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Projectors and properties Properties: |
Definitions: N(P) N R(P) = {0}. Indeed,
Consider C" and a mapping P : C" — C".
P is called a projectorif P> = P (i.e. P is idempotent). if xeR(P)=3y:x=Py= Px=P?y=Py

If P is a projector, then | — P is also such:

(I-P2=I1-2P+P?>=1|-P. lfx e N(P)= Px=0=x=Px=x=0.

N(P) = {x € C": Px = 0} (null space (kernel) of P)
R(P) = {Px:x e C"} (range of P).

A subspace S is called invariant under a square matrix A
whenever AS € S.



Properties: I Properties: Il

N(P) =R(I— P) Given two subspaces K and L of same dimension m, the

XeN(P)= Px=0.Thenx=Ix—- Px= (/- P)x. following two conditions are mathematically equivalent:
XeR(I-P)=x=(I-P)z= Px=Pz—-P?z=0= Px=0. (i) No nonzero vector in K is orthogonal to L

Cn = R(P)@N(P). (i) Vx e C"3unique vectory:yec K,x —y e Lt

()=(i): KNL-={0} = C"=KPL- =V¥xecC":x=y +2

wherey € Kandz € L. Thus, z = x — y = (ii). O
Properties: IV Properties: V
Orthogonal and oblique projectors If P is orthogonal, then ||P|| = 1.
P is orthogonal if N'(P) = R(P)~. Otherwise P is oblique.
Thus, if P is orthogonal onto K, then Px & K and (/- P)x L K. Proof.
Equivalently, ((/ — P)x,y) = 0,Vy € K. X=Px+(I-P)x=y-z
Then (y,z) = 0: (Px, (/I — P)x) = (Px,x) — (Px, Px) =
(Px,x) — (Px,x) =0.
X =Px > 5 2
= [[x[l2 = [IPx[2 + [I(/ — P)x]l3
2 2 _ |IPxI3 n
K = |1x||5 > || Px||5 = XE S 1,vx e C".
Px _ =
x Y However, for X € R(P) there holds HIFi)I(I'E — 1. Thus,
2

|P| = 1. O



Properties: VI Properties: VI

o e Serpeer oA = 1 AMYSSSr Foranyy K, Px—y < K, PX € K, 1= Pl LK
g — Ix—y[2 = |(x — Px)+ (Px—y)|2 =

X~ P[5+ Px=y|l5 +2(x~Px, Px~y) = X~ Px|+ | Pyl
3 S o :
Let P be orthogonal onto K. Then for any vector x € C" there ETEaNE), ([P =g 2 = el i € (S il i) (&
reached for y = Px. O
holds
in|lx — = ||[x — PX||>. 1
in X —yll2=| 2 (1) eI
Let K ¢ C" andx € C" be given. Then
myin X —yl|l2 = ||x — y*||2 is equivalent to y* € K and
Xx—y* LK.
lterative solution methods Iterative solution methods
= Steepest descent
= ORTHOMIN = SYMMLQ - variant of CG for symmetric indefinite systems
= Minimal residual method (MINRES) = Biconjugate gradient method (BiCG)
= Generalized minimal residual method (GMRES) = BiCGStab
= Lanczos method => Conjugate gradients squared (CGS)
= Arnoldi method = Minimal residual method (MR)

= Orthogonal residual method (ORTHORES) = Quasiminimal residual method (QMR)



Projection-based iterative methods

Notations:

x = x4+ - (6 - correction)

r° = b — Ax° (9 - residual)

«find § € K, suchthatr® — A5 L L

General framework — projection methods

Want to solve |b — Axb = 0], b,x € R", A c R™".

Instead, choose two subspaces L ¢ R" and K ¢ R" and
«findXx € x© +6,5 € K,suchthatb — Ax | L
K - search space

L - subspace of constraints

* - basic projection step

The framework is known as Petrov-Galerkin conditions.
There are two major classes of projection methods:

» orthogonal - if K = L,

» oblique - if K # L.

