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x � 17 - 4

x � a + b

x � y - z

x � 13

z � x *  q

s � w - x
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A �-function is a special kind 
of copy that selects one of 
its parameters.  

The choice of parameter is 
governed by the CFG edge 
along which control reached 
the current block.

However, real machines do 
not implement a �-function 
in hardware.

y1 � . . . y2 � . . .

y3 � �( y1, y2)    
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Domain is |DEFINITIONS|, same as 
number of operations
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dominance frontier

This adds to 
the worklist !

Use a checklist to avoid putting blocks on the worklist twice;       
keep another checklist to avoid inserting the same �-function twice.

Compute list of blocks where each name 
is assigned & use as a worklist

Moderately complex
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1 counter per name for subscripts

Need the end-of-block name for this path

Reset the state
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A

B C G

FED

Dominator tree

Block Dom IDom
A A –
B A,B A
C A,C A
D A,C, D C
E A,C, E C
F A,C,F C
G A,G A

Dominator sets

*

m0 � a + b
n0 � a + b

A

p0 � c + d
r 0 � c + d

B

r 2 � �( r 0, r 1)
y0 � a + b
z0 � c + d

G

q0 � a + b
r 1 � c + d

C

e0 � b + 18
s0 � a + b
u0 � e + f

D e1 � a + 17
t 0 � c + d
u1 � e + f

E

e3 � �( e0, e1)

u2 � �( u0, u1)
v0 � a + b
w0 � c + d
x0 � e + f

F
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†IDOM(n) �  n, unless n is n0, by convention.

Initially, DOM(n) = n, 
� n � n0
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B1

B2 B3

B4 B5

B6

B7

B0

Flow Graph

Progress of iterative solution for DOM

Results of iterative solution for DOM

*

Iter-
ation 0 1 2 3 4 5 6 7

0 0 N N N N N N N
1 0 0,1 0,1,2 0,1,3 0,1,3,4 0,1,3,5 0,1,3,6 0,1,7
2 0 0,1 0,1,2 0,1,3 0,1,3,4 0,1,3,5 0,1,3,6 0,1,7

DOM(n )

0 1 2 3 4 5 6 7
DOM 0 0,1 0,1,2 0,1,3 0,1,3,4 0,1,3,5 0,1,3,6 0,1,7
IDOM 0 0 1 1 3 3 3 1

KT2, 2004 17

&,��-��

Dominance 
Tree

Progress of iterative solution for DOM

Iter-
ation 0 1 2 3 4 5 6 7

0 0 N N N N N N N
1 0 0,1 0,1,2 0,1,3 0,1,3,4 0,1,3,5 0,1,3,6 0,1,7
2 0 0,1 0,1,2 0,1,3 0,1,3,4 0,1,3,5 0,1,3,6 0,1,7

DOM(n )

Results of iterative solution for DOM

B1

B2 B3

B4 B5

B6

B7

B0

0 1 2 3 4 5 6 7
DOM 0 0,1 0,1,2 0,1,3 0,1,3,4 0,1,3,5 0,1,3,6 0,1,7
IDOM 0 0 1 1 3 3 3 1

There are asymptotically faster algorithms.

With the right data structures, the iterative 
algorithm can be made faster.

See Cooper, Harvey, and Kennedy.
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Dominance 
Frontiers
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• A definition at n forces a �-function at m iff 
n 
 DOM(m) but n � DOM(p) for some p � preds(m)

• DF(n) is fringe just beyond region n dominates

B1

B2 B3

B4 B5

B6

B7

B0

0 1 2 3 4 5 6 7
DOM 0 0,1 0,1,2 0,1,3 0,1,3,4 0,1,3,5 0,1,3,6 0,1,7
DF – – 7 7 6 6 7 1

*

• � in 1 forces a �-function in DF(1) = Ø          (halt)

x� ...

x� �(...)
• DF(4) is {6}, so � in 4 forces a �-function in 6

x� �(...) • � in 6 forces a �-function in DF(6) = {7}

x� �(...)

