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Abstract

We present a novel method that provides an accurate and precise estimate
of the length of the boundary (perimeter) of an object, by taking into account
gray-levels on the boundary of the digitization of the same object. Assuming a
model where pixel intensity is proportional to the coverage of a pixel, we show
that the presented method provides error-free measurements of the length of
straight boundary segments in the case of non-quantized pixel values. For a
more realistic situation, where pixel values are quantized, we derive optimal
estimates that minimize the maximal estimation error. We show that the esti-
mate converges toward a correct value as the number of gray-levels tends toward
infinity. The method is easy to implement; we provide complete pseudo-code.
Since the method utilizes only a small neighborhood, it is very easy to paral-
lelize. We evaluate the estimator on a set of concave and convex shapes with
known perimeters, digitized at increasing resolution.
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1 Introduction

The length of the boundary (perimeter) of an object in a two dimensional (2D)
image is one of the most essential object features in image analysis. Despite its
apparent simplicity, it is a feature that is very difficult to accurately compute from
the information provided by a digital image. Accordingly, a very large number of
publications have addressed the issue of achieving accurate and precise estimates of
object perimeter.

Most methods presented in the literature deal with binary images, where pixels
either have a value one, being assigned to the object, or zero, if they are assigned to
the background; for an overview, see, e.g., [1] and [2]. The binary model corresponds
well with the output of the Gauss center point digitization scheme. It, however,
discards a large amount of useful information, especially along the object boundary.
Digital images are commonly acquired, not by taking point samples, but rather
by the integration of intensity over finite sized detector regions. Such digitization
provides gray-level images, where pixel intensities are related to the degree of overlap
between the imaged object and the detector area. In this paper we show that a
significant improvement in the accuracy and precision of perimeter estimates can be
achieved by utilizing the gray-level information contained in digital images obtained
by such pixel coverage digitization.

We base the theory for the length estimation on segments of the straight edges
of half-planes, and perform an optimization to minimize the maximal estimation
error for such objects when the length of the edge tends to infinity. We also show
empirically that the developed estimator can successfully be applied for boundary
length estimation of more general shapes.

The paper is organized as follows: The next section gives a brief overview of
related work. Section 3 introduces the pixel coverage digitization model. In Section 4
we show how the length of a segment of a half-plane edge can be estimated from
column-wise sums of pixel values. In Section 5 we perform optimization to minimize
the maximal error of such estimates. In Section 6 we show that the column based
estimate is equivalent to an estimate that uses only the pixel values of a 3 x 3
neighborhood. Section 7 illustrates the performance of the method when applied to
a set of convex and non-convex shapes. Section 8 summarizes the paper. To improve
the flow of reading, most of the theoretical derivations are given in a number of
appendices; the last of them (Appendix F) contains a list of most often appearing
symbols.

2 Background

Digital image analysis aims at measuring features of continuous (real world) objects
on the basis of their digital images. In many applications, the length of the boundary
of a digitized object is an important feature to measure. It should be noticed that
measurements of this type can only be estimates, since the interest is seldom in the
length of the boundary of the digital object, but rather in the length of the boundary
of the original object that has been digitized.

The length of the boundary of a digitized object can be estimated as the cumula-
tive sum of the lengths of local steps along the border of the object. Such estimates



are straightforward to accomplish by summing the distances between pixel centers
as determined from the Freeman chain code [3]. This, however, results in rather big
overestimates; the (intuitive) local step weights, 1 for isothetic and /2 for diagonal
steps, are not optimal when measuring digitized line segments.

Starting from an assumption that the boundary of an object is locally planar,
optimal weights for the local steps along the border line have been derived, [4,
5], leading to improved perimeter estimates. Weights for the 2D case have been
optimized to provide an unbiased estimator with minimal mean square error for
straight lines with length tending to infinity, and have been proven to perform even
better for curved contours [1]. This last property is important to notice since it
provides much more general applicability for the estimator. Even though we perform
optimization w.r.t. a different criterion, i.e., we minimize the maximum error [6,7],
we find a strong motivation in [1] to believe that similar holds for the approach taken
in this paper, and that its applicability is not restricted to straight segments only.
This is also verified in Section 7 of this paper.