Matrix formulation

Choose abasisin Kand L: V = {vq{,vp,--- , vy} and
W:{W1,W2,"‘ awm}-
Then, x =x% 4+ § = x% + Vy for some y € R™.

The orthogonality condition can be written as

(xx) | WT(r0 — AVy)
which is exactly the Petrov-Galerkin condition.
From (xx) we get

W70 — WTAvy
y=(WTAV)"TWTr0
X =x°+ V(WTAV)- T W0

In practice, m < n, even m < n, for instance, m = 1.



Matrix formulation, cont.

x=x0+ V(WTAV)"TWT(°
The matrix W' AV will be small and, hopefully, with a nice
structure.

Il WTAV should be invertible.

Plan:
(1) Consider two important cases: L = K and L = AK
(2) Make a special choice of K.

A prototype projection-based iterative method:

Given x(); x = x(©)
Until convergence do:
Choose K and L
Choose basis Vin Kand Win L
Computer =b — Ax
y=(WTAV)""WTr
Xx=x+Vy

Degrees of freedom: m, K, L, V, W.
Clearly,if K =L,then V = W.

Property 1:

Theorem

Let A be square, L = AK. Then a vector X is an oblique
projection on K orthogonally to AK with a starting vector x° if
and only if X minimizes the 2-norm of the residual over x° + K,
ie.,
Ib—AX|z = min [b— Ax]q. (2)
xexV+K

Thus, the residual decreases monotonically.

Referred to as minimal residual methods
CR, GCG, GMRES, ORTHOMIN



Property 1:

AK

Ax

Example: m=1

Consider two vectors: d and e. Let K = span{d} and

L = span{e}.

Then X = x° + ad (§ = ad) and the orthogonality condition
reads as:

0
P—As Le= (I°’-Ajse)=0= a(Ad,e) = (1’ e) = o = (r,e)

If d = e - the Steepest Descent method (minimization on a line).
If we minimize over a plane - ORTHOMIN.

(Ad,e)’

Property 2:

Theorem

Let A be symmetric positive definite, i.e., it defines a scalar
product (A-,-) and anorm || - ||4. LetL =K, i.e.,r® — Ax 1 K.
Then a vector X is an orthogonal projection onto K with a
starting vector x° if and only if it minimizes the A-norm of the
errore =x* —xoverx’ + K, i.e.,

Ix* = X|[a=_min_[X*—X|4. (3)
xexO+K

The error decreases monotonically in the A-norm.
Error-projection methods.

Choice of K:
K=KMAv)={v,Av, A%y, ... A" Ty}
Krylov subspace methods

» L=K=Km"Ar) and Aspd = CG
» L= AK = AK™(A,1°) = GMRES

A question to answer:
Why are Krylov subspaces of interest?



How to construct a basis for C?

The result of Arnoldi’s process

» VM= {V1,V2,"
» AV = VTH™ L wp, je]

- ,Vm} is an orthonormal basis in (A, v)
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Arnoldi’s method for general matrices

Consider K™(A,v) = {v, Av, A%v, ... A"y}, generated by
some matrix A and vector v.
Choose a vector vy such that ||vq|| = 1
Forj=1,2,---.m
Fori=1,2,---,j
h,'j = (AVj,V,')
End

2
3
4
5
J
6. Wj = AVj — Z h,'/'V,'
i=1
7
8
9
0

—

hiy1j = [|wj|
If hj 4, =0, stop
Vi1 =W;/hjq;

10. End

Arnoldi’s process - example

(Avi,vi) (Avz,vq) (Avs, Vi)

H>=| |wq]|  (Avz,v2) (Avs,Vp)
0 [wzf  (Avs,Vs)
Since V™1 1 {vq4,Vp,--- vy} then it follows that

(VMTAY™ = H™,
H™ is an upper-Hessenberg matrix.



