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Euclidean algorithm

From Wikipedia, the free encyclopedia

This article is about an algorithm for the greatest common divisor. For the mathematics of space, see Euclidean geometry. For other uses

of [ | see

In the [note 1] or Euclid's algorithm, is an efficient
method for computing the greatest common divisor (GCD) of two integers (numbers),
the largest number that divides them both without a remainder. It is named after the
ancient Greek mathematician Euclid, who first described it in his Elements (c. 300 BC).
It is an example of an algorithm, a step-by-step procedure for performing a calculation
according to well-defined rules, and is one of the oldest algorithms in common use. It
can be used to reduce fractions to their simplest form, and is a part of many other
number-theoretic and cryptographic calculations.

The Euclidean algorithm is based on the principle that the greatest common divisor of
two numbers does not change if the larger number is replaced by its difference with the
smaller number. For example, 21 is the GCD of 252 and 105 (as 252 = 21 x 12 and
105 = 21 x 5), and the same number 21 is also the GCD of 105 and 252 - 105 = 147.
Since this replacement reduces the larger of the two numbers, repeating this process
gives successively smaller pairs of numbers until the two numbers become equal.
When that occurs, they are the GCD of the original two numbers. By reversing the steps
or using the extended Euclidean algorithm, the GCD can be expressed as a linear
combination of the two original numbers, that is the sum of the two numbers, each
multiplied by an integer (for example, 21 =5 x 105 + (-2) x 252. The fact that the GCD
can always be expressed in this way is known as Bézout's identity.

The version of the Euclidean algorithm described above (and by Euclid) can take many
subtraction steps to find the GCD when one of the given numbers is much bigger than
the other. A more efficient version of the algorithm shortcuts these steps, instead
replacing the larger of the two numbers by its remainder when divided by the smaller of
the two (with this version, the algorithm stops when reaching a zero remainder). With
this improvement, the algorithm never requires more steps than five times the number
of digits (base 10) of the smaller integer. This was proven by Gabriel Lamé in 1844, and
marks the beginning of computational complexity theory. Additional methods for

10°FC 7'FC 3"
Euclid's example Nicomachus' example
Euclid's method for finding the greatest common &7
divisor (GCD) of two starting lengths BA and DC,
both defined to be multiples of a common "unit"
length. The length DC being shorter, it is used to
"measure" BA, but only once because remainder EA
is less than DC. EA now measures (twice) the
shorter length DC, with remainder FC shorter than
EA. Then FC measures (three times) length EA.
Because there is no remainder, the process ends
with FC being the GCD. On the right Nicomachus's
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Pi

From Wikipedia, the free encyclopedia
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This article is about the mathematical constant. For the Greek letter, see Pi (letter). For other uses, see r 1 (Gisainiigua:

The number 7 (/par/) is a mathematical constant. It is defined as the ratio of a circle's
circumference to its diameter, and it also has various equivalent definitions. It appears in many
formulas in all areas of mathematics and physics. It is approximately equal to 3.14159. It has
been represented by the Greek letter "7" since the mid-18th century, and is spelled out as "pi".
It is also referred to as Archimedes' constant.'I2I%]

Being an irrational number, 7 cannot be expressed as a common fraction, although fractions
such as 22/7 are commonly used to approximate it. Equivalently, its decimal representation
never ends and never settles into a permanently repeating pattern. Its decimal (or other base)
digits appear to be randomly distributed, and are conjectured to satisfy a specific kind of
statistical randomness.

It is known that 7 is a transcendental number:[2! it is not the root of any polynomial with rational
coefficients. The transcendence of 7 implies that it is impossible to solve the ancient challenge
of squaring the circle with a compass and straightedge.

