ACOUSTIC SCATTERING FROM SUBMERGED ELASTIC OBJECTS

ILKKA KARASALO^† AND KURT OTTO^†

Appendix. We now state the partial differential equations and integral equations that govern the strain and stress associated with acoustic scattering from an elastic body immersed in a fluid.

A.1. Fluid media. We consider time-harmonic sound waves in water. Transient acoustic fields would then be handled by Fourier synthesis. Neglecting sound absorption and assuming that the fluid is homogeneous, timeharmonic acoustic waves are governed by the Helmholtz equation

(A.1) ∇ · ∇p + k^2p = 0,

where p(r) is the complex pressure, i.e., the scalar phasor [2, p. 337] of the acoustic pressure Re(p(r)e^{−iωt}) [3, p. 73]. The wavenumber is given by k = ω/c_f ≡ 2πf/c_f , where f is the frequency, and c_f is the sound speed.

A.2. Solid media. The scatterer is a linear isotropic elastic solid, which we assume is homogeneous. The time-harmonic elastic waves in such a medium are governed by the reduced Navier equations [1, p. 64]

(A.2) λ + 2μ ρ ∇∇ · u − μ ρ ∇ × ∇ × u + ω^2u = 0, where u(r) is the vector phasor of the displacement Re(u(r)e^{−iωt}). The density is denoted by ρ, and the Lamé coefficients λ and μ (shear modulus) are related to Poisson’s ratio ν and Young’s modulus Y by λ = νY (1 + ν)(1 − 2ν) , (A.3a) μ = Y 2(1 + ν) . (A.3b)

The strain tensor ε is given by

ε =^1_2 ( ∇u + (∇u)^T ) . It is related to the stress tensor σ by the linear constitutive equation

(A.4) σ = λ tr(ε)I + 2με,

where I is the identity tensor.

†Division of Systems Technology, Swedish Defence Research Agency, SE-172 90 Stockholm, Sweden (ilkka.karasalo@foi.se, kurt.otto@foi.se). 1

2 ILKKA KARASALO AND KURT OTTO

The Navier equations accommodate two main types of waves. The primary waves (P-waves) are irrotational (∇×u = 0), and are also known as dilatation waves. The secondary waves (S-waves) are dilatation-free (∇ · u = 0), and are also known as shear waves. The wave speeds c_p and c_s for P-waves and Swaves, respectively, can be identified from (A.2), which combined with (A.3) yields

c_p ≡ √ λ + 2μ ρ = √ 1 − ν (1 + ν)(1 − 2ν) √ Y ρ , (A.5a)

c_s ≡ √ μ ρ = √ 1 2(1 + ν) √ Y ρ . (A.5b)

A.3. Fluid–solid interaction. An accurate model for the acoustic response of the submerged scatterer entails solving (A.1) for the water and (A.2) for the elastic body, and coupling the solutions by appropriate interface conditions [6, p. 29]. For every point on the surface S of the body, the interface conditions on the stress (A.4) and on the displacement are given by τ (u) ≡ σ · n = −pn, (A.6a)

n · u = (ρ_f ω^2)^{−1} ∂p ∂n , (A.6b)

where n is the outward unit normal of S, τ is the surface traction, and ρ_f is the density of the fluid.

A.4. Boundary integral equations. There are several advantages [4] of using integral representations of the solutions to the three-dimensional Helmholtz equation (A.1) and Navier equations (A.2). For the solution p(r^′) at any point r^′ outside the surface S, an integral representation can be derived by employing Green’s formula [5, p. 804], resulting in

(A.7) p(r^′) + ∫ S ( g(r, r^′; k) ∂p ∂n − ∂g ∂n (r, r^′; k)p ) dS = p_{in}(r^′),

where g(r, r^′; k) is the free-space Green’s function [5, p. 805] and p_{in} is a source term. Since the medium is homogeneous, the Green’s function for the Helmholtz equation is known [5, p. 810] explicitly: g(r, r^′; k) = exp(ik|r − r^′|) 4π|r − r^′| . Thus, the solution outside the scatterer could be computed once the solution has been determined on the boundary S. An integral equation for the solution at the boundary is obtained from (A.7) in the limit r^′ → r^′ ∈ S, yielding

(A.8)^1_2 p(r^′) + ∫ S ( g(r, r^′; k) ∂p ∂n − ∂g ∂n (r, r^′; k)p ) dS = p_{in}(r^′).

ACOUSTIC SCATTERING 3

The kernel in (A.7) exhibits an integrable singularity when r^′ → r^′ ∈ S, cf. [6, Sec. 2.5.4]. Hence, special care must be taken in that limit.

The technique can be generalized to the elastic solid case, i.e., the Navier equations (A.2). An integral representation [6, p. 122] for the displacement field is

(A.9) e_ℓ · u(r^′) + ∫ S ( u · τ (G · e_ℓ) − τ (u) · (G · e_ℓ) ) dS = 0, ℓ = 1, 2, 3, where e_ℓ are unit vectors determining the directions of the point source. The symbol G denotes the Green’s tensor, whose Cartesian components are

G_{ij} = (ρω^2)^{−1} ( k^2_s g(r, r^′; k_s)δ_{ij} + (g(r, r^′; k_s) − g(r, r^′; k_p))_{,ij} ) , where k_p and k_s are the wavenumbers for P-waves and S-waves, respectively. Note that the Green’s tensor is built entirely on Green’s functions for the scalar Helmholtz equation. By taking the limit r^′ → r^′ ∈ S for (A.9), the following boundary integral equations are obtained:

(A.10)^1_2 e_ℓ · u(r^′) + ∫ S ( u · τ (G · e_ℓ) − τ (u) · (G · e_ℓ) ) dS = 0, ℓ = 1, 2, 3. Equations (A.8) and (A.10) constitute a pressure–displacement formulation [6, p. 138] of boundary integral equations for scattering from an elastic body immersed in a fluid. The boundary integral equations are coupled by the interface conditions (A.6). Condition (A.6a) is enforced by replacing the surface traction τ (u) in (A.10) with −pn. By replacing^{∂p}_{∂n} in (A.8) with ρ_f ω^2n · u, condition (A.6b) is satisfied.

REFERENCES

[1] K. Aki and P. G. Richards, Quantitative Seismology, vol. I, W. H. Freeman and Company, New York, 1980.

[2] D. K. Cheng, Field and Wave Electromagnetics, Addison–Wesley, Reading, MA, 2nd ed., 1989.

[3] F. B. Jensen, W. A. Kuperman, M. B. Porter, and H. Schmidt, Computational Ocean Acoustics, AIP Press, New York, 1994.

[4] I. Karasalo and J. Hovem, Transient bistatic scattering from buried objects, in Experimental Acoustic Inversion Methods for Exploration of the Shallow Water Environment, A. Caiti, J.-P. Hermand, S. M. Jesus, and M. B. Porter, eds., Kluwer Acad. Publ., Dordrecht, The Netherlands, 2000, pp. 161–176.

[5] P. M. Morse and H. Feshbach, Methods of Theoretical Physics, McGraw–Hill, New York, 1953.

[6] V. V. Varadan, A. Lakhtakia, and V. K. Varadan, eds., Acoustic, Electromagnetic, and Elastic Wave Scattering, vol. 1, Elsevier Science Publishers, Amsterdam, The Netherlands, 1991.