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•States
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•Methods

•Rules

Abstract Data Type Queue

w w • a
enq(a)

a •w w
deq(a)

✏ ✏
deq(⇤)

initially ✏
<latexit sha1_base64="MzUpdpwhIQpnAK/MsFwETuHstno="></latexit>

enq(2)
<latexit sha1_base64="g82YiP462BCbpCxjwbCZM2VaImc="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

deq(∗)
<latexit sha1_base64="xa/bLN233CIcgNZ7sPZCZBLzDlk=">AAAC8nicbZHLbtNAFIYn5lbKpSks2VhESAFVkZ3eYFeJDRukIkhbKbai8fikGXUuZua4qWX5JViyQ2wRa7bwFrwNY8eqSJojWf71n288x/9JMsEtBsHfjnfr9p279zbubz54+OjxVnf7yYnVuWEwYlpoc5ZQC4IrGCFHAWeZASoTAafJxdu6f3oJxnKtPmGRQSzpueJTzig6a9LdiRCusPlOOZ9xhKqMEi1SW0j3KsuIo5/C56 r/6mVVTbq9YBA05d8UYSt6pK3jyXbnZ5RqlktQyAS1dhwGGcYlNciZgGozyi1klF3Qcxg7qagEG5fNOJX/wjmpP9XGPQr9xv3/REmlred0pKQ4s6u92lzXG+c4fR2XXGU5gmKLi6a58FH7dUZ+yg0wFIUTlBnuZvXZjBrK0CW5dEuSyKWfKN+rj01yOxYlNYVJXVvBnGkpqUqjJuJxGJc3Y++F1TKbiHwVra01pIF0BXTOGq4AIfR8BV2YLd1seD8c7h0euMXuDw/CN7vXi70WJ8NBuDsYftjrHfXbXW+QZ+Q56ZOQHJIj8o4ckxFh5Av5RX6TPx56X71v3vcF6nXaM0/JUnk//gEum/cG</latexit>

Time

5

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

5

deq(2)
<latexit sha1_base64="ZzBUrOGNf+TRyy9GfYjc2BWareA="></latexit>

Traces

•start from initial state
•apply a sequence of rules

•collect the sequence of operationsTraces(Queue)



•States

•initial state

•Methods

•Rules

Abstract Data Type Queue

w w • a
enq(a)

a •w w
deq(a)

✏ ✏
deq(⇤)

initially ✏
<latexit sha1_base64="MzUpdpwhIQpnAK/MsFwETuHstno="></latexit>

enq(3)
<latexit sha1_base64="ZGnsmZMHeV2yDgm3O+xIiiWrRCk="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

enq(6)
<latexit sha1_base64="zlcxi5wZGAL7Pg1Q1ymK0IBzT6U="></latexit>

deq(5)
<latexit sha1_base64="8BTZm4cmSVGOam3wMTkD//fjZHA="></latexit>

deq(3)
<latexit sha1_base64="l6M6rN4qP90e4P+nIMn+eMIJyBg="></latexit>

deq(6)
<latexit sha1_base64="LVVW97o8aaCOuIX+jU+WFMNruE4="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

enq(3)
<latexit sha1_base64="ZGnsmZMHeV2yDgm3O+xIiiWrRCk="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

enq(6)
<latexit sha1_base64="zlcxi5wZGAL7Pg1Q1ymK0IBzT6U="></latexit>

deq(5)
<latexit sha1_base64="8BTZm4cmSVGOam3wMTkD//fjZHA="></latexit>

deq(3)
<latexit sha1_base64="l6M6rN4qP90e4P+nIMn+eMIJyBg="></latexit>

deq(6)
<latexit sha1_base64="LVVW97o8aaCOuIX+jU+WFMNruE4="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

deq(∗)
<latexit sha1_base64="xa/bLN233CIcgNZ7sPZCZBLzDlk="></latexit>

%

"

%

Traces(Queue)

enq(3)
<latexit sha1_base64="ZGnsmZMHeV2yDgm3O+xIiiWrRCk="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

enq(6)
<latexit sha1_base64="zlcxi5wZGAL7Pg1Q1ymK0IBzT6U="></latexit>

deq(5)
<latexit sha1_base64="8BTZm4cmSVGOam3wMTkD//fjZHA="></latexit>

deq(3)
<latexit sha1_base64="l6M6rN4qP90e4P+nIMn+eMIJyBg="></latexit>

deq(6)
<latexit sha1_base64="LVVW97o8aaCOuIX+jU+WFMNruE4="></latexit>

deq(∗)
<latexit sha1_base64="xa/bLN233CIcgNZ7sPZCZBLzDlk="></latexit> "

enq(3)
<latexit sha1_base64="ZGnsmZMHeV2yDgm3O+xIiiWrRCk="></latexit>

enq(5)
<latexit sha1_base64="cw36WRqqcezixWG2kWJ4Oau9uPs="></latexit>

deq(5)
<latexit sha1_base64="8BTZm4cmSVGOam3wMTkD//fjZHA="></latexit>

atomic  operations 
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Sequential Programs

atomic  operations 

Abstract  Data

Types 

non-atomic  operations 

Programs

operations take time 

operation =

two events

•invocation
•response

Program



respond
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true

input value

output value

add(3)