Ancient civilizations, including the Egyptians and Babylonians, required fairly accurate
approximations of 7 for practical computations. Around 250 BC, the Greek mathematician
Archimedes created an algorithm to approximate 7 with arbitrary accuracy. In the 5th century
AD, Chinese mathematics approximated 7 to seven digits, while Indian mathematics made a
five-digit approximation, both using geometrical techniques. The first exact formula for 7, based
on infinite series, was discovered a millennium later, when in the 14th century the Madhava—
Leibniz series was discovered in Indian mathematics.“I%]

The invention of calculus soon led to the calculation of hundreds of digits of 7, enough for all
practical scientific computations. Nevertheless, in the 20th and 21st centuries, mathematicians
and computer scientists have pursued new approaches that, when combined with increasing
computational power, extended the decimal representation of z to many trillions of digits.®17)
The primary motivation for these computations is as a test case to develop efficient algorithms
to calculate numeric series, as well as the quest to break records. /%! The extensive
calculations involved have also been used to test supercomputers and high-precision
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3.14159 26535 89793 23846 26433...

Uses
Area of a circle - Circumference *
Use in other formulae

Properties
Irationality - Transcendence
Value
Less than 22/7 - Approximations *
Memorization
People
Archimedes - Liu Hui - Zu Chongzhi -
Aryabhata - Madhava - Ludolph van Ceulen -
Seki Takakazu - Takebe Kenko - William Jones
+ John Machin - William Shanks *
Srinivasa Ramanujan - John Wrench -
Chudnovsky brothers - Yasumasa Kanada
History
Chronology + Book
In culture
Legislation - Pi Day
Related topics
Squaring the circle - Basel problem -
Six nines in 7 - Other topics related to 7
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From Wikipedia, the free encyclopedia

In concurrent computing, liveness refers to a set of properties of concurrent systems, that require a system to make progress despite the
fact that its concurrently executing components ("processes") may have to "take turns" in critical sections, parts of the program that cannot be
simultaneously run by multiple processes.[” Liveness guarantees are important properties in operating systems and distributed systems.[2]

More generally, a liveness property states that "something good will eventually occur", contrasting a safety property which states that
"something bad does not occur". If a safety property is violated there is always a finite execution that shows the violation (the "bad" event
occurring), but a liveness property cannot be violated in a finite execution of a distributed system because the "good" event might still occur
at some later time. Eventual consistency is an example of a liveness property.[®! Al linear time properties can be expressed as the
intersection of safety and liveness properties.[*! Whereas the violation of a given safety property admits a finite witness, violation of liveness
properties may be harder to establish as no finite witness can be used as proof.[%]

Contents [hide]
1 Forms of liveness
2 Liveness and safety
2.1 Formal distinction
2.2 Bounded bypass and bounded overtaking
3 See also
4 References

Forms of liveness [edit]

Several forms of liveness are recognized. The following ones are defined in terms of a multi-process system that has a critical section,
protected by some mutual exclusion (mutex) device. All processes are assumed to correctly use the mutex; progress is defined as finishing
execution of the critical section.

* Freedom from deadlock is a form of liveness, although a weak one. Consider a system with multiple processes and a single critical
section, protected by some mutual exclusion device. Such a system is said to be deadlock-free if, when a group of processes is
competing for access to the critical section at some point in time, then some process eventually makes progress at a later point in time.
That process need not belong to the aforementioned group; it might have gained access at an earlier or even later moment.[®]

e Freedom from starvation (or "finite bypass") is a stronger liveness guarantee than deadlock-freedom. It states that all processes vying for
access to the critical region eventually make progress. Any starvation-free system is also deadlock-free.[!

« Stronger still is the requirement of bounded bypass. This means that, if # processes are competing for access to the critical region, then
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N | 1 = — e
i i h =2
i get o f N

i &l ¢ 1
\ 1 1
§ ! 3\

IO R ommanan]

add(x,true)
S >» SU {x}

add(4, true) add(7, true)
(2,5 > (2,54} ~{2,54] > {2,5,4,7




1; Set P

set of \
\ integers

Y. e
r2

add(x,true)

>» SU {x} ifx g S ‘tate
add(a}', false) : P4

\ .\\
\

rmu(x,true)

S > S — {x} ifrzesS

rmuv(x, false)