In addition to the local type of estimators mentioned above, different non-local
perimeter estimators have been developed; see e.g [2] for an overview. By basing
the estimate on information from larger regions of the image, non-local estimators
can be made to ensure convergence toward the true value, as the grid resolution
increases [8]. These are often referred to as multigrid convergent estimators. Most
such estimators are based on recognizing straight line segments and performing a
polygonalization of the object. However, to find straight line segments, we can no
longer use local algorithms.

Multigrid convergence, albeit being a theoretically appealing property, has only
limited practical applicability. Resolution is rarely a parameter that can be increased
indefinitely, or even chosen deliberately; it is imposed by the technical properties of
the imaging device. Moreover, image analysis, and science in general, will most cer-
tainly continue to try to capture those phenomena that just barely can be resolved
— the more powerful imaging devices available, the smaller objects become a chal-
lenge to image. The performance of feature estimation methods at low resolutions
is therefore of constant practical significance. In addition, multigrid convergence of
global estimators relies on the assumption of theoretical smoothness of the boundary
of imaged objects, so that the edges become more and more similar to straight lines
as resolution is increased. Physical objects do, in general, not have such a smooth-
ness property and multigrid convergence based on approximation of the boundary
segments with long straight lines is therefore a theoretical idealization that does not
fit too well to reality.

On the other hand, local methods are not multigrid convergent. An analysis of
this issue can be found in [9]. In spite of that, local methods are still often preferred
to global ones, due to their several advantages. Local methods are in general easier to
implement in an efficient manner than global ones. Local algorithms are very suited
for parallel implementations, as opposed to global ones. This provides possibility
for additional increase of speed by exploiting the extremely parallel architecture of
modern graphics processing units. Further, methods based on summing a number of
local contributions of bounded magnitude to form a global estimate are by definition
rather insensitive to small changes of the input image (i.e., such changes lead to
a small change in the output). That makes local methods stable, as opposed to



many global ones, where small changes can lead to changed polygonalization, and
therefore more significant changes of the output. Moreover, if the input image is
changed locally, only that part of the image needs to be traversed to update the
estimate. Locality is also an appealing property when measuring features related to
parts of the object boundary, such as, e.g., the common boundary of two adjacent
image objects.

To improve the accuracy and precision of local estimators, methods that utilize
gray-level information in images have been suggested. In [10], an arc length esti-
mation method that uses normal vectors computed from gray values, at a number
of pixels sampled along the boundary of an object, is presented; arc length is esti-
mated as a cumulative sum of the length of short line segments, derived from the
normal directions. A local step may in that way be assigned a variety of normal
directions, instead of the very limited set of normal directions available for Freeman
style local estimators on binary images. This enables estimates of higher precision.
However, a thorough analysis of the performance of the method is not presented
and no optimization of the local lengths is performed. The method presented in [11]
relies on sampling theory. However, it includes some “practical choices” without
full theoretical justification. It is based on transformation of object boundaries in
gray-level images into corresponding volumes, where the length estimation prob-
lem is converted into a (simpler) problem of volume estimation. The method relies
on discrete approximations of analogue filters. The results are encouraging, but
the evaluation is unfortunately only performed on discs of increasing radii, thereby
somewhat limiting the possible conclusions.

The relation between the spatial resolution, the gray-level quantization (gray-
level resolution), and the achievable reconstruction accuracy for certain types of
images/objects is studied in [12]. It is shown that objects with straight edges can be
reconstructed without error from an image with finite spatial resolution, if gray-levels
are not quantized. In other words, it is concluded that low-resolution gray-scale
images of polygonal silhouettes induce less ambiguity than high-resolution bi-level
images.