Program

Sequential Programs Sets

operation =

two events

•invocation
•response



respond

name invoke

true

input value

output value

add(3)

add(3) true

Program

Time
invocation

call

response

Sequential Histories

“interval between

 invocation 


and response”



false

rmv(2)

Time

add(3) true add(5) true ctn(4) false rmv(2) false

Program

history

H

sequential

Sequential Histories

method calls

 do not overlap

“history: sequence of

invocations and returns”

invocation followed 

immediately 

by response



Time

add(3) true add(5) true ctn(4) false rmv(2) false

Time

add(3, true)

Program

call

operation

invoke

history

H

respond

sequential

Sequential Histories
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 do not overlap

invocation followed 

immediately 

by response

Traceof(H)

“merge each invocation 

with  corresponding response”

“a call collapses

to an operation”



sequential
Program

Time

add(3) true add(5) true ctn(4) false rmv(2) false

Time

add(3, true) add(5, true) ctn(4, false) rmv(2, false)

invoke

history

H

respond

Sequential Histories

Traceof(H)

⌧
= Traceof(H)⌧



 H     Histories(Set)∈
<latexit sha1_base64="jWaPI+32QyMg4XbLEGl8KYezRd4="></latexit>

Program

Time

add(3) true add(5) true ctn(4) false rmv(2) false

Time

add(3, true) add(5, true) ctn(4, false) rmv(2, false)

invoke

respond

Sequential Histories

⌧
= Traceof(H)⌧

⌧ ∈
<latexit sha1_base64="e/8vgkD5q5nHvTwOKs7E912VG/A="></latexit>

 Traces(Set)

 H     Histories(A)∈
<latexit sha1_base64="jWaPI+32QyMg4XbLEGl8KYezRd4="></latexit>

A: abstract data type

 Traceof(H)     Traces(A)∈
<latexit sha1_base64="jWaPI+32QyMg4XbLEGl8KYezRd4="></latexit>



Sequential Histories

 H1   Histories(Set)∈
<latexit sha1_base64="jWaPI+32QyMg4XbLEGl8KYezRd4="></latexit>

 H2   Histories(Set)∈
<latexit sha1_base64="jWaPI+32QyMg4XbLEGl8KYezRd4="></latexit>

 H3   Histories(Set)�∈
<latexit sha1_base64="ndpaZQ0hsvmsTC0oFCqed4KEhGc="></latexit>

 H4   Histories(Queue)∈
<latexit sha1_base64="jWaPI+32QyMg4XbLEGl8KYezRd4="></latexit>

 H5   Histories(Queue)�∈
<latexit sha1_base64="ndpaZQ0hsvmsTC0oFCqed4KEhGc="></latexit>

add(3) true add(5) true ctn(4) false rmv(2) false H1 

add(3) true add(3) false ctn(4) false ctn(3) true H2 

add(3) true add(3) false ctn(4) false ctn(3) false H3

enq(3) . enq(5) . deq 3 deq 5
 H4

enq(3) . enq(5) . deq 5 deq 3
 H5 
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Sets Sequential Programs

P

add(3, true) add(5, true) ctn(4, false) rmv(2, false)

Traces(P)

Time

Program

invoke

Traceof(H)
⌧

respond
Traceof(Histories (P))

Histories(P)



Data Structure

Sets Sequential Programs

ctn(k)

rmv(k)

add(k)

invoke

respond



Data StructureData Structure

Sets Sequential Programs

ctn(k)

rmv(k)

add(k)add(3)
33 truetrue

3

true

answer

change

stateask

invoke invoke

respond

respond

true
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Sets

tail

Sequential Programs

add(k)

Data Structure

add(k):

Node p, c

1 p = H;

2 c = p.next

3 while (c.key < k)

4 p = c;

5 c = c.next;

6 if (c.key = k)

7 return false

8 else

9 n = new Node(k,-)

10 n.next = c

11 p.next = n

12 return true
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12 return true
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Sets Sequential Programs

Traces(P)

Correctness

•Nothing bad will happen

•No wrong result will be delivered

•Will not violate the abstract data type

•Traces(P)        Traces(Set)⊆

Traces(Set)Safety Properties



add(k):

Node p, c

1 p = H;

2 c = p.next

3 while (c.key < k)

4 p = c;

5 c = c.next;

6 if (c.key = k)

7 return false

8 else

9 n = new Node(k,-)

10 n.next = c

11 p.next = n

12 return true

Sets Sequential Programs Correctness

Liveness Properties

•Something good will happen
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