• � in 7 forces a �-function in DF(7) = {1}

For each assignment, we insert the �-functions
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Dominance 
Frontiers
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• Only join points are in DF(n) for some n

• Leads to a simple, intuitive algorithm for computing 
dominance frontiers

For each join point x (i.e., |preds(x)| > 1)
For each CFG predecessor of x

Run up to IDOM(x) in the dominator tree, adding
x to DF(n) for each n  between x and IDOM(x) 

B1

B2 B3

B4 B5

B6

B7

B0

*

• For some applications, we need post-dominance, the 
post-dominator tree, and reverse dominance frontiers, 
RDF(n)

> Just dominance on the reverse CFG

> Reverse the edges & add unique exit node

• We will use these in dead code elimination

0 1 2 3 4 5 6 7
DOM 0 0,1 0,1,2 0,1,3 0,1,3,4 0,1,3,5 0,1,3,6 0,1,7
DF – – 7 7 6 6 7 1
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Needs a little more detail
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Otherwise, we do not 
need a �-function 

a � �( a, a)
b � �( b, b)
c � �( c , c)
d � �( d, d)

y � a+b
z � c+d
i  � i +1

B7

i  > 100i  � • • •
B0

b � • • •
c  � • • •
d � • • •

B2

a � �( a, a)
b � �( b, b)
c � �( c , c)
d � �( d, d)
i � �( i , i )  

a � • • •
c  � • • •

B1

a � • • •
d � • • •

B3

d � • • •
B4

c � • • •
B5

d � �( d, d)
c � �( c , c)

b � • • •B6

i  > 100

With all the �-functions

• Lots of new ops

• Renaming is next

Assume a, b, 
c, & d defined 
before B0

&,��-��
Excluding 

local names 
avoids �’s for 

y & z
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1 counter per name for subscripts

Need the end-of-block name for this path

Reset the state
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NewName(n)
i � counter[n]
counter[n] � counter[n] + 1
push ni onto stack[n]
return ni

Rename(b)

for each �-function in b, x � �(…)
rename x as NewName(x)

for each operation “x � y op z” in b
rewrite y as top(stack[y])
rewrite z as top(stack[z])
rewrite x as NewName(x)

for each successor of b in the CFG
rewrite appropriate � parameters

for each successor s of b in dom. tree
Rename(s)

for each operation “x � y op z” in b
pop(stack[x])

Adding all the details ...

for each global name i
counter[i] � 0
stack[i] � Ø

call Rename(n0)
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a � �( a, a)
b � �( b, b)
c � �( c , c)
d � �( d, d)

y � a+b
z � c+d
i  � i +1

B7

i  > 100i  � • • •
B0

b � • • •
c  � • • •
d � • • •

B2

a � �( a, a)
b � �( b, b)
c � �( c , c)
d � �( d, d)
i � �( i , i )  

a � • • •
c  � • • •

B1

a � • • •
d � • • •

B3

d � • • •
B4

c � • • •
B5

d � �( d, d)
c � �( c , c)

b � • • •B6

i  > 100

Counters
Stacks

1 1 1 1 0

a

a0 b0 c0 d0

Before processing B0

b c d i

Assume a, b, 
c, & d defined 
before B0

i has not been 
defined

*

&,��-��

a � �( a, a)
b � �( b, b)
c � �( c , c)
d � �( d, d)

y � a+b
z � c+d
i  � i +1

B7

i  > 100i 0 � • • •
B0

b � • • •
c  � • • •
d � • • •

B2

a � �( a0, a)
b � �( b0, b)
c � �( c0, c )
d � �( d0, d)
i � �( i 0, i )  

a � • • •
c  � • • •

B1

a � • • •
d � • • •

B3

d � • • •
B4

c � • • •
B5

d � �( d, d)
c � �( c , c)

b � • • •B6

i  > 100

Counters
Stacks

1 1 1 1 1

a b c d i

a0 b0 c0 d0

End of B0

i0

*

&,��-��

a � �( a, a)
b � �( b, b)
c � �( c , c)
d � �( d, d)

y � a+b
z � c+d
i  � i +1

B7

i  > 100i 0 � • • •
B0

b � • • •
c  � • • •
d � • • •

B2

a1 � �( a0, a)
b1 � �( b0, b)
c1 � �( c0, c )
d1 � �( d0, d)
i 1 � �( i 0, i )  

