Tensors |I:
Basic Operations and
Representations

Formatvorlage des Untertiteimasters durch Klicken
bearbeiten



Overview
Tensors: Vectors, matrices and so on ...
- Definitions
- Operations

- Classical Decompositions:
PARAFAC/Candecomp = polyadic = CP
Tucker, HOSVD
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Different Matrix/VVector Products

Kronecker product

Vector case (row or column form):

aOb=(a, = a)0( - b,)=

= (alb o an b) = (albl I:[D albm o anbl D:D anbm)
agls

an:(a1 an)DDED:
. 0

by ab
=(ab -+ a,b)=0 :
’—‘ 1bm anbm

CT 1001




Kronecker Product

Matri : —(g4 | o
atrix case y :_( U)Zle —(a1 an), B :—( ij)z‘,jZl = (b1 bs)
uB a,B alnBH
A0 B = E’%B azzzB | az'fB %:
@mlB asz A Bﬁ
:(a1Db1 a, b, a, b, a,Ub,, a Db)

HS 7 |15 215
16

; 7 8 [18 240
A= B= 1 AU0B= [
4 3 %0 14|20 28

2 16124 32@ 4




Khatri-Rao Product

A=\a, = a,), B=[b - b,);
A*B=(a,0b a,0b, a,0b, - a_0Ob_ a 0Ob)

= matching columnwise Kronecker product

only for matrices with the same number of columns!




Hadamard Product

iun 4y,

- a

ml mn

(T ILICT]
oy
[

CTILICT]

0O

Hanbn a,b, -+ a,b,
ADB:Eaﬂ.bZl azz.bzz a,,b,,

mlbml amzme o amnbnm

only for matrices of equal size!



Minitask O

-1
allb=

.
aOb"=(1 -1 1 -1)
a"eb=(1 -1

asb’=(1 -1 1 -1
=1 -1,




Definition

Tensor as multi-indexed object:

One index: vector: X :(xl.)f:1 :(xil)?zl =0d:[0O or X :(x1 xn)

Eklu Ay H
Two indices: matrix: A :(A. )” m :(A. . )”1’ o= .
i,jli=1,j=1 i 1 =1,i, =1 0 ' 0
[‘Fl 1 an,m |:|
> ),
T / J >
Three indices: cube: y :(A. | )n m :(A. B )nl, momoaT a,,
Jok1i=1,j=1,k=1 1iast3 1y =1, =1,i,=1
v
a1
. ny, n n
Multi-index: X = (.X- . ) b 72 N
Lin .y |7 =14 = _ "
120N 1, =10, =1, iy=1 o o

P



LT
Motivation: Why tensors?

PDE for two-dimensional problems:

lau,) +(bu,), = f(x, )

aui—l,] + z+1 . — (a b)u + bu

Discretization in 2D:

+ bu

i,j+tl _

hZ

ui,j can be seen as a vector or as a 2-way tensor = matrix.

Linear system Au=f with block matrix A:
Az] kmukm — Jij

So matrix Aij,km can be also seen as a 4-way tensor

P

I,j



LT
Motivation: Why tensors?

PDE with a number of unknown additional parameters,
high-dimensional problems:

au_ + buyy +cu_ = f fordiscrete sets of parameters ai,bj,ck
Leads to linear system Amn for each i,j,k g Amn,ijk
Classical matrix/vector problems but for huge problems:

Represent vector/matrix by tensor with efficient representation.
Reshape:

10
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Examples for Reshape

Storing matrix: dense (column or row oriented)
sparse format

) ) 2 2 2
Frobenius norm of a matrix: H H — ‘ ‘ — H H
A|, a; vec(A4)),
I,]

Matrix equation: Sylvester AX+ XB=C
(I O04+B" O I)vex(X) =vec(C)
Mxx +uyy :f - Aij,rs < An,m

Discretization xi and yjleads to linear system in Aij,rs



Minitask 1

Write vector x = (1,2,...,8) as 3D cube by reshaping:

=40, +20,+i, i, 0{0,]

xi = xi3i2i1 - ?
Value: 1 2 3 4 5 6 7 8
Indexx 0 1 2 3 4 5 6 7

Binary: 000 001 010 011 100 101 110 111

8

1o
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Graphical Notatioq

Vector (1 leg): (xi)i

Matrix (2 legs): (d )
yli,j

Cube (3 legs): (x )
bk 1 j k

General tensor with N legs
(x.

©
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Graphical Notation

Matrix-vector product — contraction over index i:

(aij),-,j [Gxi),- :(J/J-)]. o T o

Y ax; =a;x, =y,
[ A

Einstein notation,
shared indices are contracted via summation.
No distinction between covariant and contravariant!
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Basic Operations

. . [y ]
Contraction Z x, jgives scalar z |
ho1h
7 X
.
Tensor product xglyes 2-tensor i, -
i
2
More general: Z xil"'in"'iNyi{"'i;'q—lini;+1"'i}\4 IR RS T ARREET N O L e L
in
[i1.im | Jinet.]
[ roy" _
i - Z
| X | | i1, in-tin-
| i | |in+1__i| fin+1in+1...iNi'M .
-1 N 15 o: [}
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Tensor as data hive of G

different form

kron(x,y)=x0y= (x1y xny)T = (xl_lyiz )l_ l_ seen as a column vector
oy o 4y, U
XyT — @ . . . @: (xil yi2 )il 5 seen as a matrix
:xnyl o xnym :
=kron(y",x)=y" Ox

Elﬂxl Jﬁan

yxT:D D:(xilyi
b v H

=kron(x",y)=x"0y

) seen as a matrix

2 10y,0y

Xoy= ( X, Vi )l_biz seen as a two-leg tensor .
16 e, 27



Matrix: A. .
2

Operations: Contractions

o] Tensor product:
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Three Leg as Standardexpmple

3 i 19243
2 l!fiiiiii___’

Operations: Contractions in i1 ,i2 , i3 or combinations
gives tensor with less legs.