> S ifxe g S

ctn(x,true)
> S ifxecS

(iR LR |
off N\
T =

i
POAm Y , (i { i T
! - \'»,
81 | (Al i =2
§ 1 b i N
{1 & i i
‘KX 1
§ | \

ctn(x, false) \ (o s f‘;

add(x,true)
S >» SU {x}

add(4, true) add(7, true)
{25} > {254} {2,5,4} > [254,7) ¢ o o 0000




Abstract Data Type} Set >

= = ameas T = T — g e o

add(x,true)

>» SU {x} ifx g S
add(x, false
S Eof ) > ifxeS
| rmuv(x, true) _
S > S — {x} ifresS
rmuv(x, false
(, false) > S ife &S

ctn(x, true)
> S ifxesS

ctn(x, false)




]; Set Peg

S so e

add(x,true)
>» SU {x} ite ¢S

add(x, false) \ ifocs

| rmuv(x, true)

S > S — {x} ifresS

rmuv(x, false)

> S ife &S

ctn(x, true)
> S ifxeS

ctn(x, false)




]; Set Peg

e o ===

add(x,true)
>» SU {x} it &S

add(x, false) \ focs

| rmuv(x, true) .
S > S — {x} ifresS

rmuv(x, false)

> S ife &S

ctn(x, true)
> S ifxeS

ctn(x, false)




]; Set Peg

add(x,true)

>» SU {x} ifx &S

add(x, false) \ o

| rmu(x,true) _
S > S — {x} ifresS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifresS

ctn(x, false)




]; Set Peg

add(x,true)

>» SU {x} ifx &S

add(x, false) \ o

| rmu(x,true) _
S > S — {x} ifresS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifresS

ctn(x, false)

Sinit



]; Set P

add(x,true)

>» SU {x} ifx g S

add(x, false) \ S—

| ® start from initial state
| ' { » apply a sequence of rules

| rmuv(x,true) _
S > S — {x} ifxeS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifxeS

ctn(x, false)

Sinit



]; Set P

add(x,true)

>» SU {x} ifx g S

add(x, false) \ S—

| ® start from initial state
| ' { » apply a sequence of rules

| rmuv(x,true) _
S > S — {x} ifxeS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifxeS

ctn(x, false)

Sinit



]; Set P

add(x,true)

>» SU {x} ifx g S

add(x, false) \ S—

| ® start from initial state
| ' { » apply a sequence of rules

| rmuv(x,true) _
S > S — {x} ifxeS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifxeS

ctn(x, false)




]; Set P

add(x,true)

>» SU {x} ifx g S

add(x, false) \ S—

| ® start from initial state
| ' { » apply a sequence of rules

| rmuv(x,true) _
S > S — {x} ifxeS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifxeS

ctn(x, false)




]; Set P

add(x,true)

>» SU {x} ifx g S

add(x, false) \ S—

| ® start from initial state
| ' { » apply a sequence of rules

| rmuv(x,true) _
S > S — {x} ifxeS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifxeS

ctn(x, false)




]; Set P

add(x,true)

>» SU {x} ifx g S

add(x, false) \ S—

| ® start from initial state
| ' { » apply a sequence of rules

| rmuv(x,true) _
S > S — {x} ifxeS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifxeS

ctn(x, false)




]; Set P

add(x,true)

>» SU {x} ifx g S

add(x, false) \ S—

| ® start from initial state
| ' { » apply a sequence of rules

| rmuv(x,true) _
S > S — {x} ifxeS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifxeS

ctn(x, false)




]; Set P

add(x,true)

>» SU {x} ifx g S

add(x, false) \ S—

| ® start from initial state
| ' { » apply a sequence of rules

| rmuv(x,true) _
S > S — {x} ifxeS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifxeS

ctn(x, false)




1; Set P

add(x,true)

>» SU {x} ifx g S

add(x, false) \ e S

| * start from initial state
{ ® apply a sequence of rules
1 ® collect the sequence of operation

| rmu(x,true) .
S > S — {x} ifresS

e - . i} i

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifx e S

A et~ e -
A -

ctn(x, false)




1; Set P

add(x,true)

>» SU {x} ifx g S

add(x, false) \ e S

| * start from initial state
{ ® apply a sequence of rules
1 ® collect the sequence of operation

| rmu(x,true) .
S > S — {x} ifresS

e - . i} i

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifx e S

A et~ e -
A -

ctn(x, false)




