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Shortly on projectors
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Projectors and properties

Definitions:
Consider Cn and a mapping P : Cn → Cn.
P is called a projector if P2 = P (i.e. P is idempotent).
If P is a projector, then I − P is also such:

(I − P)2 = I − 2P + P2 = I − P.

N (P) = {x ∈ Cn : Px = 0} (null space (kernel) of P)
R(P) = {Px : x ∈ Cn} (range of P).

A subspace S is called invariant under a square matrix A
whenever AS ∈ S.
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Properties: I

P1: N (P)
⋂R(P) = {0}. Indeed,

if x ∈ R(P)⇒ ∃y : x = Py⇒ Px = P2y = Py

⇒ y = x⇒ x = Px.

If x ∈ N (P)⇒ Px = 0⇒ x = Px⇒ x = 0.
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Properties: II

P2: N (P) = R(I − P)
x ∈ N (P)⇒ Px = 0. Then x = Ix− Px = (I − P)x.
x ∈ R(I − P)⇒ x = (I − P)z⇒ Px = Pz− P2z = 0⇒ Px = 0.

P3: Cn = R(P)
⊕N (P).
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Properties: III

P4: Given two subspaces K and L of same dimension m, the
following two conditions are mathematically equivalent:

(i) No nonzero vector in K is orthogonal to L
(ii) ∀x ∈ Cn∃ unique vector y : y ∈ K ,x− y ∈ L⊥.

Proof.
(i)⇒(ii): K

⋂
L⊥ = {∅} ⇒ Cn = K

⊕
L⊥ ⇒ ∀x ∈ Cn : x = y + z,

where y ∈ K and z ∈ L⊥. Thus, z = x− y⇒ (ii).
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Properties: IV

P5: Orthogonal and oblique projectors
P is orthogonal if N (P) = R(P)⊥. Otherwise P is oblique.
Thus, if P is orthogonal onto K , then Px ∈ K and (I − P)x ⊥ K .
Equivalently, ((I − P)x,y) = 0,∀y ∈ K .
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Properties: V

P6: If P is orthogonal, then ‖P‖ = 1.

Proof.
x = Px + (I − P)x = y− z.
Then (y, z) = 0 : (Px, (I − P)x) = (Px,x)− (Px,Px) =
(Px,x)− (Px,x) = 0.
⇒ ‖x‖22 = ‖Px‖22 + ‖(I − P)x‖22
⇒ ‖x‖22 ≥ ‖Px‖22 ⇒

‖Px‖2
2

‖x‖2
2
≤ 1, ∀x ∈ Cn.

However, for x̃ ∈ R(P) there holds ‖Px̃‖2
2

‖x̃‖2
2

= 1. Thus,

‖P‖ = 1.
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Properties: VI

P7: Any orthogonal projector has only two eigenvalues 0 and
1. Any vector from R(P) is an eigenvector to λ = 1. Any vector
from N (P) is an eigenvector to λ = 0.

Theorem
Let P be orthogonal onto K . Then for any vector x ∈ Cn there
holds

min
y∈K
‖x− y‖2 = ‖x− Px‖2. (1)
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Properties: VII

Proof.
For any y ∈ K , Px− y ∈ K , Px ∈ K , (I − P)x ⊥ K
‖x− y‖22 = ‖(x− Px) + (Px− y)‖22 =
‖x−Px‖22+‖Px−y‖22+2(x−Px,Px−y) = ‖x−Px‖22+‖Px−y‖22.
Therefore, ‖x− y‖22 ≥ ‖x− Px‖22 ∀y ∈ K and the minimum is
reached for y = Px.

Corollary

Let K ⊂ Cn and x ∈ Cn be given. Then
min

y
‖x− y‖2 = ‖x− y∗‖2 is equivalent to y∗ ∈ K and

x− y∗ ⊥ K .
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Iterative solution methods

þ Steepest descent
þ Conjugate gradient method (CG)
þ Generalized conjugate gradient method (GCG)
þ ORTHOMIN
þ Minimal residual method (MINRES)
þ Generalized minimal residual method (GMRES)
þ Lanczos method
þ Arnoldi method
þ Orthogonal residual method (ORTHORES)
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Iterative solution methods

þ Full orthogonalization method (FOM)
þ Incomplete orthogonalization method (IOM)
þ SYMMLQ - variant of CG for symmetric indefinite systems
þ Biconjugate gradient method (BiCG)
þ BiCGStab
þ Conjugate gradients squared (CGS)
þ Minimal residual method (MR)
þ Quasiminimal residual method (QMR)
þ · · ·
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Projection-based iterative methods
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General framework – projection methods

Want to solve b− Axb = 0 , b,x ∈ Rn,A ∈ Rn×n.