Tensor product gives tensor with more legs.

See tensor as - collection of vectors g fiber 'i'i | (ai1 ) '
I5l3

- collection of matrices g slices | ( )
i1i2

Y

I

- large matrix, unfolding

A'{iliz} iy Ajli3

] Operations between tensors are defined by contracted indices.

18
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A: 3 x4 x2—-tensor

Mode-1 fibers, X:,j,k:

Mode-2 fibers, Xj,:,k:

Mode-3 fibers, Xj,k,::

P

Fibers
13 16

19
1 4 7 10
14 17 20 23
2 5 8 11
15 18 21 24
6 9 12
1|4 10|13 16| 19| 22
215 1114 | 17| 20] 23
3 12/ 15]18 | 21| 24
1| 2] 3| [13]14] 15
41 5| 6 |16 |17] 18
7 91 119 120} 21
10] 11} 12| |22 | 23| 24
1|2 3 (4 ]|5] 6 |7 |8 10 | 11} 12
13 14/ 15 [16 |17 1§ [19 120 22 |23 24




1L _ =0
Slices
3] 16 19 y
A: 3 x4 x 2 —tensor L 14 - 17 - 20 ~ 23 W

2 5 8 11
15 18 21 24
3 6 9 12 _
1 4 10({13 16 19 22
Frontal slices, 1,2: X:,:,k 275 8 111114 17 20 23
3 6 1215 18 21 24

1 1314 16(7 19]([10 22
Lateral slices, 1,3: X:,k,: 7 1415 1718 201111 23

3 15]6 189 21][12 24

Horizontal sl. 2,3: Xk,: .- 13 16 19 22 14 17 20 23 |15 18 21 24
1 4 7 1072 5 8 11 /|13 6 9 12 L’
0
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A: 3 x4 x 2 -—tensor

Mode-1 unfolding:

Mode-2 unfolding

Mode-3 unfolding

... Mectorization:

Matricification

16 19 2

7 10

14

15

1720 23
8 11
18 21 24

6

9 12

14
17

o

| o I s

vec(A) = (1 2

4 7 10113 16
5 8
6 9 1215 18 21 24H

N

19 22 _
H i {iyis § — N
j1=i2+n2(i3-
1)

11 (14 17 20 230

2 3 13 14 15Q
5 6 16 17 187
8§ 9 19 20 21H
11 12 22 23 24%

56789101112@

PRULY

o %3 14 15 16 17 18 19 20 21 22 23 24

23 24) ! - ..,_
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General Matricification
Tensor A , _’A{i

ll "‘lnll’l+1 ...lN

. .= A. Matrix
1oy } <{ln+1 “‘ZN} 7

=i +n,(i, " D+nn,(i;-D+...+n,---n (i —1),

j=i *tn 0., -D+n n (G ,—D+.+tn_ ,--n,G, -1).

or with any partitioning of the indices in two groups
(rows/columns) ( {i1i3...Xi2i4...} or {itr(1)...imr(n)Kitr(n+1)...ir(N)} )

Minitask 2: Write mode-1 matricification of the tensor of task 1.

1357

) 2468
General remark on notation:

many properties/operations with tensors are formulated
using totally different notations! »,<«,0,
[] e o X
2 9 9% 29

"
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Change of basis

A =

par

Basis Transformation

/ J K /(\)
— (D) (2) (3)
A= Z Z A, e’ Oe” Oe,
= = =
0

ei(l) — Q(l)e'l(-l)

() (1) (2) (2) (3) 1(3)
%ZZZAWQ eV D 0V
l J

I J K
Z Z (1)Q(2)Q’2§)A

= J=

Notation:

=1

A= (Qa),Q(z),Qm) o

LTI

qr

23
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n-Mode Product of Tensor with Matrix

Tensor Matrix
1,
Ail...in...iN b U]ln : (A Xl’l ll I’l 1.]1}’1"'1 Z ll"'-]"'lN

Contraction over in, in replaced by index j:=i'n

u

|i1 | |in liff T e, l
In the n-mode product each mode-n fiber is multiplied
by the matrix U: —
Bil...in_l ol el U ey sl ey

Useful relation between n-mode product and mode-n-unfolding:

B( ) =U Dq( Unfold tensor A to matrix, multiply by U,
" " fold back to tensor B.



