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Formatvorlage des Untertitelmasters durch Klicken 
bearbeiten

Tensors I:
Basic Operations and 

Representations
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Overview

Tensors: Vectors, matrices and so on …
    - Definitions
    - Operations
    - Classical Decompositions:
         PARAFAC/Candecomp = polyadic = CP
         Tucker, HOSVD
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Different Matrix/Vector Products 
Kronecker product

Vector case (row or column form):
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Kronecker Product 

Matrix case:
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Khatri-Rao Product 

( )nnnn bababababaBA ⊗⊗⊗⊗⊗=• −− 11332211 

= matching columnwise Kronecker product
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Hadamard Product
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Minitask 0
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Definition
Tensor as multi-indexed object:
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Motivation: Why tensors?
PDE for two-dimensional problems:

( ) ),()( yxfbuau yyxx =+

Discretization in 2D:

ui,j can be seen as a vector or as a 2-way tensor = matrix.

ji
jijijijiji f

h

bubuubaauau
,2

1,1,,,1,1 )(
=

+++−+ +−+−

So matrix Aij,km can be also seen as a 4-way tensor

ijkmkmij fuA =,

Linear system  Au=f with  block matrix A:
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Motivation: Why tensors?

PDE with a number of unknown additional parameters,
high-dimensional problems:

fcubuau zzyyxx =++ for discrete sets of parameters ai,bj,ck

Leads to linear system Amn for each i,j,k  Amn,ijk

Classical matrix/vector problems but for huge problems:
Represent vector/matrix by tensor with efficient representation.
Reshape:

Niii xx ...1
=
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Examples for Reshape
Storing matrix: dense (column or row oriented)
                         sparse format

Matrix equation:  Sylvester   AX + XB = C
                                              

( ) )()( CvecXvexIBAI T =⊗+⊗

mnrsijyyxx AAfuu ,, ↔→=+

Discretization  xi and  yj leads to linear system in Aij,rs

Frobenius norm of a matrix: 2

2
,

22
)(AvecaA

ji
ijF

== ∑
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Minitask 1
Write vector x = (1,2,…,8) as 3D cube by reshaping:
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Graphical Notation
( ) ↔iix

i

Vector (1 leg):

( ) ↔
jiija ,

i

j

Matrix (2 legs):

( ) ↔
NN iiiix ,...,...

11

…
i1 i2 …  
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General tensor with N legs

( ) ↔
kjiijkx ,,

i

j

Cube (3 legs):
k
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Graphical Notation

( ) ( ) ( ) ↔=⋅
jjiijiij yxa

,
i

j

Matrix-vector product – contraction over index i:

jiij
i

iij yxaxa ==∑

Einstein notation, 
shared indices are contracted via summation.
No distinction between covariant and contravariant!

↔
j
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Contraction                       gives scalar

                     

∑
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ii yx z i
1

x

y

Basic Operations
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( ) ( )
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T
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Matrix

Tensor product:
321321 iiiiii CxA =

Matrix:
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i
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Three Leg as Standardexample
i
1

321 iiiA

Operations:  Contractions  in  i1 , i2 , i3 or combinations
                     gives tensor with less legs.
                     

                     Tensor product gives tensor with more legs.

i
2

i
3

Operations between tensors are defined by contracted indices.

See tensor as  - collection of vectors   fiber

                        - collection of matrices  slices

                        - large matrix, unfolding

( )
321 iiia

( )
321 iiiA

{ } 31321 ijiii AA =
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Fibers

A: 3 x 4 x 2 – tensor

12963

24211815

11852

23201714

10741

22191613

Mode-1 fibers, X:,j,k:

2421181512963

2320171411852

2219161310741

Mode-2 fibers, Xj,:,k:

242322121110

212019987

181716654

151413321

Mode-3 fibers, Xj,k,::
242322212019181716151413

121110987654321
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Slices

A: 3 x 4 x 2 – tensor

12963

24211815

11852

23201714

10741

22191613

Frontal slices, 1,2: X:,:,k

2421181512963

2320171411852

2219161310741

Lateral slices, 1,3: X:,k,:

2412219186153

2311208175142

2210197164131

Horizontal sl. 2,3: Xk,:,:
129631185210741

242118152320171422191613
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Matricification

A: 3 x 4 x 2 – tensor

Vectorization: ( )TAvec 242321)( =

12963
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Mode-2 unfolding
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
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151413321

)2(A }{ 312 iiiA

Mode-3 unfolding 





=

242322212019181716151413

121110987654321
)3(A

Mode-1 unfolding:















=

2421181512963

2320171411852
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)1(A
11321 }{ jiiii AA =

 j1=i2+n2(i3-
1)
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General Matricification
ijiiiiiiii AAA

NnnNnn
=→

++ }...}{...{...... 1111
Tensor Matrix

).1(...)1()1(

),1(...)1()1(

2332221

2332221

−++−+−+=
−++−+−+=

+++++++ NNnnnnnnn

nn

inninninij

inninninii




or with any partitioning of the indices in two groups 
(rows/columns) ( {i1i3…}{i2i4…}  or  {iπ(1)…iπ(n)}{iπ(n+1)…iπ(N)} )

General remark on notation:
many properties/operations with tensors are formulated
using totally different notations!   ►,◄,ʘ, 

,,,, ×•⊗  

Minitask 2: Write mode-1 matricification of the tensor of task 1.

