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Stores, Heaps, States

typedecl lOC
types
val = nat
addr = nat

store = loc = val

heap = addr ~» val

state = (store x heap) option
aexp = store = val

bexp = store = bool
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The Language:
IMP ...

m SKIP

m Assign loc aexp

H Semi com com

® Cond bexp com com

® While bexp com
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with Pointers

m ListAlloc loc aexplist
m ArrAlloc loc aexp

m Lookup loc aexp

m Mutate aexp aexp

m Dealloc aexp
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Natural Semantics:
ListAlloc

m ListAlloc:

[heap-isfree h a (length as); vs = map (Ae. e s) as]
—> (x :==list as,Some (s, h)) —. Some (s|x > a],

heap-update h a vs)

m ListAllocFall:

V a. = heap-isfree h a (length as) = (x :== list as,Some (s,
h)) —. None
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Natural Semantics:
ArrAlloc

m ArrAlloc:

[heap-isfree h a (n's); length vs = n s]
—> (x :== alloc n,Some (s, h)) —. Some (s|x — a],

heap-update h a vs)

m ArrAllocFalil:

Va. - heap-isfree ha (n's) = (x :== alloc n,Some (s, h))
— . None
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Natural Semantics:
Lookup

m Lookup:

as € domh—
(x :== @a,Some (s, h)) —>. Some (s[x > heap-lookup h (a

s)|,h)

m LookupFail:

as ¢ domh = (x :== @a,Some (s, h)) —. None
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Natural Semantics:
Mutate

m Mutate:

as € domh—
(@a :== v,Some (s, h)) —>. Some (s, heap-update h (a s) [v

s])

m MutateFall:

as ¢ domh = (Qa :==v,Some (s, h)) —>. None
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Natural Semantics:
Dealloc

m Dealloc:
as € dom h = (dispose a,Some (s, h)) —>. Some (s,
heap-remove h (as))

m DeallocFall:

as ¢ dom h = (dispose a,Some (s, h)) —>. None
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Some Semantical
Properties

m \We cannot recover from an abort:

(c,None) —. s = (s = None)

m Execution is not deterministic:
dcstt’. (c,s) —>. Somet A (c,s) —>. Somet' At F#t’

dcss’ (c,s) —. Some s’ A (c,s) —>. None
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Denotational
Semantics

m C_ListAlloc:
C (x :==listas) =
{ (Some(s,h), Some(s|x+>a], heap-update h a (map (Ae. e s)
as))) | s h a. heap-isfree h a (length as) } U
{ (Some(s,;h), None) | sh.V a. — heap-isfree h a (length as) }

U { (None, None) }

®m Equivalence of denotational and natural semantics:

((s,t) €Cc)={(c,s) —t
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Separation Logic

mA, VY, o, —>, ...

B Separating conjunction:

(PAxQ)h=3dh'h" hixh” Ah'++h"=hAPh'AQh"

B Separating implication:

(P —+Q)h=Vh" hixh APh’'— Q (h ++ h
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Basic Assertions

memp h =domh={}
m (a—v) h=domh = {a} A heap-lookupha=v

m(a—~—)h=4dv. (a—v)h

ma—Vv = ar—~Vv /\* true




Properties of Ax

BP Ax (Q A%xR) =P Ax Q AxR
BPAxQ=0Q A*P
memp AxP =P

mP Axemp=~P



Properties of Ax,
cntd.

B ((A.PhVQh)A*R)h=(PA*R)hV (QA*R)h
B ((A.PhAQh)A*R)h— (P A*R)h A (QA%*R)h
B ((Ah.dx.Pxh)AxQ)h=(3dx. (Px Ax Q) h)

B((Ah.Vx.Pxh)AxQ)h— (Vx. (Px Ax Q) h)




Properties of Ax and
—%

m[Vh.Ph—P'h;Vh.Qh— Q'h] = (P A% Q)
h— (P'"Ax Q') h

mVh.(PA*Q)h—Rh=Ph— (Q —*R) h

mVh.Ph— (Q —*R)h= (P AxQ)h —> RN




mpureP =Vhh . Ph=Ph’

m [pure P; pure Q) = (Ph AQh)

(P A% Q) h

m [pure P;pure Q] = (P —* Q) h=(Ph — Qh)




Intuitionistic
Assertions

m intuitionistc P =Vhh . Ph—h_C,,h/— Ph’

m intuitionistic P = (P Ax true) h —> P h

m intuitionistic P => P h — (true —% P) h
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Domain-exact
Assertions

m domain-exactP =Vhh’ . Ph— Ph’'—s domh =

dom h’

m domain-exactR = (P A*R)h A (Q AxR) h —
((Ah.Ph AQh)A%xR)h

m domain-exact Q = (Vx. (P x Ax Q) h) — ((Ah.
Vx.Pxh)AxQ)h




Hoare Logic

m|={P;c{Q}=
Vsh. (Psh— (Some (s, h), None) ¢ Cc) A
(Vs’h’. (Some (s, h), Some (s’,h)) ECc —>Psh
— Qs’h’)

® No error state reachable

m Partial correctness
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m ListAlloc:

|— {As h. (Ja. heap-isfree h a (length as)) A
(Va. (a[—]map (Ae.es)as —» P (s[x+>a])) h)}
x ;== listas {P}

m ArrAlloc:

|— {As h. (Ja. heap-isfree ha (n's)) A
(Vavs. lengthvs =ns — (a[r>]vs —* P (s[x —

al)) h)}

x :===allocn {P}
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m Lookup:

|— {Ash.3Jv. (as—=v)h AP (s[x —Vv]) h} x:==Qa{P}

m Mutate:

|— {)s.as—~>— Ax (as—»>vs —*Ps)} Qa:==v {P}

m Dealloc:

|— {As. as—— Ax P s} dispose a {P}
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Soundness and
Completeness

B Soundness:

= 1P c1Q} = [= {P; c{Q;}

m Relative completeness:

=P} c1Q} = |- {P;c{Q}

m Weakest precondition:
|— {wpcQ}c{Q}




Example: In-place
List Reversal

reverse :: loc = loc = loc = com
reverseijk == (j :== (As. 0));
while (AS. Si# 0) do

( ((k :==@(As. Suc (s)));
(@Q(AS. Suc (s 1)) :== (As. S])));
(j:== (Xs.s1)))

(i :== (As. s k))




In-place List
Reversal, cntd.

theorem reverse-correct:

'={ As h. heap-listvs (s i) h Ai#] A I#£k A j#£K }
reverse i | k
{ As h. heap-list (revvs) (sj) h}

® Loop invariant:

As h. (Ixsys.
(heap-list xs (s i) A heap-listys (sj)) h A
revvs = revxs @ys) A

i £iNTAKAjAK




List Reversal without
Separation Logic

B \sh. (dxsys.
(heap-list xs (s i) A% heap-listys (sj)) h A
revvs = revxs @ys) A

i £iNiA£KAjAK

mJAs'Bs’.
listtl p As’ A
listtlgBs' A setAs'MNsetBs'={} ArevAs’'@QBs’'=rev As
Q Bs
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List Reversal: The
Proof

B (heap-listys j Ax heap-list (x # xs) i) h =
(heap-list xs (heap-lookup h (Suci)) Ax heap-list (x # ys) i)
(heap-update h (Suci) [j])

EEaNITE

M
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Conclusions and

B No complete axiom scheme for A*x and —
B Syntactic sugar

®m Frame rule

® Annotations, Verification Condition Generator

m Hoare rules for total correctness
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Discussion
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