Instead, choose two subspaces L ⊂ Rn and K ⊂ Rn and
∗ find x̃ ∈ x(0) + δ, δ ∈ K , such that b− Ax̃ ⊥ L

K - search space
L - subspace of constraints
∗ - basic projection step

The framework is known as Petrov-Galerkin conditions.

There are two major classes of projection methods:
I orthogonal - if K ≡ L,
I oblique - if K 6= L.
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Notations:
x̃ = x0 + δ - (δ - correction)
r0 = b− Ax0 (r0 - residual)

∗ find δ ∈ K , such that r0 − Aδ ⊥ L
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Matrix formulation

Choose a basis in K and L: V = {v1,v2, · · · ,vm} and
W = {w1,w2, · · · ,wm}.
Then, x̃ = x0 + δ = x0 + Vy for some y ∈ Rm.

The orthogonality condition can be written as
(∗∗) W T (r0 − AVy)

which is exactly the Petrov-Galerkin condition.
From (∗∗) we get

W T r0 = W T AVy
y = (W T AV )−1W T r0

x̃ = x0 + V (W T AV )−1W T r0

In practice, m < n, even m� n, for instance, m = 1.
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Matrix formulation, cont.

x̃ = x0 + V (W T AV )−1W T r0

The matrix W T AV will be small and, hopefully, with a nice
structure.

!!! W T AV should be invertible.
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A prototype projection-based iterative method:

Given x(0); x = x(0)

Until convergence do:
Choose K and L
Choose basis V in K and W in L
Compute r = b− Ax

y = (W T AV )−1W T r
x = x + Vy

Degrees of freedom: m,K ,L,V ,W .
Clearly, if K ≡ L, then V = W .
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Plan:
(1) Consider two important cases: L = K and L = AK
(2) Make a special choice of K .
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Property 1:

Theorem
Let A be square, L = AK . Then a vector x̃ is an oblique
projection on K orthogonally to AK with a starting vector x0 if
and only if x̃ minimizes the 2-norm of the residual over x0 + K ,
i.e.,

‖b− Ax̃‖2 = min
x∈x0+K

‖b− Ax‖2. (2)

Thus, the residual decreases monotonically.

Referred to as minimal residual methods
CR, GCG, GMRES, ORTHOMIN
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Property 1:
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Property 2:

Theorem
Let A be symmetric positive definite, i.e., it defines a scalar
product (A·, ·) and a norm ‖ · ‖A. Let L = K , i.e., r0 − Ax̃ ⊥ K .
Then a vector x̃ is an orthogonal projection onto K with a
starting vector x0 if and only if it minimizes the A-norm of the
error e = x∗ − x over x0 + K , i.e.,

‖x∗ − x̃‖A = min
x∈x0+K

‖x∗ − x‖A. (3)

The error decreases monotonically in the A-norm.
Error-projection methods.
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Example: m = 1

Consider two vectors: d and e. Let K = span{d} and
L = span{e}.
Then x̃ = x0 + αd (δ = αd) and the orthogonality condition
reads as:

r0−Aδ ⊥ e⇒ (r0−Aδ, e) = 0⇒ α(Ad,e) = (r0,e)⇒ α =
(r0,e)
(Ad,e)

.

If d = e - the Steepest Descent method (minimization on a line).
If we minimize over a plane - ORTHOMIN.
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Choice of K :

K = Km(A,v) = {v,Av,A2v, · · · ,Am−1v}

Krylov subspace methods

I L = K = Km(A, r0) and A spd ⇒ CG
I L = AK = AKm(A, r0) ⇒ GMRES

A question to answer:
Why are Krylov subspaces of interest?
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How to construct a basis for K?
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Arnoldi’s method for general matrices

Consider Km(A,v) = {v,Av,A2v, · · · ,Am−1v}, generated by
some matrix A and vector v.

1. Choose a vector v1 such that ‖v1‖ = 1
2. For j = 1,2, · · · ,m
3. For i = 1,2, · · · , j
4. hij = (Avj ,vi)
5. End

6. wj = Avj −
j∑

i=1
hijvi

7. hj+1,j = ‖wj‖
8. If hj+1,j = 0, stop
9. vj+1 = wj/hj+1,j

10. End
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The result of Arnoldi’s process

I V m = {v1,v2, · · · ,vm} is an orthonormal basis in Km(A,v)
I AV m = V mHm + wm+1eT
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Arnoldi’s process - example

H3 =



(Av1,v1) (Av2,v1) (Av3,v1)
‖w1‖ (Av2,v2) (Av3,v2)

0 ‖w2‖ (Av3,v3)




Since V m+1 ⊥ {v1,v2, · · · ,vm} then it follows that
(V m)T AV m = Hm.
Hm is an upper-Hessenberg matrix.
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Arnoldi’s method for symmetric matrices

Let now A be real symmetric matrix. Then the Arnoldi method
reduces to the Lanczos method.