1 3 5 7 
2 4 6 8
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Basis Transformation

Tensor )3()2()1(
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n-Mode Product of Tensor with Matrix

( )
N

n

n

nNNnnnNn iji

I

i
jiiiijiiinjiiii BuaUAUA ......

1
............... 111111

::, =⋅=× ∑
=

+−

Contraction over in, in replaced by index j:=i‘n

i
1

i
N

i
n

j

i1…
…

i
N

j ………….

Tensor   Matrix

)()( nn AUB ⋅=

Useful relation between n-mode product and mode-n-unfolding:

Unfold tensor A to matrix, multiply by U, 
fold back to tensor B.

In the n-mode product each mode-n fiber is multiplied
by the matrix U:

NnnNnn iiiiiiii AUB ...:,,......:,,... 111111 +−+−
⋅=
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n-Mode Products
For multiple n-mode product the order is irrelevant:

UVAVUAmn mnnm ××=××≠ :

nmNmn

mn

nmNmn

nm

mnNmn

mn

mnNmn
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




∑∑
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∑∑
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..................

.........

1
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1

( ) ( ) ( ) ( ) ( )Tkj
T

kijiiijk VAUVAUVUAB

VUAB

:,:,21

21

2121
⋅⋅=⋅⋅=××=

⇔××=A matrix:

especially TVAVAAUUA ⋅=×⋅=× 21 ,



26 

n-Mode Products
For multiple n-mode product with the same n 
the order is relevant:

( )VUAVUA nnn ×=××

NnNn

n

n

nnnNn

nn

nnnNn

n

nnnNn

nn

ikikiiii
i

i
iikiiii
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UVAVUA

VUA
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'
''......

'
''......

''......
'

11
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1
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===

=






∑

∑∑∑∑

∑∑

Matrix case:

TTT VUAVUAVUA

AVUAUVVUA

)(

,)(

22

11

⋅=⋅⋅=××

⋅=⋅⋅=××
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Full n-mode Product

)()()( 1 avecUUavecUavec ⋅==×1-leg tensor a:

( ) )(

)(

21

221121

22112121

AvecUVVUA

VUAvecVUAvec

kk

kikiii

kikiii

⋅⊗=





=

=





=××

∑

∑2-leg tensor A:

( ) )()...( 1211 AvecUUUUAvec NNN ⋅⊗⊗=××× 

n-leg tensor A:
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n-Mode Product with vector
n-mode vector product of tensor A with vector v:
Compute all inner products of mode-n fibers with v.

Nnn

n

n

nNn

iiii

n

i
iiiin vAvA

......1
......

111

1

+−







=× ∑

=

( ) ( )

Nmmnn

n

n

mnNmn

m

m iiiiii

n

i
iiiiii

n

i

nmmnmn

uvA

vuAuvAuvA

.........1
.........

1

1

11111

1

+−+−







=

=××=××=××

∑∑
= =

−

for n<m because the order of the tensor is changed:
After contracting in: m  m-1

vAvAAvvA T ⋅=×⋅=× 21 ,Matrix case:
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Properties

( ) ( ),))(()1( BDACDCBA ⊗=⊗⊗

TTT BABA −−− ⊗=⊗ )()2(

),()()()( BBAABABA TTT ∗=••
TTT BABBAABA )())()(()( 11 •∗=• −−

(4)

),()()3( CBACBACBA ••=••=••
(Khatri-Rao product: tensor product of j-th columns) 



30 

Proofs (1):

=















⋅
















=

=⊗⊗

DcDc

DcDc

BaBa

BaBa

DCBA

nkn

k

mnm

n











1

111

1

111

))((

=




 ++
=


 BDcaBDca nn 111111

( ) ( ),)( 11 BDAC
BDAC

⊗=





=



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Proofs (2):
TTT BABA −−− ⊗=⊗ )(

( ) ( ) ( ) ( )( ) IIIBBAABABA =⊗=⊗=⊗⊗ −−−− 1111

( )

TT

T
nm

T
n

T
m

T

T

mnm

n
T

BA

BaBa

BaBa

BaBa

BaBa

BA

⊗=















=

=















=⊗











1

111

1

111
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Proofs (3):
),()( CBACBACBA ••=••=••

( )
( ) ( )( )

( )
),(

)(

111

111

11

CBA

cbacba

cbacba

CbabaCBA

nnn

nnn

nn

••
=⊗⊗⊗⊗=
=⊗⊗⊗⊗

=•⊗⊗=••






because ( ) ( ) CBACBACBA ⊗⊗=⊗⊗=⊗⊗
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Proofs (4):
TTT BABBAABA )())()(()( 11 •∗=• −−

