':=Sat(y), &
Q#Q—
Q=0
Q:=QU ({s]35'€Q.(5,5) e R} n Sat(g))
od;
return Q
(* posteondition: Satay($,9) = {s€ 5| M,s E[UY]} ¥)
end

Table 3.4: Labelling procedure for E U]

How to Compute Sat(E[¢ U v])

function Satgy (¢, : Formula) : set of State;
(* precondition: true *)
begin var Q,Q': set of State;
0.Q':= Sat(y), &
Q#Q—
Q=0
Q:=QU ({s]35'€Q.(5,5) e R} n Sat(g))
od;
return Q
(* posteondition: Satay($,9) = {s€ §| M,s EE[gUY]} ¥)
end

Table 3.4: Labelling procedure for E U]

No new more state, Done!

How to Compute Sat(A[¢ U y])

™)

How to Compute Sat(A[¢ U y])

Passed
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How to Compute Sat(A[¢ U y])

Passed

How to Compute Sat(A[¢ U y])

New (not in Passed!
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How to Compute Sat(A[¢ U y])

How to Compute Sat(A[¢ U y])

How to Compute Sat(A[¢ U y])

How to Compute Sat(A[¢ U y])

No new more state, Done!

function Sat sy (¢, : Formula) : set of State;
(* precondition: true ¥)
begin var Q,Q’ : set of State;
Q,Q = Sat(y), 2;
doQ#Q —
Q=0
Q:=Q U ({s]Vs'.(s,s") e R=s'e O} N Sal(¢p))
od;
return Q
(* postcondition: Satay{g,¥) ={s€ S| M,s=A[gUy]}*)
end

Table 3.5: Labelling procedure for A[¢ U]

More efficient algorithm for A[¢ U y]

The preceding algorithm has quadratic complexity.

We can do better by excluding states that satisfy
E[-y W (9 /\ ~9)]

1. Include states that satisfy y

2. Exclude states that satisfy ~¢ /\ =y

3. Exclude states that satisfy ¢ /\ -~y and either
1. can reach a state that satisfies =~ ¢ /\ =y
2. or are blocked

3. or arein a non-trivial (with at least 2 states) strongly
connected component in states that satisfy = ¢ /\ =y
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Fixpoint Characterizations (SMV)

EFp = pvEXEFp

Let A be the set of states satisfying EF p then

A = pvEXA

in fact A is the smallest one of sets satisfying
the equations (the least fixpoint)
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Fixed points of monotonic functions

e Let t be a function S— S
e Say t is monotonic when

¢ Fixed point of t is y such that

x c y implies 7(x) c 7(y)
¢ If - monotonic, then it has

— least fixed point py. \{(y)& _
— greatest fixed poin? ;y %8 Yy
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Iteratively computing fixed points

e Suppose Sis finite
— The least fixed point py. t(y) is the limit of

— The greatest fixed point vy. t()) is the limit of

false < r(false) < r(r(false)) <A

true O 7(true) o 7(z(true)) DA

Note, since S is finite, convergence is finite
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Example: EFp

e [EF pis characterized by

EF p=py.(pvEXy)
e Thus, it is the limit of the increasing series...

_— —
— -
pVv pVEXp p
EX(pV EXp) )
/ /
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Example: EGp

e EG pis characterized by

e Thus, it is the limit of the decreasing series...

EGp=vy. (pnEXY)

/
—
/ A —X
P P
EX(p A EX PAEXpP
— (p p)
— o

Example, continued
EF g

EFq=uw.(gvEXY)

o —&)
/ 4 =0
4 =023
3 A ={123)

A ={1,23}
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Remaining operators

AFp = w.(pvAXy)
AGp = w.(prdXy)
E(pUq) = w.(gv(p~EXY))
ApUq) = w.(qv(prAXy))

Complexity

The worst-case time complezity of checking whether system-model sys
satisfies the CTL-formula ¢ is O] Sy [P % | 8 ])

However S, may be EXPONENTIAL in
number of parallel components!

FIXPOINT COMPUTATIONS may be carried

out using
ROBDD’s
(Reduced Ordered Binary Decision Diagral
Bryant, 86
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Course Material

You will need

¢ Lecture Handouts

* A few papers (will be distributed)

¢ SPIN documentation

Reference texts: You can from

¢ SPIN MODEL CHECKER Primer and Reference Manual by Gerard Holzmann,
good textbook for the course.

*  Design and Validation of Computer Protocols, G.J. Holzmann, Prentice Hall
1991, older book, can be downloaded from the net.

* Old notes prepared by me some years ago.

I will borrow a few slides by

¢ G. Holzmann

e J.-P. Katoen

« T.Ruys

You can inspect these slides yourself (see the course page).

A CTL-model is a Kripke Structure
(=transition systems with labeled nodes)

M = <S, E, Label> where
— Sis a non-empty set of states
— E < SxS s a transition relation
— Label: S 524" is a labeling function
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