1. Consider the following problem,

iy =Au,+Vu -1<z<1,t>0,

Liu=0, z=-1,t>0, 1
Liu=0, z=1,t>0, ( \)
u = f(z), -1<z<1,t=0,

where L; and L, are the boundary operators, V > 0, f = f(z) is the initial data and
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Lot us assume V=VT.

(a) What are the requirements for (1) to be well-posed, disregarding the boundary conditions,
i.e. here assume BT < 0. (1p)
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(b) Let oo = 0, and derive a set of well-posed boundary conditions for (1), thats leads to damping
of energy. This means finding L; and L. (1p)
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(c) Let @ = 0, and derive two sets of well-posed boundary conditions for (1), thats leads to
conservation of energy. This means finding L; and L,. (1p)
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(d) Derive an SBP-Projection approximation of (1), with any set of the well-posed boundary
conditions derived in (c), where o = 0. (1p)
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(e) Show stability for the SBP-Projection approximation in (d). (2p)
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(f) Explain why Euler forward (RK1) is not a suitable time-integrator for the SBP-Projection
approximation derived in (e). Propose a more suitable time-integrator and give a rough
estimate how to chose the time-step to obtain stability for an arbitrary grid-spacing h. (2p)
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3. Consider the linear system Az = b, where

y 0 1 1
A=10 -8 1), b=|2],
z 0 1 3

where y and z are some parameters.

(a) Write down the Gauss-Seidel method to solve the system and do one iteration using the
starting vector ° = (1,1,1)7. (1p)
(b) For which values of y and z the Gauss-Seidel method can be expected to converge for this

problem? Motivate your answer.
Hint: note that the first element of the last row of the inverse of the lower triangular matriz

would be 2. - ? (3p)
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(c) For which values of y and z can one use the Conjugate-Gradient method to solve the above

problem? Motivate your answer. (1p)
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2. Consider the following problem in Q = (0,1) :

Up — Uge + Uy =0, z€Q, t>0,
w(0,t) =1, ¢>0, )
W' (1,t) =1, t>0.
u(z,t) = uo(z), ze€Q,

where o > 0, and ug(z) is a given initial condition.

(a) Write down a weak and finite element formulations for (2) with appropriate spaces. (2p)
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(b) Now split the interval into N equally spaced sub-intervals: 0 = 2o < 1 < ... < zy = 1.
Construct the corresponding system of ordinary differential equations. Compute the ele-
ments of the resulting matrices.

Hint: you can use the following Simpson’s rule:
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to compute the elements of the mass matriz fol pjp; dz. (4p)
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(c) Discretize the ODE system in (b) using the explicit Euler method. (2p)
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