1; Set P

add(x,true)

>» SU {x} ifx g S

add(x, false) \ e S

| * start from initial state
{ ® apply a sequence of rules
1 ® collect the sequence of operation

| rmu(x,true) .
S > S — {x} ifresS

e - . i} i

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifx e S

A et~ e s
i I L o v s

ctn(x, false)




Abstract Data Type}‘ Set \

. NN

add(x,true)

add(x, false
o (x, fi ))S o

| rmu(x,true) _
S > S — {x} ifresS

rmuv(x, false)

S > S ife &S

ctn(x,true)
> S ifxesS

il guarded \
\ commands /

ctn(x, false)




]; Set P

= ===

| * Rules

initially empty |

)\
S -
|

{ add(x,true)
| S >» SU {x} ifex g S

add(x, false)

| rmu(x,true) _
S > S — {x} ifresS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifxesS

e ————

|/ guarded “\
\ commands /

ctn(x, false)

Time



]; Set e

= so e

{ * Rules

initially empty !

)\
\-y_.-.-—__:,_a_v
|

{ add(x,true)
| 5 ,SU{e}  ifags

add(x, false)

J rmu(x,true) |
S > S — {z} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x,true)
> S ifxeS

e ————

\ commands /

ctn(x, false)

add(2, true) ? '

S e S E S R — R

Time



]; Set e

= so e

{ * Rules

initially empty !

)\
\-y_.-.-—__:,_a_v
|

{ add(x,true)
NS ,SU{z} ) ifzgs

add(x, false)

J rmu(x,true) |
S > S — {z} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x,true)
> S ifxeS

e ————

\ commands /

ctn(x, false)

add(2, true) ? '

S e S E S R — R

Time



]; Set e

= so e

{ * Rules

initially empty !

)\
\-y_.-.-—__:,_a_v
|

{ add(x,true)
NS ,SU{z} ) ifags

add(x, false)

J rmu(x,true) |
S > S — {z} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x,true)
> S ifxeS

e ————

\ commands /

ctn(x, false)

add(2, true) ? '

S e S E S R — R

Time



]; Set e

= R

{ * Rules

initially empty!

)\
\-y_.-.-—__:,_a_v
|

( add(x,true)
| NS > SU {z} ifz g S

add(x, false)

| rmuv(x, true) |
S > S — {x} ifz €S

rmuv(x, false)

> S ifxe g S

ctn(x, true)
> S ifxee S

e ————

W uarded >
\ commands /

ctn(x, false)

— R L L,

Time



]; Set e

= R

{ * Rules

initially empty!

)\
\-y_.-.-—__:,_a_v
|

( add(x,true)
| NS > SU {z} ifz g S

add(x, false)

| rmuv(x, true) |
S > S — {x} ifz €S

rmuv(x, false)

> S ifxe g S

ctn(x, true)
> S ifxee S

e ————

W uarded >
\ commands /

ctn(x, false)

— R L L,

Time



]; Set e

= R

{ * Rules

initially empty!

)\
\-y_.-.-—__:,_a_v
|

( add(x,true)
| NS > SU {z} ifz g S

add(x, false)

| rmuv(x, true) |
S > S — {x} ifz €S

rmuv(x, false)

> S ifxe g S

ctn(x, true)
> S ifxee S

e ————

W uarded >
\ commands /

ctn(x, false)

add(2, true)

— R e L L,

Time



]; Set P

= ===

| * Rules

initially empty |

)\
S -
|

{ add(x,true)
| S >» SU {x} ifex g S

add(x, false)

| rmu(x,true) _
S > S — {x} ifresS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifxesS

e ————

|/ guarded “\
\ commands /

ctn(x, false)

add(2, true)

— T >

Time



k Set P

= e

{ * Rules

initially empty !

)\
\"""‘—‘—-a—a.v
|

{ add(x,true)
| 5  SUfe})  ifzgs

add(x, false)

| rmu(x,true) |
o > S — {z} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x,true)
> S ifxeS

e ————

unarded >
\ commands /

ctn(x, false)

add(2, true)

S e S E S R — R

Time



k Set P

= e

{ * Rules

initially empty !