Recall: Hm = (V m)T AV m

If A is symmetric, then Hm must be symmetric too, i.e., Hm is
three-diagonal

Hm =




γ1 β2

β2 γ2 β3

. . .
βm γm




Thus, the vectors vj satisfy a three-term recursion:

βi+1vi+1 = Avi − γivi − βivi−1
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Arnoldi Lanczos

1. w(0), β = ‖w(0)‖, v(1) = w(0)/β w(0), β = ‖w(0)‖, v(1) = w(0)/β

2. For k = 1, 2, · · · ,m Set β1 = 0, v(0) = 0
3. For i = 1, 2, · · · , k For k = 1, 2, · · · ,m
4. hik = (Av(k), v(i)) w(k) = Av(k) − βk v(k−1)

5. End γk = (w(k), v(k))

6. w(k) = Av(k) −
(k)∑
i=1

hik v(i) w(k) = w(k) − γk v(k)

7. hk+1,k = ‖w(k)‖ βk+1 = ‖w(k)‖
8. If hk+1,k = 0, stop if βk+1 = 0, stop
9. v(k+1) = w(k)/hk+1,k v(k+1) = w(k)/βk+1

10. End End
Set Tm = tridiag{βk , γk , βk+1}
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Lanczos algorithm to solve symmetric linear
systems

Given: x(0)

Compute r(0) = b− Ax(0), β = ‖r(0)‖, v1 = r(0)/β
Set β1 = 0 and v0 = 0
For j = 1 : m

wj = Avj − βjvj−1

γj = (wj ,vj)
wj = wj − γjvj

βj+1 = ‖wj‖2, if βj+1 = 0, go out of the loop
vj+1 = wj/βj+1

End
Set Tm = tridiag{βi , γi , βi+1}
Compute ym = T−1

m (βe1)
xm = x0 + V mym

Leads to three-term CG.
To solve, factor first Tm = LLT and then
xm = x(0) + V mL−T L−1βe1
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Direct Lanczos: the factorization of Tm

The coefficients on the direct Lanczos algorithm correspond to
the following factorization of Tm:

Tm =




γ1 β2
β2 γ2 β3

. . .
βm γm


 =




1
λ2 1

. . .
λm 1







η1 β2
η2 β3

. . .
ηm




where

i λi ηi
i = 1 η1 = γ1
i = 2, · · ·m λi = βi/ηi−1 ηi = γi − λiβi−1
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Direct Lanczos

Instead of factorizing at the end, Gauss factorization without pivoting can be
performed while constructing T .
Recall xm = x0 + V mL−T L−1βe1 and let G = V mL−T and z = L−1βe1

Compute r(0) = b− Ax(0), ξ1 = β = ‖r(0)‖, v1 = 1/β r(0)

Set λ1 = 1, β1 = 1,g0 = 0, β1 = 0 and v0 = 0
For j = 1, 2, · · · until convergence

w = Avj − βjvj−1

γj = (w, vj)
if j > 1, λj = βj/ηj−1, ξj = −λjξj−1

ηj = γj − λjβj

gj = (ηj)
−1(vj − βjgj−1)

xj = xj−1 + ξjgj , stop if convergence is reached
w = w− γjvj

βj+1 = ‖wj‖;
vj+1 = w/βj+1

End
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Lanczos algorithm to solve symmetric linear
systems

Given: x(0)

Compute r(0) = b− Ax(0), β = ‖r(0)‖, v(1) = r(0)/β
Set β1 = 0 and v(0) = 0
For k = 1 : m

w(k) = Av(k) − βkv(k−1)

γk = (w(k),v(k))

w(k) = w(k) − γkv(k)

βk+1 = ‖w(k)‖, if βk+1 = 0, go out of the loop
v(k+1) = w(k)/βk+1

End
Set Tm = tridiag{βk , γk , βk+1}
Compute ym = T−1

m (βe(1))⇐=⇐=⇐= Why is that?
xm = x0 + Vmym

35/35

Lanczos algorithm to solve symmetric linear
systems

Compute ym = T−1
m (βe(1))⇐=⇐=⇐= Why is that?

xm = x0 + Vmym

Recall: y = (W T AV )−1W T r(0).
Here W = V , AV m = V mHm and Hm ≡ Tm.
Thus, W T AV = Tm and
W T r(0) = V T r(0) = ‖r(0)‖V T v(1) = βV T v(1) = βe(1),
due to the orthogonality of the columns of V .


