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Rethinking efficiency in real-time schedulability analysis*

Sanjoy Baruah (Speaker) ' Pontus Ekberg *

Whereas the algorithms community has traditionally associated computational in-
tractability with NP-hardness, real-time systems has a more relaxed view. In particular,
real-time schedulability-analysis algorithms that are designed for use prior to system run-
time are considered acceptably efficient if they have pseudo-polynomial running time —
examples of widely-used such pseudo-polynomial time algorithms include Response-Time
Analysis [3] for fixed-priority scheduling and Processor-Demand Analysis [4, 1] for EDF
scheduling of recurrent task systems upon preemptive uniprocessors. More recently, the
presence of excellent ILP solvers has led to approaches based on transforming a schedu-
labilty analysis problem to a (reasonably small, i.e., polynomial sized) ILP to often also
considered acceptably efficient.

Recall that showing a problem to be NP-hard implies it is unlikely to have a
polynomial-time solution, and showing it to be strongly NP-hard implies it is unlikely
to have a pseudo-polynomial solution. In a similar vein, showing a problem to be hard
for the complexity class NPNP (also denoted as X5 offers strong evidence that it cannot
be efficiently solved even with a highly optimized ILP solver!.

Summarizing the discussion above, notions of efficiency in real-time schedulability
analysis have converged upon three beliefs. (7). Algorithms with pseudo-polynomial
running times are efficient. (4i). “Polynomial-time + ILP-solver” algorithms — algorithms
with polynomial running time that are additionally allowed to make calls to an ILP solver
— are also coming to be considered efficient. iii). Showing a problem to be hard for EQP
shows it to be truly intractable.

However, the following recent observation brings the third of these beliefs into ques-
tion, by showing that there are problems that are hard for EQP (and indeed, even more
general complexity classes) that have pseudo-polynomial time solutions.

Observation 1. If C is a complexity class contained in EXP and C is closed under
polynomial-time reductions, then there exist C-complete problems with pseudo-polynomial
time solutions. (Here EXP is the complexity class of all decision problems that are
solvable using exponential-time algorithms.) O

A finer-grained view of pseudo-polynomial time. Pseudo-polynomial-time algo-
rithms are considered efficient for real-time scheduling problems because their numerical

*Proofs of the results presented here appear in [2] (and the reference cited there).
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"Woeginger [5] explains the implications in this manner: “If you hit a P -complete problem, then
there is no way of formulating it (in polynomial time) as an integer program (of polynomial size)” and
concludes that “E;-complete problems are much, much, much, much, much harder than any problem
[...1 that can be attacked via ILP solvers.”

24



Monday morning Session 2B

parameters typically have a direct physical interpretation, most commonly as measures
of time, that are unlikely to be too large in practice. When the largest numerical param-
eter N greatly exceeds the total input size n, the running time of a pseudo-polynomial
algorithm is dominated by its dependence on IN. Despite this, little attention has been
paid in the real-time scheduling literature to how pseudo-polynomial algorithms scale
with respect to N, treating all such algorithms as essentially equivalent. This motivates
a more fine-grained notion that makes the dependence on N explicit:

Definition 1 (Pseudo-f). An algorithm’s running time is pseudo-f if it is O(n¥ x f(N)),
where n is the size of the representation of the problem instance, N is its largest numerical
parameter value, k is a constant, and f is some function.

Thus an algorithm’s running time is pseudo-polynomial if and only if it is pseudo- f
for some polynomial f. We will say that an algorithm with pseudo-f running time is
pseudo-linear if f(N) € O(N), pseudo-quadratic if f(N) € O(N?), etc. The result below
states that any difference in polynomial degree between f and g differentiates pseudo- f
from pseudo-g:

Theorem 2. For alla > b > 0, there are problems that can be solved in time O(poly(n) x
N®), but not in time O(poly(n) x N, where n is the size of the input and N is the
value of its largest numerical parameter. O

Scale invariance. In addition to distinguishing pseudo-polynomial-time algorithms
by their polynomial dependence on numerical input values, we also wish to distinguish
them by whether their running time is invariant under uniform scaling of those values.
Ideally, a pseudo-polynomial algorithm should become slower only when the relationships
among numerical parameters become more complex, not when all values are scaled by
a common factor. In scheduling problems where numerical parameters often represent
time, this corresponds to insensitivity to the choice of time unit: an algorithm should
have the same running time whether times are expressed in milliseconds, microseconds,
or any other unit, provided the instance structure is unchanged and all values remain
integral. The following definition formalizes this notion of scale invariance for pseudo-
polynomial-time algorithms.

Definition 3 (Scale-invariant pseudo-polynomial time). An algorithm is scale-invariant
pseudo-polynomial if it runs in time that is polynomial in n and in N/G, where n is the
size of the input, N is its largest numerical parameter, and G is the greatest common
divisor of all its numerical parameters

We note that it seems useful to retain some flexibility regarding which numerical
parameters to include in the computation of the greatest common divisor G in Def-
inition 3. For instance, in a multiprocessor scheduling problem with a multitude of
numerical parameters denoting time (deadlines, periods, execution times) and a single
numerical parameter denoting the number of processors, it may make sense to include
only the parameters that share a unit (i.e., the parameters representing time), but not
the processor count, when calculating G.

Not all pseudo-polynomial time algorithms are scale invariant, and in the following
we see that this differentiates computational problems as well.

Theorem 4. There are problems that can be solved in pseudo-polynomial time, but not
in scale-invariant nseudo-volunomial time. [
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