)\
\"""‘—‘—-a—a.v
|

{ add(x,true)
NS  SUfe} ) ifzgs

add(x, false)

| rmu(x,true) |
o > S — {z} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x,true)
> S ifxeS

e ————

unarded >
\ commands /

ctn(x, false)

add(2, true)

S e S E S R — R

Time



k Set P

= e

{ * Rules

initially empty !

)\
\"""‘—‘—-a—a.v
|

{ add(x,true)
NS  SUfe} ) ifzgs

add(x, false)

| rmu(x,true) |
o > S — {z} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x,true)
> S ifxeS

e ————

unarded >
\ commands /

ctn(x, false)

add(2, true)

S e S E S R — R

Time



]; Set e

= R

{ * Rules

initially empty|

)\
\-y_.-.-—__:,_a_v
|

{ add(x,true)
|NS > SU {z} ifz g S

add(x, false)

| rmuv(x, true) |
S > S — {=} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x, true)
> S ifxee S

e ————

R unarded >
\ commands /

ctn(x, false)

add(2, true)

BB IRMRRRIGAT A AR Vil 6 skl ol AL L AR A N SRS Y

Time



]; Set e

= R

{ * Rules

initially empty|

)\
\-y_.-.-—__:,_a_v
|

{ add(x,true)
|NS > SU {z} ifz g S

add(x, false)

| rmuv(x, true) |
S > S — {=} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x, true)
> S ifxee S

e ————

R unarded >
\ commands /

ctn(x, false)

add(2, true)

BB IRMRRRIGAT A AR Vil 6 skl ol AL L AR A N SRS Y

Time



]; Set e

= R

{ * Rules

initially empty|

)\
\-y_.-.-—__:,_a_v
|

{ add(x,true)
|NS > SU {z} ifz g S

add(x, false)

| rmuv(x, true) |
S > S — {=} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x, true)
> S ifxee S

e ————

R unarded >
\ commands /

ctn(x, false)

add(2, true) add(5, true)

— LR N L e L,

Time



]; Set P

= o

| * Rules

initially empty |

|
| S
i

{ add(x,true)
| S >» SU {x} ifex g S

add(x, false)

| rmu(x,true) _
S > S — {x} ifresS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifresS

e ————

|/ guarded “\
\ commands /

ctn(x, false)

add(2, true) add(5, true)

-+t

Time



k set P

= so e

{ * Rules

initially empty !

)\
\-y_.-.-—__:,_a_v
|

/ add(x,true)
| 5 L SU{z}  ifzgs

add(x, false)

J rmu(x,true) |
o > S — {z} ifxesS

rmuv(x, false)

> 5 ifxe g S

ctn(x,true)
> S ifxesS

e ————

\ commands /

ctn(x, false)

add(2, true) add(5, true)

S e S E S R — R

Time



k set P

= so e

{ * Rules

initially empty !

)\
\-y_.-.-—__:,_a_v
|

/ add(x,true)
NS ,SU{z} ) ifzgs

add(x, false)

J rmu(x,true) |
o > S — {z} ifxesS

rmuv(x, false)

> 5 ifxe g S

ctn(x,true)
> S ifxesS

e ————

\ commands /

ctn(x, false)

add(2, true) add(5, true)

S e S E S R — R

Time



k set P

= so e

{ * Rules

initially empty !

)\
\-y_.-.-—__:,_a_v
|

/ add(x,true)
NS L SU{z} ) ifzgs

add(x, false)

J rmu(x,true) |
o > S — {z} ifxesS

rmuv(x, false)

> 5 ifxe g S

ctn(x,true)
> S ifxesS

e ————

\ commands /

ctn(x, false)

add(2, true) add(5, true)

S e S E S R — R

Time



]; Set e

= R

{ * Rules

initially empty!