)()())()(( BABABBAA TTT ••=∗

( ) ( )( )
( )( )( ) ( )( )

( )( ) ( )

( ) ( ) )()(

))()((

1111

11

11

1111

1111

BABAbabababa

baba

ba

ba
baba

bbaa
bbaa

bbaaBBAA

T
nn

T
nn

nn
T
n

T
n

TT

TT

TT

ijj
T
ij

T
i

ijj
T
iijj

T
i

TT

••=⊗⊗⊗⊗=

=⊗⊗
















⊗

⊗
=




 ⊗⊗
=

=





==

=∗=∗













34 

n-Mode Products Tensor with Matrices

( )TnnN
n

n
n

N
N

UUUUAUY

UUUAY

)1()1()1()(
)(

)(
)(

)()2(
2

)1(
1

⊗⊗⊗⊗⊗⋅⋅=

⇔×××=
−+ 



General relation between n-mode product, mode-n unfolding
and Kronecker (tensor) product: 

N

N

NNN jj
ii

N
ijijii

N
N BUUAUUUAY ...

,...,

)()1(
...

)()2(
2
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n-Mode Products Tensor with Matrices
( )

( )

( )

( ) T

k
krki

ii
ijijiiijji

jjjiijjji
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i ii
ijijiiiij
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N
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)()2()1(
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
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Recapitulation

Tensors as multi-index object with contractions

Graphical notation

Different products: Tensor/Kronecker
                               Khatri Rao
                               Hadamard
                               n-mode product

Matricization = unfolding, vectorization
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Rank of a tensor (3 leg case)

Rank-1 tensor:

( ) ( )

( ) ( )cbaX

cbaX

ijk

ijk

⊗⊗=

= 

with vectors a, b, and c

kjiijk cbaX =

3 dimensional

as vector
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Rank-R tensor for 3-leg case:
PARAFAC (parallel factors)
Candecomp (canonical decomposition)
Polyadic form
  CP (CANDECOMP/PARAFAC)

=                             +                       +                        + . . .

( ) ( ) ( ) ( )  +++= 333222111 wvuwvuwvuAijk

Tensor rank R of tensor (Aijk) is the number of rank-1 terms
that are necessary for representing A.

( )∑
=

=
R

r
rkrjriijk wvuA

1

Minitask 3: Estimate the rank of a sparse tensor?
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Rank representation

∑ ∑

∑ ∑∑∑

∑






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=
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
=

==

=

= ===

=

kji
kji

R

r
krjrir

R

r

K

k
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i
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r
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eeewvu

eweveu

wvuA

,,

)3()2()1(

1

1 1

)3(

1

)2(

1

)1(

1







( ) ( ) tqpktjqip
tqp

R

r
krjririjk wvuwvuA ,,

,,1

δ∑∑ ==
=

With matrices U, V, and W we can write

( ) IWVUA ⋅= ,,
with I the 3-way tensor with 1 on the main diagonal

1
         1
                     .
                           
1

U,V,W describe basis transformation with  A  I
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Notation
Let U, V, and W be the matrices built by the vectors
ur, vr, and wr. Then we can write

.)(

,)(

,)(

)3(

)2(

)1(

T

T

T

UVWA

UWVA

VWUA

•=

•=

•=

Short notation: ∑
=

==
R

k
kkk wvuWVUA

1

]],,[[ 

Or more general with factor λ: ∑
=

==
R

k
kkkk wvuWVUA

1

]],,;[[ λλ
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Proof:

( ) ( )m

n

T vv

u

u

vuvu  1

1

)1( ⋅















=⋅=Two-leg tensor

( ) TT vwuvwuwvu )()()( )1( •⋅=⊗⋅=One 3-leg tensor:

( )

( ) ( )
( )T

T
RRR

R

r

T
rrr

R

r
rrr

R

r
rrr

VWU

vwvwuu

vwu

wvuwvu

•=

=••⋅=

=•⋅=

==






∑

∑∑

=

==





111

1

1
)1(

)1(1

)(

)(General 3-leg case:
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General N-way tensor

∑
=

==
R

k
kNkk

N uuuUUUA
1

,,2,1
)()2()1( ...]],...,,[[ 

∑
=

==
R

k
kNkkk

N uuuUUUA
1

,,2,1
)()2()1( ...]],...,,;[[ λλ

Mode-n matrix formula:

( )TnnNn
n UUUUUA )1()1()1()()(

)( ...... •••••Λ= −+

)(λdiag=Λwith
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Proof:

3-leg tensor, proof like before:

( )T
r

rrrr VWUwvu •Λ=∑ λ

( )
( )

)1(1

)()2()1(

)2()()2(
1

)(
11

)1(

)2()()1(






 ⊗⊗⊗=

=⊗⊗⊗⊗=

=••Λ

∑
=

R

r

N
rrrr

T

R
N
RR

N

TN

UUU

UUUUU

UUU







λ

λλ

In general:
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Low rank approximation