These results encouraged us to further explore the potential of using gray-level
information in length estimation. In this paper we present a novel length estimator
based on local computations. It utilizes gray-levels assigned to pixels in the image
in accordance to the pixel coverage digitization. Effects of quantization of gray-
levels are considered. The optimal scale factor for the (Freeman-style) cumulative
sum of local steps is derived, as a function of the number of gray-levels available.
The maximal error (difference from the Euclidean length of the original continuous
line segment) is minimized for digital straight segments with the length tending to
infinity; this definition of optimality is taken from [6]. The method is applied and
evaluated on objects with non-straight boundaries as well. Tests include perimeter
estimation for the set of objects suggested in [13]. The issue of a trade-off between
spatial and gray-level resolution for a good performance of the estimator is explored
by observing the performance of the method on shapes digitized at increasing spatial
resolution, for a range of gray-level resolutions. The results show that the accuracy
and precision of estimates rapidly increase with the increase of gray-level resolution,
once a “reasonable” spatial resolution is provided.

In the following sections we present the suggested method and its application.



The research performed clearly shows that gray-level information can be successfully
used for precise and accurate perimeter estimators.

3 Pixel coverage digitization

Most 2D imaging devices provide an output where photons are integrated over the
finite area of individual detector elements, where each detector region is associated
with a corresponding pixel in the image. Assume that we are imaging a white object
on a black background, and that the imaging device is adjusted to provide maxi-
mal contrast without saturation, i.e., the pixels completely covered by the white
object are assigned the maximal gray-level available, whereas the pixels of the back-
ground are assigned gray-level zero. If the imaging device has a linear response,
then the partly covered pixels along the boundary of the object will exhibit gray
values between the two extrema; the gray value assigned to a pixel is proportional
to its coverage by the object. This model provides the basis for the pizel coverage
digitization.

Let a square grid in 2D be given. The Voronoi region associated to a grid point
(i,7) € Z* is called pixel p(; j.
Definition 1 For a given continuous object S C R2, inscribed into an integer grid
with pizels p( the pizel coverage digitization of S is

D(S) = {(@,j), Afg;g ;ﬁ)

where A(X) denotes the area of a set X.

i.5)

(i,4) eZQ} :

Definition 1 assumes assignment of non-quantized real coverage values to the
pixels of the grid. However, when using digital approaches (computers) to represent,
store, and analyze images, we are limited to a finite number of gray-levels to represent
coverage of individual pixels. This leads to the following version of pixel coverage
digitization:

Definition 2 For a given continuous object S C R?, inscribed into an integer grid

with pizels p ;), the n-level quantized pizel coverage digitization of S is

Alpi: ~N S
7o={(era 505

where || denotes the largest integer not greater than x.

(i,j)elz} :

We denote the set of numbers representing pixel coverage values in n-level quan-

,%, %, ey = } This set corresponds

to the set of gray-levels available; e.g., n = 1 for a binary image, while n = 255
provides the set of gray-levels for an 8-bit pixel representation.

tized pixel coverage digitization by Q,, = {0



4 Edge length estimation based on difference of column
sums

4.1 Non-quantized case

A well known formula for computing the arc length of a function y = f(z) over

b
an interval [a,b] is given by | = / \/14 [f'(z)]?dz. Applied to a linear function,
y = kx + m, with k € [0, 1], this aformula gives the length [ of a line segment for

z €[0,N],N >0 as
I=NVI+i2. (1)

Given a halfplane H defined by y < kx + m, k € [0,1], m > 0, we can use
Equation (1) to compute the length of the edge segment y = kz+m, x € [0, N], N >
0. For the straight edge y = kx + m of H, the slope k can be expressed as k =

%;_y(x) = y(z 4+ 1) — y(x). Observing integrated function values over a unit

c+i 1
interval, s. = / lzy(x) dx + 2’ and denoting d. = Sc11 — S¢, we conclude that
o1

k = d, for all ¢ € R.

Assume N € Z*. If we observe ¢ € {0,1,..., N — 1}, then each unit-wide
interval used in the integration above defining s. corresponds to one column of
pixels in a digital grid. More precisely, given an image I of width N, being a
coverage digitization of the halfplane H, I = D(H), the length [ in Equation (1) can

be computed as
N—-1
()= lc, for lo=1/1+d?, (2)
c=0

where the value d. = s.11 — s. is the difference of two consecutive column sums of
the pixel values of the image. This is illustrated in Figure 1(a). The corresponding
results for k ¢ [0, 1] follow by symmetries of the square grid.