)\
\-y_.-.-—__:__a_v
|

/ add(x,true)
| NS > SU{x} ifx g S

add(x, false)

| rmuv(x, true) |
S > S — {x} ifz €S

rmuv(x, false)

> S ifxe g S

ctn(x, true)
> S ifx eSS

e ————

unarded >
\ commands /

ctn(x, false)

add(2, true) ? ' Ty

add(2, true) add(5, true)

e R e L

Time



]; Set P

= o

| * Rules

initially empty |

|
| S
i

{ add(x,true)
| S >» SU {x} ifex g S

add(x, false)

| rmu(x,true) _
S > S — {x} ifresS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifresS

e ————

|/ guarded “\
\ commands /

ctn(x, false)

add(2, true) add(5, true)

-+t

Time



k set W

= so e

{ * Rules

initially empty !

)\
\"""‘—‘—-a—a.v
|

{ a,dd(a:, t'rue)
| 5 ,SU{e}  ifags

add(x, false)

| rmu(x,true) |
o > S — {z} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x,true)
> S ifxeS

e ————

uarded
\ commands /

ctn(x, false)

add(zvfalse) ? |

add(2, true) add(5, true)

S e S E S R — R

Time



k set W

= so e

{ * Rules

initially empty !

)\
\"""‘—‘—-a—a.v
|

f(// a,dd(a:, t'rue)
| 5 ,SU{e}  ifags

add(x, false)

va(g;, t’rue)

> S — {z} ifxeS

rmuv(x, false)

> S ifxe g S

ctn(x,true)
> S ifxeS

e ————

uarded
\ commands /

ctn(x, false)

add(zvfalse) ? |

add(2, true) add(5, true)

S e S E S R — R

Time



k set W

= so e

{ * Rules

initially empty !

)\
\"""‘—‘—-a—a.v
|

f(// a,dd(a:, t'rue)
| 5 ,SU{e}  ifags

add(x, false)

va(g;, t’rue)

> S — {z} ifxeS

rmuv(x, false)

> S ifxe g S

ctn(x,true)
> S ifxeS

e ————

uarded
\ commands /

ctn(x, false)

add(zvfalse) ? |

add(2, true) add(5, true)

S e S E S R — R

Time



]; Set e

= R

{ * Rules

initially empty|

)\
\-y_.-.-—__:,_a_v
|

{ add(x, true)
| S > SU {z} ifz g S

add(x, false)

rmuv(x,true)

> S — {=} ifxeS

rmuv(x, false)

> S ifxe g S

ctn(x, true)
> S ifxee S

e ————

uarded >
\ commands /

ctn(x, false)

add(2, false) ? f Vil

add(2, true) add(5, true)

— L p LR RS e L L,

Time



]; Set P<

= R

. { * Rules
f}/// add(aj, t'r’u,e) . e \
IS >» SU {x} ifx g S | initially empty |

\-~—=—v e

add(x, false)

rmu(x,true)

> S — {z} ifxeS

rmuv(x, false)

> S ifxe g S

ctn(x,true)
> S ifxecS

e ————

\ commands /

ctn(x, false)

add(2, false) ? f Vil

add(2, true) add(5,true) add(2,false)

e

Time



]; Set Peg

= e

| * Rules

( add(z,true) : AR

s > SU {z} ifzZS  |initially empty!

‘ \\’ e s—
add(x, false) (‘ 4

| rmu(x,true) _
S > S — {x} ifresS

rmuv(x, false)

> S ife &S

ctn(x,true)
> S ifresS

e ————

|/ guarded “\
\ commands /

ctn(x, false)

add(2, true) add(5,true) add(2,false)

-+t

Time



]; Set Peg

= e

| * Rules

( add(z,true) : Vo
s > SU {z} ifzZS  |initially empty!
| Lo false) S —
add(x, false | ’
S ’ 5 if T & S //
| rmu(x,true) .
rmuv(x, false)
> S if x Q S

ctn(x,true)
> S ifresS

e ————

|/ guarded “\
\ commands /

ctn(x, false)

rmuv(5, true) ?

add(2, true) add(5,true) add(2,false)