1111
n-Mode Products

For multiple n-mode product the order is irrelevant:

nEm:Ax Ux V=Ax Vx U

A matrix: B:AxlszV PN

(Bjk) = (Ailiz ) % (Uﬁl ) %, (Vki2 ) =UM0r' =U, [(]Vk,:)T

| especially Ax U =U[H, AX,V = A4 '

25



1111
n-Mode Products

For multiple n-mode product with the same n
the order is relevant:

Ax Ux V=A% (VU

Z Ail...in...iNUi'nin k'

i'ﬂ ii’l

= Z Ail...in...iN Z Ui'nin Vki'n = Z Ail...in...iN Z Vki'n Ui'nin =
in i'}’l ln i'n

= Z Ail...i,,...iN Wkin = Bil...k...iN
in

Matrix case: Ax Ux V=V IUHU=VU)HA,
— A, Ux, V=AW " " = AQVU)"



Full n-mode Product

1-leg tensor a: vec(ax, U) =vec(Ua) =U Wec(a)

2-leg tensor A: vec(A X UX, V)= vecé A,-],-2 U,-]kl V,-2k2 E:

] EZ A Ui Vi, E =V DU) Dec(4)
1k2

n-leg tensor A:

vec(AX, U, %X, . X, U,)= (UN [1--- [ Ul) [Wec(A)



n-Mode Product with vector

n-mode vector product of tensor A with vector v:
Compute all inner products of mode-n fibers with v.

[
|M 3

BN

=

N-<

N.:

3

ETTT1T] N

"'ll’l—lll’l"'l "'lm—llm+1 ...lN

for n<m because the order of the tensor is changed:
After contracting in: m g m-1

Matrix case: A Yl Y = VT D4, A Yz v=A[



Properties

(1) (40B)cOD)=(4cC)O(BD),
(2) (AOB) " =4"0B"
(3) A*BeC=(A*B)*C=A*(B+0),

(Khatri-Rao product: tensor product of j-th columns)

(4) | (4*B) (4+B)=(4"4)(B"B),
(4*B)" =((4"A)L(B'B))"(4* B)'



a4
Proofs (1):
(AU B)CLD)=
unB alnB:B:nD ClkD}
=0 : OO . [F
WB o a,BEE.D - e,D

neyBD+---+a c, BD %:

ll
muinu

[ LT

AOnBP B aco(ao),



Proofs (2):

(AOB) "' =4"0B""

(40B)4a"0B")=\44a")O(BB||=101=1

B B
(ADB)T:EFHI al,,: gz
.8 - a,BH
B’nBT am1BTH
=0 : . [FA"UOB'
EglnBT a mBTE



¢
Proofs (3):
A* BeC=(A*B)*C=A* (B (),
(A'B)'C:(al b - a bn)°C:
((al bl) ¢ (an bn) Cn):
:(al bUc - a,Ub, Cn):
A (B (),

because (ADB)DC:AD(BDC):ADBDC



P

¢
Proofs (4):
(A*B)" =((4"A)0(B"'B)) (4 B)"
(4" 4A)O(B'B)) =(A4* B)' (4 B)
(A" HOB'BY) =(a’a), b)), | =
—(la7a,)&73,) - %a? al):(blfbl) E:
S Sy

=Eal o )(almbl) 'E:EQ 5 Qalmbl - a,0b,)=

: = OB B
=(a,0b, - a,00,)'(q,0b - a,0b,)=(4*B) (4+ B)

33

L
e.;.0 @
oet oo
4 L
® 9 : 0
e 8 e
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n-Mode Products Tensor with Matrices

General relation between n-mode product, mode-n unfolding
and Kronecker (tensor) product:

Y = Axl U(l) X2 U(Z),,,XN U(N) -

_ T
y, =U" o, U™ 0--00* 0ue 0---0u®
— (1) (2) .. (N) — M, 77V) —
Y =4 xl U ><2 U ><N U | Z Ail...iNUjlil UjNiN le...jN
I sl

N=2: Y =Ax, UV x U? = U“)A(U(z))T
Yo, =UPAUT) ), =UY 4, (U
T T
Y, = (UU)A(U(z)) Yoy = (U“)A(U(z)) ) =
— U(2)AT(U(1))T — U(2)A

(2) (U(l))T
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P

n-Mode Products Tensor with Matrices
Y, = (A x UV x, U@ x, U(s))

:% A.

%Z

— U(l)

k =1i,i},r =

U(l)

Jih

ULV W)

i1i2i3 Jaly T J3ls

11J2]3 J111

1112]3 (1)

W

IBIE J1’1 J2’2 JNIN

(2)

EZ

E}) _

(3) []

—

(1)
111213 1

(D

)

W
]11

UBU

)(1) B

(1)

@ 1 =
UBIE J3l3 12’2
1)

=yW Z Azl U(3) (] U(2) -UY 4

(U(3) ] U(2))

D



Recapitulation

Tensors as multi-index object with contractions

Graphical notation

Different products: Tensor/Kronecker
Khatri Rao
Hadamard
n-mode product

Matricization = unfolding, vectorization
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Rank of a tensor (3 leg case)

Rank-1 tensor: ] -
7 |
(X..k) = (a ob oc ) 3 dimensional
ij
(Xijk):(a b Uec ) as vector

with vectors a, b, and ¢

Xl.jk = aibjck

D
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Rank-R tensor for 3-leg case:

PARAFAC (parallel factors)
Candecomp (canonical decomposition)

Polyadic form
g CP (CANDECOMP/PARAFAC)

- Lt Y 7

(Aijk):(ulOV10W1)+(M20V20W2)+(M3 oV, OW3)+"°

R
Aijk = Z (urivrjwrk)

r=I
Tensor rank R of tensor (Aijk) is the number of rank-1 terms
that are necessary for representing A.

... Minitask 3: Estimate the rank of a sparse tensor?