∑∑
==

≈=
r

k
kiki

R

k
kikiii NNN

bbaaA
11

... ......
111

(1) For R large enough every A can be represented by CP

(2) For given A there is a minimum R with this property

(3) Approximate A as good as possible by r<R
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PARAFAC Graphical

U1,i1,r U2,i2,r U3,i3,r UN,iN,
r

. . . .

i
1

i
2

i
3

i
N

r

Ai1,i2,i3,
…,iN

≈

riNri

M

r
riii NN

UUUA ,,,,2
1

,,1... 211
⋅⋅⋅= ∑

=



rNr

M

r
r UUUA ,,2

1
,1 ⊗⊗⊗= ∑

=


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Norm etc.

Inner product: ∑
=

=
N

N

NNNN

nn

ii
iiiiiiii BABA

,...

1...
............

1

1

1111
,

Norm: ∑
=

=
N

N

NN

nn

ii
iiii AA

,...

1...

2
......

1

1

11

Rank-One tensor:
)()2()1(

...

)()2()1(

...

...

211

N
iiiii

N

NN
aaaA

aaaA

⋅⋅⋅=
=  with vectors

)( ja

Diagonal tensor:
Nii iiiA

N
===⇔≠ ...0 21...1
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Inner Product

A1,i1,r A2,i2,r A3,i3,r AN,iN,
r

. . . .

i
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i
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i
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i
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Symmetry

A tensor is called cubical, if every mode is of the same size,
n1=n2=…=nN

A cubical tensor is called supersymmetric, if ist elements
remain constant under any permutation of the indices:

)()1(1 ...... NN iiii AA
ππ

=

A tensor is partial symmetric, if it is symmetric in some modes,
e.g. three-way tensor, where all frontal slices are symmetric
matrices.
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Example: Hypercube
.4,3,2,1 222221212122211121112111 ======== AAAAAAAA

          2               3

1                2

           3               4

2                3

          2               3

1               2

           3               4

2                3

          2            
   3

1               2

           3           
    4

2                3
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Results on tensor rank

For general N-way tensor it holds: R=rank ≤nN-1

∑
=

=
R

k
kikiii NN
aaA

1
... ...

11
with minimum R, dimension n1,…,nN, nj≤n

∑ ∑

∑

−

− 





⊗⊗⊗=

=⊗⊗=

−

11

111

1

11

,...,

)(
...

)1()1(

,...,

)()1(
...

N N

NNN

N

NN

ii i

N
iii

N
ii

ii

N
iiii

eAee

eeAA





Proof: Assume nN=n=max nj. 

where the summation runs over maximum
rank 1 terms.

1
1

1

−
−

=

≤∏ N
N

j
j nn
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Results on tensor rank

The maximum rank of a 3 leg tensor 3x3x3 over IR 
is bounded by 5. 

For general 3 leg IxJxK tensor A the maximum rank
is bounded by 

},,min{)( JKIKIJArank ≤

The typical rank of a 3 leg tensor 5x3x3 over IR 
is 5 or 6. 

The true rank might be much smaller:

For general 3 leg IxJx2 tensor A the maximum rank
is bounded by 

}
2

},max{
,,min{},min{)(

JI
JIJIArank +≤
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Results on tensor rank
Example:
                     
                     with linearly independent a and b, rank≤4, 
                     with 4 linearly independent terms, but

bbabbaaaA ⊗+⊗+⊗+⊗=

)()( babaA +⊗+= with rank 1.

Theorem: rank(A)=3 for
                 with linearly independent  vj,wj.

321321321 vvwvwvwvvA ⊗⊗+⊗⊗+⊗⊗=

Proof: (1) rank(A)=0  A=0                            !!! 

            (2) rank(A)=1  

bwav ⊗=⊗ 11

321321321 vvwvwvwvvwvu ⊗⊗+⊗⊗+⊗⊗=⊗⊗
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Assume a linear functional with

and apply it on above equation:
ididv ⊗⊗== 111 :,1)( ϕϕϕ

3211232

321132321

))((

)()(

vvwwwv

vvwvwwvwvu

⊗++⊗=
=⊗+⊗+⊗=⊗

ϕ
ϕϕ

Left side rank 1, right side rank 2 !!!

(3) Rank(A)=2: 
      

321321321''' vvwvwvwvvwvuwvu ⊗⊗+⊗⊗+⊗⊗=⊗⊗+⊗⊗
If u and u‘ are linearly dependent there is a functional

0)(0)(,0)'()( 111111 ≠≠== worvuu ϕϕϕϕ
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( ) 32113232111 )())(()(0 vvwvwwvvAidid ⊗+⊗+⊗=⊗⊗= ϕϕϕ

Linearly independent !!

