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•Definition
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Abstract Data Type



•States

•initial state

•Methods

•Rules

S S [ {x}
add(x, true)

if x 62 S state

set of 

integers

if x 2 SS S
add(x, false)

S S � {x}
rmv(x, true)

if x 2 S

if x 2 SS S
ctn(x, true)

if x 62 SS S
rmv(x, false)

S S
ctn(x, false)

if x 62 S

initially empty

2

5
9

add(2, true) add(2, false)add(5, true) rmv(5, true) rmv(3, false) ctn(3, false) add(9, true)"
Traces(Set)

add(5, true)add(2, true) ctn(2, true) "
ctn(2, false)add(5, true)add(2, true) %

add(5, true)add(2, true) ctn(3, true)%

Abstract Data Type Set

methods

•add
•rmv
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guarded

commands
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•States

•initial state

•Methods

•Rules

Abstract Data Type Queue

w w • a
enq(a)

a •w w
deq(a)

✏ ✏
deq(⇤)

initially ✏
<latexit sha1_base64="MzUpdpwhIQpnAK/MsFwETuHstno="></latexit>

enq(3)
<latexit sha1_base64="ZGnsmZMHeV2yDgm3O+xIiiWrRCk="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

enq(6)
<latexit sha1_base64="zlcxi5wZGAL7Pg1Q1ymK0IBzT6U="></latexit>

deq(5)
<latexit sha1_base64="8BTZm4cmSVGOam3wMTkD//fjZHA="></latexit>

deq(3)
<latexit sha1_base64="l6M6rN4qP90e4P+nIMn+eMIJyBg="></latexit>

deq(6)
<latexit sha1_base64="LVVW97o8aaCOuIX+jU+WFMNruE4="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

enq(3)
<latexit sha1_base64="ZGnsmZMHeV2yDgm3O+xIiiWrRCk="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

enq(6)
<latexit sha1_base64="zlcxi5wZGAL7Pg1Q1ymK0IBzT6U="></latexit>

deq(5)
<latexit sha1_base64="8BTZm4cmSVGOam3wMTkD//fjZHA="></latexit>

deq(3)
<latexit sha1_base64="l6M6rN4qP90e4P+nIMn+eMIJyBg="></latexit>

deq(6)
<latexit sha1_base64="LVVW97o8aaCOuIX+jU+WFMNruE4="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

deq(∗)
<latexit sha1_base64="xa/bLN233CIcgNZ7sPZCZBLzDlk="></latexit>

%

"

%

Traces(Queue)

enq(3)
<latexit sha1_base64="ZGnsmZMHeV2yDgm3O+xIiiWrRCk="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

enq(6)
<latexit sha1_base64="zlcxi5wZGAL7Pg1Q1ymK0IBzT6U="></latexit>

deq(5)
<latexit sha1_base64="8BTZm4cmSVGOam3wMTkD//fjZHA="></latexit>

deq(3)
<latexit sha1_base64="l6M6rN4qP90e4P+nIMn+eMIJyBg="></latexit>

deq(6)
<latexit sha1_base64="LVVW97o8aaCOuIX+jU+WFMNruE4="></latexit>

deq(∗)
<latexit sha1_base64="xa/bLN233CIcgNZ7sPZCZBLzDlk="></latexit> "

enq(3)
<latexit sha1_base64="ZGnsmZMHeV2yDgm3O+xIiiWrRCk="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

deq(5)
<latexit sha1_base64="8BTZm4cmSVGOam3wMTkD//fjZHA="></latexit>

atomic  operations 
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•initial state

•Methods

•Rules

Abstract Data Type Stack

initially ✏
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methods
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• pop
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integers

w a •w
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pop(⇤) rules
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commands

push(3) push(7) push(5) pop(5) pop(7)

⌧
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trace

Traces(Stack)

atomic  operations 

37
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respond

name invoke

true

input value

output value

add(3)