Arnoldi’s method for symmetric matrices

Let now A be real symmetric matrix. Then the Arnoldi method
reduces to the Lanczos method.

Recall: H™ = (V™)TAY™
If Ais symmetric, then H™ must be symmetric too, i.e., H™ is
three-diagonal

Y1 P
B2 2 Bs

H™ =
6m Ym
Thus, the vectors V/ satisfy a three-term recursion:

Arnoldi

w® p= ||W(O)Hs vi) = W(O)/B
Fork=1,2,--- ' m
Fori=1,2,---  k
hi = (AvK) vy
End

k
w(k) — Av(k) _ (z% hikv(i)

i=1
it = W
If hk+1,k =0, StOp
vk — w(k)/hk%k
End

CON O O~N~

—

Lanczos

w® g = ||W(O)Hs vih = W(O)/B
Set; =0,v® =0
Fork=1,2,--- ' m

w = Av) _ gyk—1)

Yk = (w(k)’v(k))

Wk = W) _ 5y

Brrr = [wh|

if Bk1 = 0, stop

v(k+1) — W(k)//Bk+1
End

Set Ty, = tridiag{ B, vk, Bk11}

i—1

BV = AV — V' — B

Lanczos algorithm to solve symmetric linear Direct Lanczos: the factorization of 7,

systems
The coefficients on the direct Lanczos algorithm correspond to
Given: x(© the following factorization of Tp,:
Compute 1% =b — Ax(®), 3 = ||rO|, v! =0 /B
Set By =0andv0 =0 M P 1 m e
For j=1:m _ Ba 2 Bs _ Ao 1 n2 B3
w = AV — giv/T " - -
V= (W{,Vj) ] Bm  Ym Am 1 Nm
w=w — rijl
Bj+1 = |W/|2, if 811 = 0, go out of the loop where
v = W /Bj 1 i A ni
End =1 m =
Set Tm = tridiag{ B, i, Bi+1} i=2,---m X =pBi/ni—1 ni=—Aibi-1
Compute y™ = T, (Beq)

xM — x0 + mem

Leads to three-term CG.



Direct Lanczos

Instead of factorizing at the end, Gauss factorization without pivoting can be

performed while constructing T.

Recall X" =x° + V"L~ "L "Be;andlet G= V"L T andz = L' pe;
Compute  r9 =b — Ax©, & = = [rQ),v' =1/5r®

Set M=1,8=1,9"=0,8=0and v’ =0
For j=1,2,--- until convergence

w=Av — gv!

Vi = (wavj)

itj>1,% = B/nj—1, §=—X\&-1

n == Nbj

g =)"(vV-59")
x =¥~ 1+ ¢&¢d, stop if convergence is reached
w=w— Vv
B = |IW][;
v = w/Bji
End

Lanczos algorithm to solve symmetric linear
systems

Compute ym = T, (pel!)) <= <= < Why is that?

Recall: y=(WTAV)""WTr0,
Here W = V, AV = V"H,, and Hp = Tp,.
Thus, WTAV = T,, and

WTr©0) — yT¢0) — ||r(0)|| vTiv(l) = ﬁVTv(” = [?,e(1),

due to the orthogonality of the columns of V.

Given:
Compute
Set

For

End
Set
Compute

Lanczos algorithm to solve symmetric linear
systems

)
r(0) — b — AX(O), B = Hr(O)H, vil) — r(o)/(_’)
By =0andv(® =0

k=1:m

wk) — Ay(k) _ Bkv(k—ﬂ

Yk = (w(k),v(k))
Wl = Wk —
Brr1 = ||[wH)||, if Bxsq = 0, go out of the loop
vk+1) — W(k)/ﬁk—H

k)

Tm = tridiag{ﬁkv Yk Bk+1 }
Vm = Tyl (Be()) <= <= «= Why is that?
Xm = Xo + VmYm