a2 � • • •
c2 � • • •

B1

a � • • •
d � • • •

B3

d � • • •
B4

c � • • •
B5

d � �( d, d)
c � �( c , c)

b � • • •B6

i  > 100

Counters
Stacks

3 2 3 2 2

a b c d i

a0 b0 c0 d0

End of B1

i0

a1 b1 c1 d1 i1

a2 c2

*

&,��-��

a � �( a2, a)
b � �( b2, b)
c � �( c3, c )
d � �( d2, d)

y  � a+b
z � c+d
i  � i +1

B7

i  > 100i 0 � • • •
B0

b2 � • • •
c3 � • • •
d2 � • • •

B2

a1 � �( a0, a)
b1 � �( b0, b)
c1 � �( c0, c )
d1 � �( d0, d)
i 1 � �( i 0, i )  

a2 � • • •
c2 � • • •

B1

a � • • •
d � • • •

B3

d � • • •
B4

c � • • •
B5

d � �( d, d)
c � �( c , c)

b � • • •B6

i  > 100

Counters
Stacks

3 3 4 3 2

a b c d i

a0 b0 c0 d0

End of B2

i0

a1 b1 c1 d1 i1

a2 c2b2 d2

c3

*

&,��-��

a � �( a2, a)
b � �( b2, b)
c � �( c3, c )
d � �( d2, d)

y  � a+b
z � c+d
i  � i +1

B7

i  > 100i 0 � • • •
B0

b2 � • • •
c3 � • • •
d2 � • • •

B2

a1 � �( a0, a)
b1 � �( b0, b)
c1 � �( c0, c )
d1 � �( d0, d)
i 1 � �( i 0, i )  

a2 � • • •
c2 � • • •

B1

a � • • •
d � • • •

B3

d � • • •
B4

c � • • •
B5

d � �( d, d)
c � �( c , c)

b � • • •B6

i  > 100

Counters
Stacks

3 3 4 3 2

a b c d i

a0 b0 c0 d0

Before starting B3

i0

a1 b1 c1 d1 i1

a2 c2

*

&,��-��

a � �( a2, a)
b � �( b2, b)
c � �( c3, c )
d � �( d2, d)

y  � a+b
z � c+d
i  � i +1

B7

i  > 100i 0 � • • •
B0

b2 � • • •
c3 � • • •
d2 � • • •

B2

a1 � �( a0, a)
b1 � �( b0, b)
c1 � �( c0, c )
d1 � �( d0, d)
i 1 � �( i 0, i )  

a2 � • • •
c2 � • • •

B1

a3 � • • •
d3 � • • •

B3

d � • • •
B4

c � • • •
B5

d � �( d, d)
c � �( c , c)

b � • • •B6

i  > 100

Counters
Stacks

4 3 4 4 2

a b c d i

a0 b0 c0 d0

End of B3

i0

a1 b1 c1 d1 i1

a2 c2

a3

d3

*

&,��-��
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a � �( a2, a)
b � �( b2, b)
c � �( c3, c )
d � �( d2, d)

y  � a+b
z � c+d
i  � i +1

B7

i  > 100i 0 � • • •
B0

b2 � • • •
c3 � • • •
d2 � • • •

B2

a1 � �( a0, a)
b1 � �( b0, b)
c1 � �( c0, c )
d1 � �( d0, d)
i 1 � �( i 0, i )  

a2 � • • •
c2 � • • •

B1

a3 � • • •
d3 � • • •

B3

d4 � • • •
B4

c � • • •
B5

d � �( d4, d)
c  � �( c2, c )

b � • • •B6

i  > 100

Counters
Stacks

4 3 4 5 2

a b c d i

a0 b0 c0 d0

End of B4

i0

a1 b1 c1 d1 i1

a2 c2

a3

d3

d4

*

&,��-��

a � �( a2, a)
b � �( b2, b)
c � �( c3, c )
d � �( d2, d)

y  � a+b
z � c+d
i  � i +1

B7

i  > 100i 0 � • • •
B0

b2 � • • •
c3 � • • •
d2 � • • •

B2

a1 � �( a0, a)
b1 � �( b0, b)
c1 � �( c0, c )
d1 � �( d0, d)
i 1 � �( i 0, i )  