Program

Sequential Programs Sets

operation =

two events

•invocation
•response



respond

name invoke

true

input value

output value

add(3)

add(3) true

Program

Time
invocation

call

response

Sequential Histories

“interval between

 invocation 


and response”



 H     Histories(Set)∈
<latexit sha1_base64="jWaPI+32QyMg4XbLEGl8KYezRd4="></latexit>

Program

Time

add(3) true add(5) true ctn(4) false rmv(2) false

Time

add(3, true) add(5, true) ctn(4, false) rmv(2, false)

invoke

respond

Sequential Histories

⌧
= Traceof(H)⌧

⌧ ∈
<latexit sha1_base64="e/8vgkD5q5nHvTwOKs7E912VG/A="></latexit>

 Traces(Set)

 H     Histories(A)∈
<latexit sha1_base64="jWaPI+32QyMg4XbLEGl8KYezRd4="></latexit>

A: abstract data type

 Traceof(H)     Traces(A)∈
<latexit sha1_base64="jWaPI+32QyMg4XbLEGl8KYezRd4="></latexit>



Sequential Histories

 H1   Histories(Set)∈
<latexit sha1_base64="jWaPI+32QyMg4XbLEGl8KYezRd4="></latexit>

 H2   Histories(Set)∈
<latexit sha1_base64="jWaPI+32QyMg4XbLEGl8KYezRd4="></latexit>

 H3   Histories(Set)�∈
<latexit sha1_base64="ndpaZQ0hsvmsTC0oFCqed4KEhGc="></latexit>

 H4   Histories(Queue)∈
<latexit sha1_base64="jWaPI+32QyMg4XbLEGl8KYezRd4="></latexit>

 H5   Histories(Queue)�∈
<latexit sha1_base64="ndpaZQ0hsvmsTC0oFCqed4KEhGc="></latexit>

add(3) true add(5) true ctn(4) false rmv(2) false H1 

add(3) true add(3) false ctn(4) false ctn(3) true H2 

add(3) true add(3) false ctn(4) false ctn(3) false H3

enq(3) . enq(5) . deq 3 deq 5
 H4

enq(3) . enq(5) . deq 5 deq 3
 H5 
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Sets Sequential Programs

P

add(3, true) add(5, true) ctn(4, false) rmv(2, false)

Traces(P)

Time

Program

invoke

Traceof(H)
⌧

respond
Traceof(Histories (P))

Histories(P)



Data StructureData Structure

Sets Sequential Programs

ctn(k)

rmv(k)

add(k)add(3)
33 truetrue

3

true

answer

change

stateask

invoke invoke

respond

respond

true
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add(k)
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Sets

tail

Sequential Programs

add(k)

Data Structure

add(k):

Node p, c

1 p = H;

2 c = p.next

3 while (c.key < k)

4 p = c;

5 c = c.next;

6 if (c.key = k)

7 return false

8 else

9 n = new Node(k,-)

10 n.next = c

11 p.next = n

12 return true



Sets

tail

Sequential Programs

add(k)

Data Structure1 3�1 15

H T
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11 p.next = n

12 return true
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rmv(k):

Node p, c

1 p = H;

2 c = p.next

3 while (c.key < k)
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8 return true

9 else
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Sets

1 3�1 151
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H T
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Sets Sequential Programs

Traces(P)

Correctness

•Nothing bad will happen

•No wrong result will be delivered

•Will not violate the abstract data type

•Traces(P)        Traces(Set)⊆

Traces(Set)Safety Properties



add(k):

Node p, c

1 p = H;

2 c = p.next

3 while (c.key < k)

4 p = c;

5 c = c.next;

6 if (c.key = k)

7 return false

8 else

9 n = new Node(k,-)

10 n.next = c

11 p.next = n

12 return true

Sets Sequential Programs Correctness

Liveness Properties

•Something good will happen

•Every operation will eventually terminate

•Every call will return

�1 5 12
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