38



Rank representation

A:Zurovrowr =

R

(1) 2 . (3)
z % ir l Zvjre kzwkr E’
r=1 |_Ji=l

§ ulr ]rwkr g(l) © e(z) © 81573)
i,], k

With matrices U, V, and W we can write

R
Z( ir ]err): Z (ulpv]qwkt)ap,q,t

A:(U,V,W)U

with I the 3-way tensor with 1 on the main diagonal

U,V,W describe basis transformation with A g |

39
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Notation

Let U, V, and W be the matrices built by the vectors
ur, vr, and wr. Then we can write

Ay =UW ',

A, =V(WWeU)',
Ay =W 2 U)".

R
Short notation: A=[[U,V.W]]= Zuk oV, oW,

=1

Or more general with factor A: A= [[/\ UV W] = Akuk oV, oW,



1111
Proof:

il
Two-leg tensor (u OV)(I) =yl =0 Em‘ﬁ Vm)
%,
One 3-leg tensor: (u o (V o W))(l) =y mw [] V)T =y mw. V)T

General 3-leg case: %u oV, ow, H Z u,o(v.ow ))(1)

1) r=1
R

= 3w o) =

— T _
_(ul e e uR)I:(]WI.vl e e WR.VR) j—

=u(wev)



General N-way tensor

A=[[UPUP, U=y ouy, onouy,

R
A=[AUY,UP,.. .UM = ZAkul,k Uy TP UN L

Mode-n matrix formula:

T

Ay SUPNU ™ o e UM e U Do ey



Proof:

3-leg tensor, proof like before:

ZAV% oy ow, = U/\(W° V)T

In general:

UONU® .o y®) =
UM u® o ou®

:Ei)\ vou?o---out
=1

AUM0--0UR) =

-
Ly



Low rank approximation

@  For R large enough every A can be represented by CP
@»  For given A there is a minimum R with this property

» Approximate A as good as possible by r<R



PARAFAC Graphical

Ai1,i2,i3,
..,iN
"

U1,i1,r U2,i2,r U3,i3,r UN,IN,
i i i i i i
1 2 3 N

M
Ail...iN = Z Ul,il,r H]2,i2,r B I:li]N,iN,r
r=1
M
4=y U, 0U,, 0--0U,,
r=1 45



Inner product:

Norm:

Rank-One tensor:

Diagonal tensor:

Norm etc.

A= a(l) oa(z) O...Oa(N)

— (D (2) (N)
4, =a" @® 1.

I ...l

A . £0 < i =i, =..=i,

L.y

with vectors

q'’)



Z Z Alierlils

Inner Product

Z Z ApAy; Z B,,..By.,

Niyr NZNS
Ij...iy 1,8 Ay T
r
A1l r A2,i2.r A3.i3 r ANLIN.

i i i i
B1,i1] B2,i24 B3,i3° BN,iNY
S S S S

S
47
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Symmetry

A tensor is called cubical, if every mode is of the same size,
n1=n2=...=nN

A cubical tensor is called supersymmetric, if ist elements
remain constant under any permutation of the indices:

A . =4

Ip...0Iy L1y -+-Lr( V)

A tensor is partial symmetric, if it is symmetric in some modes,

e.g. three-way tensor, where all frontal slices are symmetric
matrices.



111} D
Example: Hypercube
Alll :19A112 — A121 - A211 :29A122 — A212 = A221 :39A222 :4’

S3Ae%

§°a%%
00000




Results on tensor rank

R

Z N , with minimum R, dimension n1,...,nN, njsn
U

k=1

For general N-way tensor it holds: R=rank <nN-1

Proof: Assume nN=n=max n;.

— 1 N-1
Z e 0---Oe )DEZA. .e(N)E
1 N-1 Loy Iy
I 5eeesl g Iy
. ) N-1
where the summation runs over maximum n.<n?
rank 1 terms. =



Results on tensor rank

The true rank might be much smaller:

The maximum rank of a 3 leg tensor 3x3x3 over IR
Is bounded by 5.

For general 3 leg IxJxK tensor A the maximum rank

is bounded by rank(A) < min{lJ, IK,JK}

For general 3 leg IxJx2 tensor A the maximum rank

is bounded by max{/,J}

rank(A) <min{/,J}+min{/,J, }

The typical rank of a 3 leg tensor 5x3x3 over IR
is 5 or 6.

51
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Results on tensor rank

Example: A=alla+allb+blla+bllb

with linearly independent a and b, rank<4,
with 4 linearly independent terms, but

A=(a+b)Ud(a+b) withrank1.
Theorem: rank(A)=3 for A=v, Ov,Ow,+v, Ow, Ov, +w, Ov, v,
with linearly independent vj,wij.
Proof: (1) rank(A)=0 g A=0 g v, Ma= w, O b
(2) rank(A)=1 g

ulldvOw=v Uv, Uw, +v, Uw, v, +w, Uv, Uy,
52 *e.s™



Assume a linear functional with

o(v)=1, ¢:=¢ 0id0Oid

and apply it on above equation:

g (wyvOw=v,Ow,+w, v, +@,(w)v, Uv, =
=v, Uw, +(w, +@,(w)v,) v,

Left side rank 1, right side rank 2 I!!

(3) Rank(A)=2:

ulvUw+u'hvUw'=v, Uy, Uw, +v, Uw, Uy, +w, Uv, Uy,

If uand u’ are linearly dependent there is a functional

g (u)=¢,w')=0, ¢ ()£0 or ¢ (w)%0

53
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0=(¢, Oid Oid)(A) = ¢, (v,)(v, Ow, + w, Ovy)+6, (w)v, O,

Linearly independent !!