a2 � • • •
c2 � • • •

B1

a3 � • • •
d3 � • • •

B3

d4 � • • •
B4

c4 � • • •
B5

d � �( d4, d3)
c  � �( c2, c4)

b � • • •B6

i  > 100

Counters
Stacks

4 3 5 5 2

a b c d i

a0 b0 c0 d0

End of B5

i0

a1 b1 c1 d1 i1

a2 c2

a3

d3

c4

*
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a � �( a2, a3)
b � �( b2, b3)
c � �( c3, c5)
d � �( d2, d5)

y  � a+b
z � c+d
i  � i +1

B7

i  > 100i 0 � • • •
B0

b2 � • • •
c3 � • • •
d2 � • • •

B2

a1 � �( a0, a)
b1 � �( b0, b)
c1 � �( c0, c )
d1 � �( d0, d)
i 1 � �( i 0, i )  

a2 � • • •
c2 � • • •

B1

a3 � • • •
d3 � • • •

B3

d4 � • • •
B4

c4 � • • •
B5

d5 � �( d4, d3)
c5 � �( c2, c4)

b3 � • • •B6

i  > 100

Counters
Stacks

4 4 6 6 2

a b c d i

a0 b0 c0 d0

End of B6

i0

a1 b1 c1 d1 i1

a2 c2

a3

d3

c5 d5

b3

*
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a � �( a2, a3)
b � �( b2, b3)
c � �( c3, c5)
d � �( d2, d5)

y  � a+b
z � c+d
i  � i +1

B7

i  > 100i 0 � • • •
B0

b2 � • • •
c3 � • • •
d2 � • • •

B2

a1 � �( a0, a)
b1 � �( b0, b)
c1 � �( c0, c )
d1 � �( d0, d)
i 1 � �( i 0, i )  

a2 � • • •
c2 � • • •

B1

a3 � • • •
d3 � • • •

B3

d4 � • • •
B4

c4 � • • •
B5

d5 � �( d4, d3)
c5 � �( c2, c4)

b3 � • • •B6

i  > 100

Counters
Stacks

4 4 6 6 2

a b c d i

a0 b0 c0 d0

Before B7

i0

a1 b1 c1 d1 i1

a2 c2

*

&,��-��

a4 � �( a2, a3)
b4 � �( b2, b3)
c6 � �( c3, c5)
d6 � �( d2, d5)

y  � a4+b4

z � c6+d6

i 2 � i 1+1

B7

i  > 100i 0 � • • •
B0

b2 � • • •
c3 � • • •
d2 � • • •

B2

a1 � �( a0, a4)
b1 � �( b0, b4)
c1 � �( c0, c6)
d1 � �( d0, d6)
i 1 � �( i 0, i 2)  

a2 � • • •
c2 � • • •

B1

a3 � • • •
d3 � • • •

B3

d4 � • • •
B4

c4 � • • •
B5

d5 � �( d4, d3)
c5 � �( c2, c4)

b3 � • • •B6

i  > 100

Counters
Stacks

5 5 7 7 3

a b c d i

a0 b0 c0 d0

End of B7

i0

a1 b1 c1 d1 i1

a2 c2

a4

b4

c6

d6 i2

*

&,��-��

a4 � �( a2, a3)
b4 � �( b2, b3)
c6 � �( c3, c5)
d6 � �( d2, d5)

y  � a4+b4

z � c6+d6

i 2 � i 1+1

B7

i  > 100i 0 � • • •
B0

b2 � • • •
c3 � • • •
d2 � • • •

B2

a1 � �( a0, a4)
b1 � �( b0, b4)
c1 � �( c0, c6)
d1 � �( d0, d6)
i 1 � �( i 0, i 2)  

a2 � • • •
c2 � • • •

B1

a3 � • • •
d3 � • • •

B3

d4 � • • •
B4

c4 � • • •
B5

d5 � �( d4, d3)
c5 � �( c2, c4)

b3 � • • •B6

i  > 100

Counters
Stacks

After renaming

• Semi-pruned SSA form

• We’re done … 

Semi-pruned 	 only names 
live in 2 or more blocks are 
“global names”.

&,��-��
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X17 ���(x10,x11)
... � x17

... ... 

... � x17

X17 � x10 X17 � x11

*