Hence, u and u‘ have to be  linearly independent,  and one
of the vectors u or u‘ must be linearly independent of v1,
say u‘  is l.i. of v1.
Choose functional with  

.0)'(,1)( 111 == uv ϕϕ
( ) 321132321 )()( vvwvwwvwvu ⊗+⊗+⊗=⊗ ϕϕ

Again, the left-hand-side is rank ≤1, 
the right-hand-side  has rank 2 !!!
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For a supersymmetric tensor we can define the symmetric rank:







 == ∑

=

r

k
rrrS aaaArArank

1

...:min)( 

Example: ,
42

21
)2,1()2,1(

3







⊗== ⊗A

        2               4

1            2

        4               8

2               4







⊗== ⊗

11

11
)1,1()1,1(

3

B

        1               1

1            1

        1               1

1               1

+                                =

        3               5

2               3

        5               9

3               5

Supersymmetric of symmetric rank 2.

Rank 1:?                                 4 equations for 2 unknowns a,b.,),(
3

BAba +=⊗

;5,3,9,2 2233 ==== abbaba
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Smallest Typical Rank 3-way T
K 2 3 4

J 2 3 4 5 3 4 5 4 5

2 2 3 4 4 3 4 5 4 5

3 3 3 4 5 5 5 5 6 6

4 4 4 4 5 5 6 6 7 8

5 4 5 5 5 5 6 8 8 9

6 4 6 6 6 6 7 8 8 10

I 7 4 6 7 7 7 7 9 9 10

8 4 6 8 8 8 8 9 10 11

9 4 6 8 9 9 9 9 10 12

10 4 6 8 10 9 10 10 10 12

11 4 6 8 10 9 11 11 11 13

12 4 6 8 10 9 12 12 12 13
DOF: R(I+J+K-2)  Expected Rank:  





−++ 2KJI

IJK
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Examples
Strassen by considering a 3-leg tensor with rank 7
Hackbusch page 69







=





⋅






43

21

43

21

43

21

cc

cc

bb

bb

aa

aa

∑
=

=
4

1,
,,

λµ
λµλµνν batc

with submatrices aj, bj, cj

t is of rank 7.

Minitask 4: Consider vector x=(0,1,1,0). What is the
                   hypercube-matrix representation and the rank.
                   Can we permute x to generate a matrix of
                   lower rank?

( ) ( ) 





→





→

00

11
1100,

10

01
0110
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Matrix case: SVD
For a tensor that is a vector, the rank is 1.

( ) ( )∑∑
==

⊗==Σ=
r

i
iii

r

i

T
iii

T vuvuVUA
11

σσ

For a tensor that is a nxm matrix, the rank is
given by the singular value decomposition

r = the number of nonzero singular values.

For low rank approximation we can delete small
singular values σ.

SVD: For linear mapping A: IRn  IRm there exist basis 
         transformations in IRn and IRm  with orthogonal
         V and U such that in this basis the mapping is
         described by a diagonal matrix.
         r is the rank of A.
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Uniqueness of CP

Matrix case: A nxm matrix of rank r:

∑
=

==
r

k
rr

T
mrrn vuVUA

1
,, 

Every matrix factorization of this form gives a 
CP representation. 

Also all QR-factorizations, SVD.

In the matrix case (2-leg-case) the rank 
representations are not unique!
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Uniqueness 3 leg case

∑
=

==
R

k
kkk wvuWVUA

1

]],,[[ 

Let A be a three-way tensor of rank R:

Uniqueness is related to other rank R representations
upto scaling and upto permutations:

]],,[[]],,[[ ΠΠΠ== WVUWVUA for any RxR permutation Π

( ) ( ) ( )∑
=

=
R

k
kkkkkk wvuA

1

γβα  with αk βk γk = 1, for k=1,…,R
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k-rank of a matrix
The k-rank of a matrix A - denoted by kA – is the maximum
number k such that any k columns of A are linearly independent.

Minitask 5: Determine the k-rank of different matrices:



















1110

1100

1010

1011



















− 0110

1011

1011

1101a)                       b)                        c) A regular?

22 +≥++ Rkkk CBA

Then the CP representation of T is unique 
if

]],,[[ CBAT =Result on the rank:  Let 
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T an IxJxK-Tensor:
Then the CP representation of T is unique if

22},min{},min{},min{ +≥++ RRKRJRI

The CP representation is unique for an N-way rank R tensor

∑
=

==
R

k

N
kkk

N aaaAAAA
1

)()2()1()()2()1( ]],...,,[[ 

)1(2
1

)( −+≥∑
=

NRk
N

n
A n

if

For R≤K the CP representation of T is unique if

)1()1()1(2 −−≤− JJIIRR
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Approximation of tensor by CP

Matrix case trivial via SVD: keep larger singular values and
                                            replace smaller one by 0.

For 3-way tensors this is not so easy. Especially for

∑
=

=
R

k
kkkk wvuA

1

λ

summing up r of these terms will not give a good rank-r
approximation.

For finding the best rank-r approximation we have to 
determine all factors simultaneously!



64 

Rank-r approximation 
The situation is even worse: the best rank-r approximation
                                              might even not exist!