Hence, u and u’ have to be linearly independent, and one
of the vectors u or u* must be linearly independent of v1,

say u‘ is L.i. of v1.
o(vp)=1  ¢')=0.

Choose functional with
¢, (u)ydw= (Vz Hw; +w, L Vs) +@,(w)v, O,

Again, the left-hand-side is rank <1,
the right-hand-side has rank 2 !l
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For a supersymmetric tensor we can define the symmetric rank:

ranky(A)=min(r: A=Y a oa,°..ca,]
[] = []
. 3 2 3 1
Example: 4= (1,2)" :a,z)D% 4% =D :(I’DD% 1%

2 4 1 1 3
1/ 2 / 1/ 1 / 2/ 3
4 8 + 1 1= 5

/4 1/1/ /5

Supersymmetric of symmetric rank 2.

N
(@)

NTONT

Rank 1:7? (a b)D3 = 4 4 %quations for 2 unknowns a,b.
3 — 3 — 27 — 2 _¢g. 28",
. a =2,b>=9,a’b=3,ab” =5; 55 e
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3)

-way T

4
4

3)

3
4

3

5

4

2
3

2

K
J

Smallest Typical Rank 3

DOF: R(l




Examples

Strassen by considering a 3-leg tensor with rank 7
Hackbusch page 69

a, [1[b, b C
%l 2 EJ;I: : 2 E: gl 2 E with submatrices aj, bj, ¢j
s a0 b, 3 Gy

4
c, = Ztv,u,iﬂaub/\ tis of rank 7.
U

A=1

Minitask 4: Consider vector x=(0,1,1,0). What is the
hypercube-matrix representation and the rank.
Can we permute x to generate a matrix of
lower rank?



Matrix case: SVD

For a tensor that is a vector, the rank is 1.

For a tensor that is a nxm matrix, the rank is
given by the singular value decomposition

A=UzV" = iai(”iViT) = iai(ui sz')

r = the number of nonZero singular val(iés.

SVD: For linear mapping A: IRn g IRm there exist basis
transformations in IRn and IRm with orthogonal
V and U such that in this basis the mapping is
described by a diagonal matrix.
ris the rank of A.

For low rank approximation we can delete small
singular values o.

58



Uniqueness of CP

Matrix case: A nxm matrix of rank r:

r

A=U V! :Zu,,ov,,
=1

n,r’ r,m

Every matrix factorization of this form gives a
CP representation.

Also all QR-factorizations, SVD.

In the matrix case (2-leg-case) the rank
representations are not unique!
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Uniqueness 3 leg case

Let A be a three-way tensor of rank R:
R

A:[[UaVaW]]: /Zuk Vi Wik

=T

Uniqueness is related to other rank R representations
upto scaling and upto permutations:

A=[[U,V,W]1]=[[UN,VT1,WT1]] forany RxR permutation I

R

A

=1

(a,u,)o(Bv,)o(y,w,)  with ak Bk vk = 1, for k=1,...,R



U1
k-rank of a matrix

The k-rank of a matrix A - denoted by kA — is the maximum

number k such that any k columns of A are linearly independent.

Minitask 5: Determine the k-rank of different matrices:

a) ) Ayegular?
110 1@ 1 0 ¢ fﬁ
M 1 0 10 a1 0 1
0 1 1Y 1 o0 15
% 11 1@ % 1 -1 oﬁ

Result on the rank: Let T =|[]4,B,C]]

Then the CP representation of T is unique
if

- k,+k, +k.=2R+2



1111
T an IxdJxK-Tensor:

Then the CP representation of T is unique if

min{/, R} +min{J,R} +min{K,R} = 2R+2

For R<K the CP representation of T is unique if

2R(R-D)<I(I-1)J(J-1)

The CP representation is unique for an N-way rank R tensor

R
A=[[AV,4?,..,4"]]= Z ay) ca,? o--oqp™

=T

N
if k ., 22R+(N-1)
; A
i
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Approximation of tensor by CP

Matrix case trivial via SVD: keep larger singular values and
replace smaller one by 0.

For 3-way tensors this is not so easy. Especially for
R
A= Au ov, ow,

summing up r of these terms will not give a good rank-r
approximation.

For finding the best rank-r approximation we have to
determine all factors simultaneously!



Rank-r approximation

The situation is even worse: the best rank-r approximation
might even not exist!

Consider —

where the matrices U, V, and W have linearly independent
columns. Rank(A) = 3.

Approximation by rank-2 tensors:

—O’Bl+ uZHDB/+ VZHDBA/+ wzH—aulovlow1
a o a oo a

a - o

-5,]= "

Example for degeneracy!

- 0



Alo) _
2

P

Second example:

A(n)=n Bx+ -y +— Zg +nz§x+izy—l g -2n*x"
n

n n []
with Ilnearly mdependent X,Y,Z.

The sequence of rank 3 tensors converges for ng« to
the rank 6 tensor:

xUxOy+xUOyUOx+ydxUx+xUzOz+z0xUOz+z0zUx



Rank spaces

Hence a sequence of rank-2 tensors converges against
a rank-3 tensor:
The space of rank-2 tensors is not closed!