-+t

Time



]; Set Peg

= e

| * Rules

( add(z,true) : Vo
s > SU {z} ifzZS  |initially empty!
| Lo false) S —
add(x, false | ’
S ’ 5 if T & S //
| rmu(x,true) .
rmuv(x, false)
> S if x Q S

ctn(x,true)
> S ifresS

e ————

|/ guarded “\
\ commands /

ctn(x, false)

rmuv(5, true) ?

add(2, true) add(5,true) add(2,false)

-+t

Time



]; Set Peg

= e

| * Rules

( add(z,true) : Vo
s > SU {z} ifzZS  |initially empty!
| Lo false) S —
add(x, false | ’
S ’ 5 if T & S //
| rmu(x,true) .
rmuv(x, false)
> S if x Q S

ctn(x,true)
> S ifresS

e ————

|/ guarded “\
\ commands /

ctn(x, false)

rmuv(5, true) ?

add(2, true) add(5,true) add(2,false)

-+t

Time



]; Set e

= R

{ * Rules

initially empty|

)\
\-y_.-.-—__:,_a_v
|

{ add(x,true)
| 5 > SU {z} ifz g S

add(x, false)

| rmuv(x, true) |
S > S —{x} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x, true)
> S ifxee S

e ————

uarded >
\ commands /

ctn(x, false)

add(2, true) add(5,true) add(2,false)

S N CHEUNURY SIS S E— N——

Time



]; Set e

= R

{ * Rules

initially empty|

)\
\-y_.-.-—__:,_a_v
|

{ add(x,true)
| 5 > SU {z} ifz g S

add(x, false)

| rmuv(x, true) |
S > S —{x} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x, true)
> S ifxee S

e ————

uarded >
\ commands /

ctn(x, false)

add(2, true) add(5,true) add(2,false)

S N CHEUNURY SIS S E— N——

Time



]; Set e

= R

{ * Rules

initially empty|

)\
\-y_.-.-—__:,_a_v
|

{ add(x,true)
| 5 > SU {z} ifz g S

add(x, false)

| rmuv(x, true) |
S > S —{x} ifxesS

rmuv(x, false)

> S ifxe g S

ctn(x, true)
> S ifxee S

e ————

uarded >
\ commands /

ctn(x, false)

add(2, true) add(5,true) add(2,false) rmuv(5,true)

R Y SN FEE A TS S N—

Time



]; Set P<

= R

- { * Rules
f}/// add(a3, t'rue) . e ‘,
IS >» SU {x} ifx g S | initially empty |
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> S ifresS
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| rmu(x,true) .
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Time



]; Set P

| * Rules

( add(z, true) . B
itially empty|

|\ > SU{x} ifx g S

{in

J
| E—
I

add(x, false)

| rmuv(x, true) |
S > S — {x} ifz €S

rmuv(x, false)

> S ifxe g S

ctn(x,true) |
> S ifx eSS

R AR W
BEAT FE R R SR N e |
| ‘1 | 18 | 5 i \\\:\
1L Yo sl o
) ‘ X kgl :‘ r :
) ¥ i
i 1 i o \
i
\ commands /
. P

ctn(x, false)

add(2, true) add(5,true) add(2,false) rmv(5,true) rmuv(3,false) ctn(3, false)

Time



]; Set P

| * Rules

( add(z, true) . B
itially empty|

|\ > SU{x} ifx g S

{in

J
| E—
I

add(x, false)

| rmuv(x, true) |
S > S — {x} ifz €S

rmuv(x, false)

> S ifxe g S

ctn(x,true) |
> S ifx eSS

R AR W
BEAT FE R R SR N e |
| ‘1 | 18 | 5 i \\\:\
1L Yo sl o
) ‘ X kgl :‘ r :
) ¥ i
i 1 i o \
i
\ commands /
. P

ctn(x, false)

add(2, true) add(5,true) add(2,false) rmv(5,true) rmuv(3,false) ctn(3, false)

Time



]; Set P

= o

| * Rules

(t add(z,true) : Vo
1\_s > SU {z} ifzZS  |initially empty!
| P S —
add(x, false | ’
S ’ 5 if T & S //
| rmu(x,true) .
rmuv(x, false)
> S if x Q S

ctn(x,true)
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