112121211 wvuwvuwvuA  ++=

where the matrices U, V, and W have linearly independent
columns. Rank(A) = 3.

Consider

Approximation by rank-2 tensors:

( )111212121

111
wvuwwvvuuB  α

ααα
αα −





 +





 +





 +=

0
11

222221212122

∞→
→+++=−

α

α αα
wvuwvuwvuwvuBA 

Example for degeneracy!
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3

33

2
2

2
2

2 2
1111

)( ⊗
⊗⊗

−




 −++





 ++= xnz

n
y

n
xnz

n
y

n
xnnA

The sequence of rank 3 tensors converges for n∞ to
the rank 6 tensor:

xzzzxzzzxxxyxyxyxx
A ⊗⊗+⊗⊗+⊗⊗+⊗⊗+⊗⊗+⊗⊗=∞

2

)(

with linearly independent x,y,z.

Second example:



66 

Rank spaces
Hence a sequence of rank-2 tensors converges against
a rank-3 tensor:
The space of rank-2 tensors is not closed!

We can approximate the 3-way tensor as good as we want
by rank-2 tensors, but the sequence of approximations
does not converge in the rank-2 space.

B
0

B
1

B
2

B
∞

A
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Computing the CP

Standard method: Alternating Least Squares method (ALS)

Given any (high-rank) tensor A
Compute r-rank approximation in tensor B

]],,;[[min
1

WVUwvuBwithBA
r

k
kkkk

B
λλ ==− ∑

=



ALS approach: fix two matrices, e.g. V and W, and solve for U.
This leads to the matrix minimization

( )
F

T

U
VWUA •− ˆmin )1(ˆ

with solution ( )( ) ( ) ( ) 1

)1(

1

)1(
ˆ −−

∗•=•= VVWWVWAVWAU TTT
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Computing

Advantage: We only have to compute the pseudoinverse 
of small r x r-matrices

Afterwards, the factors λk are defined by normalization

rkuuu kkkkk ,...,1,/ˆ,ˆ === λλ

In this way we update U, then V, then W, then again U
and so on until convergence.

Costs per step: ( ) ( ) 1

)1(

−∗• VVWWVWA TT

n1x(n2n3)      (n2n3)xr         rxn3    n3xr    rxn2   
n2xr

O(r3 + n1n2n3r+n3r2+n2r2)
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ELS
ALS with enhanced line search

Assume, ALS has computed new Unew replacing Uold.
Hence, we have a change in the direction Δ=Unew-Uold 
in the form    Unew = Uold + Δ.

We generalize this by introducing line search and 
step size μ in the form
               Unew = Uold + μ Δ
looking for an optimal value of μ.

( )

∆+=→→−=

−−=

+−

∑ ∑

∑

= =

=

µµµ

δµ

µδ

µ

µ

µ

oldnew

R

k

R

k
kkkkkk

R

k
kkkk

UUCB

wvwvuA

wvuA

2

2

1 1

2

1

min

)(min

min




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ELS general
Unew = Uold + μ ΔU, Vnew = Vold + μ ΔV, Wnew = Wold + μ ΔW, 

( )

6
6

5
5

4
4

3
3

2
210

223

2

1
,,,

min

min

)()(min

µµµµµµ

µµµ

µδµδµδ

µ

µ

µ

aaaaaaa

EDCB

wvuA
R

k
kwkkvkkuk

++++++=

−−−=

+++− ∑
=



Find the 5 roots of the derivative and choose the root
with minimum value of the objective function.
Gives new U, V, and W.
Use ALS for new search directions and repeat.
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Application of the CP

Starting point: 3-leg tensors often have small rank and the 
                        low-rank approximation is unique.

Therefore, the best approximating rank-1 term can give
useful information on the data:
- Mixtures of analytes can be separated
- Concentrations can be measured
- Pure spectra and profiles can be estimated

Typical example: 3-way data in time, space frequency

Translate matrix case by additional index in 3-leg tensor
to achieve uniqueness!
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Application of the CP

Van Huffel: PARAFAC in EEG monitoring

EEG data as 3-way tensor
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EEG Monitoring
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EEG rank terms
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EEG: epileptic seizure onset 
localization
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EEG

Better localization  by CP than visually or by other
matrix techniques.
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Block PARAFAC (L,L,1)
Consider more general higher rank terms (L,L,1)
Because larger blocks might be necessary for
accurate representation of the data. 

Also block representations are often unique, e.g.
for  RL ≤ min(I,J) and C without proportional colmuns.

„Essentially unique“, upto - permutations, 
                                          - factor between A and B
                                          - scaling 

( ) r

R

r

T
rr

rr

R

r
rr

cBAT

LErankmatrixJIEcET

⊗⋅=

=−×⊗=

∑

∑

=

=

1

1

)(,:,
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Visualization
             J
 K

                                                 
I                        =  I

          T                      A

            c
       K
          L              J

    L

          D             B

∑
=

×××==⋅=
R

r
rrrr cBADcBADDcBAT

1
321]],,;[[),,(
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Recapitulation
Rank of a tensor, sum of simple Kronecker product terms

Canonical Decomposition

Algorithms: ALS
Numerical instabilities 
Non-closedness of manifolds

Uniqueness and applications
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Mode n-Rank of a Tensor
View the tensor as collection of vectors in the n-th index (fibers)
The rank of these collection of vectors is the mode n-rank.