We can approximate the 3-way tensor as good as we want
by rank-2 tensors, but the sequence of approximations
does not converge in the rank-2 space.

o w

_\wo

N O
8§ e
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Computing the CP

Standard method: Alternating Least Squares method (ALS)

Given any (high-rank) tensor A
Compute r-rank approximation in tensor B

min|d-B|  with B= i)\kuk ov, ow, =[[A UV, W]]
=1

ALS approach: fix two matrices, e.g. V and W, and solve for U.
This leads to the matrix minimization

mmHA(l) U(W . V)T

F

Vo

with solution U = A(l)((W V)

=4y eV Ty

67 '0,‘;3'?;



Computing

Advantage: We only have to compute the pseudoinverse
of small r x r-matrices

Afterwards, the factors Ak are defined by normalization

A =

ra

u

,  u, =u, /A, k=1..r

In this way we update U, then V, then W, then again U
and so on until convergence.

-1
Costs per step: A(l) (W ° V)(WTW VTV
n1x(n2n3)  (n2n3)xr rxn3 n3xr rxn2
n2xr

O(r3 + n1n2n3r+n3r2+n2r2) e,



ALS with enhanced line search

Assume, ALS has computed new Unew replacing Uold.
Hence, we have a change in the direction A=Unew-Uold
in the form Unew = Uold + A.

We generalize this by introducing line search and
step size p in the form

Unew = Uold + y A
looking for an optimal value of p.

R 2

min A—Z(uk + 1S, ) ov, 0w,
H =1

2

R R
= min (A—Zukovkowk)—/JZJkovkowk
=1 =1

:minB—/JCHZ - M -U,, =U, + A



L]
ELS general

Unew = Uold + y AU, Vnew = Vold + y AV, Wnew = Wold + y AW,

R 2

mgn A- Z (uk + ,ucSu,k) o(v + O, ) e (w, + D, )
=1

= m&nHB -’C—-u’D- ,uEH2

o 2 3 4 5 6
_ml}nao'kal/vl"'az,u ta )" a0 ta it tald

Find the 5 roots of the derivative and choose the root
with minimum value of the objective function.

Gives new U, V, and W.

Use ALS for new search directions and repeat.



Application of the CP

Starting point: 3-leg tensors often have small rank and the
low-rank approximation is unique.

Therefore, the best approximating rank-1 term can give
useful information on the data:

- Mixtures of analytes can be separated

- Concentrations can be measured

- Pure spectra and profiles can be estimated

Typical example: 3-way data in time, space frequency

Translate matrix case by additional index in 3-leg tensor
to achieve uniqueness!
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Application of the CP

Van Huffel: PARAFAC in EEG monitoring

EEG data as 3-way tensor

B PARAFAC for seizure onset localization - -

CI:IJI:LBI Cﬂ.”:% /

Ar 4

\\

@ time \\p(\o ;
> S

i Split EEG in different @ 3 tim‘e

| frequencies using ! ‘

wavelets.

space
space

J -4

=> Analysis in 3 dimensions instead of just 2
l LEUVEN #?‘B-IL,_




U1
EEG Monitoring

—— Interprei‘ation of a trilinear component —

PARAFAC: Example extracting 1 component
B,: time course

| /A, distribution over channels
Bl

C,: frequency content

A, ; . -
(distribution across scales).




EEG rank terms

_ PARAFAC for seizure onset localization

= * - * temporal atom of seizure activity . tomporal atom of eye—blink activity
2360 ik
Fpz2 Lo i coal
re s coa
va et e eI A et g Aoty e gy DW\W .
re “
0z .
. {1 —eeat

o, e

ot [ e e e e Wb ALY — ; = + % % 5 & o,

Time (sec)

:‘/ i i e e VAl Bl

frequency distribution of seizure activity frequency distribution of eye-blink activity

/

S N ]
Freq (Hz)

n | ke
: LEUVEN
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o EEG: epileptic seizure onset -

localization

B Viore interesting seizure

l LEUVEN ",,» e




EEG

B Viore interesting seizure

Better localization by CP than visually or by other
matrix techniques.
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Block PARAFAC (L,L,1)

Consider more general higher rank terms (L,L,1)
Because larger blocks might be necessary for
accurate representation of the data.

R
T = z E Oc,, E. :IxJ-matrix, rank(E)=L
r=l1

r= (40
r=1

Also block representations are often unique, e.g.
for RL < min(l,J) and C without proportional colmuns.

,<Essentially unique®, upto - permutations,
- factor between A and B
- scaling



Visualization
J KJ/ J

g NN

D B

R
T =(A4,B,c)[D=[[D;A4,B,c]] = ZD’” x, A %, B %, c,
r=l1



Recapitulation

Rank of a tensor, sum of simple Kronecker product terms

Canonical Decomposition

Algorithms: ALS
Numerical instabilities
Non-closedness of manifolds

Uniqueness and applications
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P

Mode n-Rank of a Tensor

View the tensor as collection of vectors in the n-th index (fibers)
The rank of these collection of vectors is the mode n-rank.

1 0
1/ 0 / Example with R1=R2=2, R3=1
Mode n=3:
Vectors (0,0), (1,1), (1,1), (0,0)
1 0 [

0 ’ 1 0 1
R, = rank% - IE: 1

Mode n-rank is the rank of the mode-n unfolding matrix A(n)
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Tucker Decomposition

- (three-mode) factor analysis (Tucker, 1966)

- N-mode PCA (principal component analysis)

- Higher-order SVD (HOSVD) (De Lathauwer, 2000)
- N-mode SVD

|dea: decompose given N-way tensor into a core
N-way tensor with less entries in each dimension
applying a SVD basis transformation in each mode.