Mode n-rank is the rank of the mode-n unfolding matrix A(n)

Example with R1=R2=2, R3=1

       1                  0

1                  0       
  

       0                  1

0                  1 

1

                       

   
         3

                            2

Mode n=3:   
Vectors (0,0), (1,1), (1,1), (0,0)

1
1010

1010
3 =





= rankR
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Tucker Decomposition

- (three-mode) factor analysis (Tucker, 1966)
- N-mode PCA (principal component analysis)
- Higher-order SVD (HOSVD) (De Lathauwer, 2000)
- N-mode SVD

Idea: decompose given N-way tensor into a core 
         N-way tensor with less entries in each dimension
         applying a SVD basis transformation in each mode.

( ) SWVUWVUS

wvusWVUSA
P

p

Q

q

K

k
kqppqk

⋅==

==×××= ∑∑∑
= = =

,,]],,;[[

1 1 1
321 

With core tensor S and U,V,W matrices relative to each mode



82 

Tucker Decomposition

Multilinear rank (k1,k2,k3)

=

( ) ( ) WVUSA ijkijk 321 ×××=

             V

U                         W
              S

A

Unfolding in i and {jk},
SVD  U
Backfolding ΛV
Repeat for other 
unfoldings.

( ) )()()(

111
321321

3

3

2

2

1

1

kji
kkk

ijk wvuSA µµµµµµ
µµµ

⋅= ∑∑∑
===

KkJjIiwvuSA kji

kkk

ijk ,...,1,,...,1,,...,1,
321321

3

3

2

2

1

1

==== ∑∑∑ µµµµµµ
µµµ

μ
1

μ
3

μ
2

i j k

S

u               v            w
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Computation

T

T

T

VUASVDIIIA

VUASVDIIIA

VUASVDIIIA

)3()3()3(
)3(213)3(

)2()2()2(
)2(312)2(

)1()1()1(
)1(321)1(

:;:

:;:

:;:

Σ=×

Σ=×

Σ=×

U with orthonormal columns.
S all-orthogonal and ordered.

Compute SVDs of all matricifications:

TTT

UUUAS )3(
3

)2(
2

)1(
1 ×××=

Apply basis transformations relative to U-parts of SVDs:

)3(
3

)2(
2

)1(
1 UUUSA ×××=

Gives new representation of A in terms of S and U’s:
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Proof:

( )VUAVUA nnn ×=××
UVAVUAmn mnnm ××=××≠ :

)()( nn AUB ⋅=⇔×= UAB n

Reminder:

TTT

UUUAS )3(
3

)2(
2

)1(
1: ×××=Define:

( )
( ) ( ) ( )

AIIIA

UUUUUUA

UUUUUUA

UUUSA

TTT

TTT

=×××=
=×××=

=××××××=

=×××=

321

)3()3(
3

)2()2(
2

)1()1(
1

)3(
3

)2(
2

)1(
1

)3(
3

)2(
2

)1(
1

)3(
3

)2(
2

)1(
1

Then it holds
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Core Tensor S is all-orthogonal:
)3(

3
)2(

2
)1(

1 UUUSA ×××=
with the additional property

jiforSS ji ≠= 0, ::,,::,,

Proof: ( ))2()3(
)1(

)1(
)1( UUAUS ⊗=

( ))2()3(
)1(

)1(
),1( UUAUS ii ⊗=

( ) ( ) ( ))2()3(
)1(

)1()1(
)1(

)2()3(
)1(),1( , UUAUUAUUSS ji

TT

ji

T

⊗⊗=

and similarly for  index 2 and 3.

according to slide 34/35
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Minitask 6       1                  1

1                1       

       1                  1

1                1       

Compute Tucker decomposition.

Matricification and SVD: ( )1111
1

1

1111

1111






=






All U’s are 





1

1

2

1

∑ =⋅=×××=
ijk

kji UUUUUUAS
TTT

221: )3(
3

)2(
2

)1(
1

( ) 

















=⋅=×××=

1

1

1

1

1

1
22)3(

3
)2(

2
)1(

1  UUUUUUSA



87 

Properties

Mode-n singular values = norms of slices = 
= singular values of matricifications An
Size of S is automatically reduced to mode-ranks!