P O K
A:leszVX_,,W:ZZ S ol , OV, OW, =

=1 g=1 k=1
=[[S:U,V.W]1=\U.V,W)(5

With core tensor S and U,V,W matrices relative to each mode
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Ll . D
Tucker Decomposition

Unfolding in i and {jk},

VI SVD g U
Backfolding AV
Repeat for other
U W unfoldings.

(Azjk) = (Sijk) X UX, Vx, W
- < < (D) () o 1) ;
(Al]k) - Z Z Z S/~‘1H2/~‘3 mﬂl OvlJz OM}/Js [~ S° i
lel /'12:1 H3:1
ok ks
A4y = Z Z Z Suluzuguulivuzjwugk’l =1...I, j=1..J, k=1..,K
o B

Multilinear rank (k1,k2,k3)
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Computation

Compute SVDs of all matricifications:
T
Ay I xLIL;  SVD: A, =0V
: : : — 775272
A :L,x11;  SVD: A, =UP®YV
: : : — 77353 3)
Ag I, xI11;  SVD: Ay =UPEOV
Apply basis transformations relative to U-parts of SVDs:
— " (2)" (3)'
Gives new representation of A in terms of S and U’s:
— (1) (2) (3)

U with orthonormal columns.
S all-orthogonal and ordered.
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Proof:
Reminder: ngm:Ax Ux V=4x Vx U
Ax Ux V =A4x (VU]
B=Ax,U = B, =U,

Define: S = AX, U(I)T X, U(2)T X, U(3)T

Then it holds
A=Sx UV x U? x U =
:( Ax U X, U X, U(3>T)x1 UYx, U®x, U =
= AX, (U<1>TU<1>)><2 (U<2>TU<2>)><3 (U“)TU(”) —
=A% I%, %, ]=4



TLII

Core Tensor S is all-orthogonal:

— (1) (2) (3)

with the additional property

S.,8,.)=0 for i#j
(S8

Proof: Sy = U(l)A(l)(U(3) [] U(z)) according to slide 34/35

S, =U"4, (U 0U®)

(1), (D

v U4, (o oue)

J

<S(1),i’S(l)j> = (UG) L U(Z))TA(TI)

and similarly for index 2 and 3.



TLIT] D

Minitask 6,
Compute Tucker decomposition. / 1 /

1

/ 1 /
e L 1 1 1

Matricification and SVD: % L 1%: %l 1 1 1

All U’s are %EE
S=Ax UV x, U x,U® = Z LW.U,U, =22

i
A=Sx UDx, UPx, U® :(zﬁ)mjoUoU:E%E%%
-~




Properties

Mode-n singular values = norms of slices =
= singular values of matricifications An
Size of S is automatically reduced to mode-ranks!

Further reduction:
Truncate by deleting small singular values/vectors:

T T T
S=4xUY x,U% x, U?
S=4x,UY x,U% x, U"

with  [related to nonzero singular values.

A=QCx 77D 7(2) 7(3)
A A=SxU"x,UPx U



Tucker Graphical

Ai1,i2,i3,...,iN

‘ i i i 1. iIN=1..In
Sm1,m2,m3,...,mN
m m m m
U1t m u22.m U3B.m UNM.m
1 2 3 N
i i i i i i i
1 2 3 N
D
A4 = Z S U J o
Ip...Iy my,....my — Lmyi; N.,myiy 2
ml, .,mN
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Three-way Tucker

P O K
A=Sx UX, Vx W = Z Z Spatty vy 0w =[SV W]
p=l g=1 k=
P O K
Aljm = Z Z 5 quulpvjqwmk’
p=1 g=1 k=1

Matricifications (according to slide 34/35):

A, =UBS,war)
A, =V IS, WwDoU)
Ay =W, au)



N-way Tucker

A=Sx UV x,U? x, U™ =[[S;Uu",U?,. ., UM]]

Rl R2 RN
— (1, (2) (N) .
==l ky=l

4, =U"E, vV O.oueoue 0.0

Additional definitions:

Tucker1 is decomposition relative to only one index,
Tucker?2 relative to 2 indices, and

Tucker relative to all indices.



LT
Computing the Tucker Dec.

U(n) := matrix of left singular vectors of A(n)

T T T
Compute S = Axl U(l) X, U(z) X e X U(N)

Output: S, U(1), ..., U(N).

We can again use this algorithm also for approximating A by
choosing in U(n) only the dominant left singular vectors!
Rn g rn



(D

Approximating Tucker dec.

min

A-[[S;UV .UM

Rewrite as minimizing | Hvec(A) — (U(N) O...guY )V@C(S)H

|4-

AN N N N

i Solution = Ax, o7 X, 7 X, e X U™’
[8:0"... U]

2 _2<A,[[S;U(1),...,U(N)]]>+H[[S;U(l)""’U(N)]]Hz

’ —2<A><1 U %, 0%, U(N)T’S> +sI

=28, 5)+ S| =[4]" ||

2 ‘ 2

ol o . !
AX U™ XX, U




Inner Product

Sm1,m2,m3,...,mN

m m m m
u1.ih.m U2.2.m U3.3.m UNIN,m
4 2 3 N

\i i i i
V1i1k V2.i2k V3,3 K D/N,il\H(
4 2 3 J

k k k k f

1 2 Tk1,k2,k3,... kN N

93
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ALS for Tucker

T T
max|Ax, UY" x, -..x UM

U(")

subject to U™ OIR"™™" columnwise orthogonal

max
U

o™ g--out gy - ou®

U W with W = 4,

ALS method:
For n=1,...,N:

choose U(n) the rn dominant singular vectors of W
Repeat until convergence



Unigueness

Tucker is not unique:

[[S54,B,CII=[[S%, Ux, Vx, W; AU, BV ,CW ]

[[Gx, U, V*,W; AU ,BV " ,CW™']]=
=(Sx, U, VX, W)x AU %, BV x, W™ =
= 5x, (AU ux, BV, (cw|w =
=85X, A%, Bx, C=[[5;4,B,C]]

according to slides 81 and 25/26.



Application: Tensorfaces

Given a database of images of different persons, e.g.
with different looks(=expressions), illumination,
positions(=views).

We can collect all the images in a big 5-leg tensor

A=l\a. o l.

! people Lyiews sbillum » express >* pixel

In the example there is a database of 28 male persons
with 5 poses, 3 illuminations, 3 expressions,
each image 512 x 352 pixels (compressed to 7943).

Hence, Aisa 28 x5 x 3 x 3 x 7943 tensor.
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Database

28 subjects with 45 images per person.

Expression: smile e“‘“”@ﬂ@@““@.é

5@@0@0@@@@@0@0
s G99 000 909

[lluminations

Expression . ii .

tee o
eee
000 99

* 3 TO0T s 00 T
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Principal Component Analysis

PCA

Use eigenfaces to capture the important features
in a compact form. Often eigendecomposition
and eigenvectors are used in PCA.

Here we use the Tucker decomposition:

=/ X X
A Z | Upeople ><2 Uviews X3 Uillum ><4 Uexpress 5 Upixels
resulting in
R R e R D T Co e o Ul N == o IS 2
_ , L N\
image data basis vectors coefficients
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Interpretation

A( j—),_v<’/ks~ > == P Z( i Zs > ez s | B 4 - ‘A | B 4 e e

. . . A\
image data basis vectors coefficients

The mode matrix Upixels can be interpreted as PCA.

By the core tensor Z we can transform the eigenimages
present in Upixels into eigenmodes representing the
principal axes of variation across the various factors
(people, viewpoints, illuminations, expressions) by
forming

XU

pixels

- __mn, >



Eigenfaces

The first 10 PCA eigenvectors (eigenfaces) contained
in the mode matrix Upixels

,Multilinear Analysis of Image Ensembles: TensorFaces”
by M.A.O. Vasilescu and D. Terzopoulos

Similar paper on PCA on human motion via Tensors.
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Recapitulation

Mode-rank of a tensor as rank of mode-n matricizations

Tucker Decomposition by SVD projection relative to
mode-n matricizations.

High Order SVD

Algorithms, SVD, ALS

Applications — Principal Component Analysis



	Slide 1
	Overview
	Different Matrix/Vector Products 
	Kronecker Product 
	Khatri-Rao Product 
	Hadamard Product
	Minitask 0
	Definition
	Motivation: Why tensors?
	Motivation: Why tensors?
	Examples for Reshape
	Minitask 1
	Graphical Notation
	Graphical Notation
	Basic Operations
	Tensor as data hive of 
different form
	Matrix
	Three Leg as Standardexample
	Fibers
	Slices
	Matricification
	General Matricification
	Basis Transformation
	n-Mode Product of Tensor with Matrix
	n-Mode Products
	n-Mode Products
	Full n-mode Product
	n-Mode Product with vector
	Properties
	Proofs (1):
	Proofs (2):
	Proofs (3):
	Proofs (4):
	n-Mode Products Tensor with Matrices
	n-Mode Products Tensor with Matrices
	Recapitulation
	Rank of a tensor (3 leg case)
	Rank-R tensor for 3-leg case:
	Rank representation
	Notation
	Proof:
	General N-way tensor
	Proof:
	Low rank approximation
	PARAFAC Graphical
	Norm etc.
	Inner Product
	Symmetry
	Example: Hypercube
	Results on tensor rank
	Results on tensor rank
	Results on tensor rank
	Slide 53
	Slide 54
	Slide 55
	Smallest Typical Rank 3-way T
	Examples
	Matrix case: SVD
	Uniqueness of CP
	Uniqueness 3 leg case
	k-rank of a matrix
	T an IxJxK-Tensor:
	Approximation of tensor by CP
	Rank-r approximation 
	Second example:
	Rank spaces
	Computing the CP
	Computing
	ELS
	ELS general
	Application of the CP
	Application of the CP
	EEG Monitoring
	EEG rank terms
	EEG: epileptic seizure onset localization
	EEG
	Block PARAFAC (L,L,1)
	Visualization
	Recapitulation
	Mode n-Rank of a Tensor
	Tucker Decomposition
	Tucker Decomposition
	Computation
	Proof:
	Core Tensor S is all-orthogonal:
	Minitask 6
	Properties
	Tucker Graphical
	Three-way Tucker
	N-way Tucker
	Computing the Tucker Dec.
	Approximating Tucker dec.
	Inner Product
	ALS for Tucker
	Uniqueness
	Application: Tensorfaces
	Database
	Principal Component Analysis
PCA
	Interpretation
	Eigenfaces
	Recapitulation