Further reduction:
Truncate by deleting small singular values/vectors:

TTT

TTT

UUUAS

UUUAS
)3(

3
)2(

2
)1(

1

)3(
3

)2(
2

)1(
1

~~~~ ×××=

→×××=

)3(
3

)2(
2

)1(
1

~~~~~
UUUSAA ×××=→

with        related to nonzero singular values.U
~
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Tucker Graphical

U1,i1,m
1
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. . . .
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m
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m
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m
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m
N

                                        Sm1,m2,m3,…,mN

                                       Ai1,i2,i3,…,iN                                    
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,...,

... 111

1

1 NNN

N

N imNimmm

D
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ii UUSA ⋅⋅= ∑ 

i1,…,iN =1,…,In
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Three-way Tucker

]],,;[[
1 1 1

321 WVUSwvuSWVUSA
P

p

Q

q

K

k
kqppqk ==×××= ∑∑∑

= = =



,
1 1 1

∑∑∑
= = =

=
P

p

Q

q

K

k
mkjqippqkijm wvuSA

T

T

T

UVSWA

UWSVA

VWSUA

)(

)(

)(

)3()3(

)2()2(

)1()1(

⊗⋅=

⊗⋅=

⊗⋅=

Matricifications (according to slide 34/35):  
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N-way Tucker

]],...,,;[[... )()2()1()()2(
2

)1(
1

NN
N UUUSUUUSA =×××=

,......
1

1

2

2

22112121
1 1 1

)()2()1(
...... ∑∑ ∑

= = =

=
R
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R
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N
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N

N

NNNN
uuuSA

( )TnnN
n

n
n UUUUSUA )1()1()1()(

)(
)(

)( ...... ⊗⊗⊗⊗⊗⋅= −+

nn Ii ,...,1=

Additional definitions:
Tucker1 is decomposition relative to only one index,
Tucker2 relative to 2 indices, and
Tucker relative to all indices.
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Computing the Tucker Dec.

For n=1,…,N
       U(n) := matrix of left singular vectors of A(n) 

TN
N

TT
UUUAS )(

3
)2(

2
)1(

1: ××××= 

Output: S, U(1), …, U(N).

We can again use this algorithm also for approximating A by
choosing in U(n) only the dominant left singular vectors!
                                Rn  rn

Compute
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Approximating Tucker dec.
]],...,;[[min )()1(

,...,, )()1(
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UUG
UUSA
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Inner Product
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ALS for Tucker
TN

N

T

U
UUA

n

)(
2

)1(
1)(

max ××× 

orthogonalcolumnwiseIRUtosubject nn rIn ×∈)(

( ))1()1()1()(
)(

)(

)(
max UUUUAWwithWU nnN

n

Tn

U n
⊗⊗⊗⊗⊗= −+ 

ALS method: 
For n=1,…,N: 
      choose U(n) the rn dominant singular vectors of W
Repeat until convergence
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Uniqueness
Tucker is not unique:

]],,;[[]],,;[[ 111
321

−−−×××= CWBVAUWVUSCBAS
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( ) ( ) ( )

]],,;[[
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=×××=
=×××=

=××××××=

=×××

−−−

−−−

−−−

according to slides 81 and 25/26.
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Application: Tensorfaces

Given a database of images of different persons, e.g.
with different looks(=expressions), illumination, 
positions(=views).
We can collect all the images in a big 5-leg tensor

( )
pixelexpressillumviewspeople iiiiiaA ,,,,=

In the example there is a database of 28 male persons
with 5 poses, 3 illuminations, 3 expressions, 
each  image 512 x 352 pixels (compressed to 7943). 

Hence,  A is a  28 x 5 x 3 x 3 x 7943 tensor.
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Database
28 subjects with 45 images per person.

Expression: smile

45 images for one
person:

Illuminations        1                 2                3

      Expression
V
i
e
w
p
o
i
n
t
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Principal Component Analysis
PCA

Use eigenfaces to capture the important features
in a compact form. Often eigendecomposition
and eigenvectors are used in PCA.

Here we use the Tucker decomposition:

pixelsressillumviewspeople UUUUUZA 5exp4321 ×××××=

resulting in

( )Tpeopleviewsillumresspixelspixelspixels UUUUZUA ⊗⊗⊗= exp)()(

image data   basis vectors                  coefficients
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Interpretation

( )Tpeopleviewsillumresspixelspixelspixels UUUUZUA ⊗⊗⊗= exp)()(

image data   basis vectors                  coefficients

The mode matrix  Upixels can be interpreted as PCA. 

By the core tensor Z we can transform the eigenimages
present in Upixels into eigenmodes representing the 
principal axes of variation across the various factors
(people, viewpoints, illuminations, expressions) by
forming 

pixelsUZ 5×
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Eigenfaces

The first 10 PCA eigenvectors (eigenfaces) contained
in the mode matrix Upixels

„Multilinear Analysis of Image Ensembles: TensorFaces“
by M.A.O. Vasilescu and D. Terzopoulos

Similar paper on PCA on human motion via Tensors.
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Recapitulation
Mode-rank of a tensor as rank of mode-n matricizations

Tucker Decomposition by SVD projection relative to
mode-n matricizations.

High Order SVD

Algorithms, SVD, ALS

Applications – Principal Component Analysis
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