4.2 Gray-scale case

If the observed image [ is, instead, an n-level quantized pixel coverage digitization
I = D"(H), then the differences d. are computed from quantized pixel coverage
values. We denote such column differences, derived from a quantized coverage dig-
itization, by d.. These values are from the set Q, and an edge with real valued
slope k € [0, 1] is thereby approximated using local steps with slopes from Q,,. An
illustration is given in Figure 1(b). Due to the quantization, and the edge line only
being approximated, an error is unavoidable. We therefore introduce a scale fac-
tor 7,, providing the following formula for the estimation of the length of the edge
present in the image:

N-1
I(I)=Y"l., where l.=",\/1+d2. (3)
c=0

In Section 5 we derive a formula for the optimal value of the scale factor v, as a
function of the number of gray-levels n so as to minimize the estimation error of (3)
and we show that lim,_,. 75, = 1; this is when formula (3) reduces to formula (2).



1 =4.39

0 1 2 3 4 0 1 2 3 4

se: 1.28 1.73 2.18 2.63 3.08 Ser 1.20 1.80 2.20 2.60 3.20
de: 0.45 0.45 0.45 0.45 cicz 0.60 0.40 0.40 0.60
le: 1.10 1.10 1.10 1.10 ZNC: 1.17 1.08 1.08 1.17

(a) Non-quantized (b) Quantized n =5

Figure 1: Example illustrating edge length estimation based on the difference d. of
column sums s, for a segment (N = 4) of a halfplane edge given by y < 0.45x+0.78.
The true halfplane edge is shown as a solid white line. The approximations of the
edge segment using local steps of slope d. and Jc, respectively, are shown as dashed
lines and x marking the ends of each step.

4.3 Binary case

Let us observe the special case of a 1-level quantized pixel digitization, that is, a
binary image. The differences d, of column sums for a binary image of a given edge
with k € [0, 1] belong to the set Q; = {0, 1}; the difference value d, = 0 corresponds
to a horizontal step (with slope k& = 0) and the value d. = 1 corresponds to a
diagonal step (with slope £ = 1). In this way, any edge with a real valued slope
k € [0, 1] is approximated by a sequence of steps with slopes k =0 or k = 1.

The estimation error for this situation is studied in e.g. [4,5]. As already men-

N-1

tioned, to approximate the length [ with [ = Z \/ 1+ d? leads to an overestimate
c=0

of the true edge length, in all cases when the slope k of the edge is not equal to 0

or 1. By scaling the step length with a properly chosen factor ~;, estimates with
a minimal error are achieved. In [7] a value v; ~ 0.9604 is shown to minimize the
maximal error for the binary case.

5 Optimization to minimize maximal error

Let a set of linearly independent vectors S = {SZ- = (1, %), ie{0,1,... ,n}} (in
Cartesian coordinate system) be given. Their slopes are % € Q, and they correspond
to the possible slopes of local steps, d, as derived in the previous section. The length

2
S; of the vector S; is S; = 1/1 + (%) )



The edge segment y = kx + m, k € [0, 1], on the interval [0, N], represented by
the vector 1 = (N,kN), can be expressed as a linear combination of two vectors S;

and S; from the set S, having slopes J 2 € Qp such that = <k < 2, as follows:

=N, , ok
J—1 J—1

1= S;. (4)

The length of 1 can be estimated by using Equation (4) as

» | —nk)N nk — )N

o~

This corresponds to an edge segment such that d, € {%, %} for all ¢, for which

Equation (3) is equivalent to Equation (5).
As mentioned in the previous section, using 77(;’] )= 1in Equation (5) leads to an

overestimate for all edges which are not in the direction of either % or £. We derive
'y,(f’J ) as a function of n to minimize the maximal error of estimation formula (5).
o 7.’i]?N and (n];:l.)N of Equation (5) repre-

In the given context, the coeflicients 7
sent the non-negative number of repetitions of each of the local steps S; and S; in
approximation of 1 and are therefore required to be integers. This condition is, how-
ever, rather difficult to impose in the general case. We, therefore, derive the theory
for segments of infinite length (N — o0), and by that avoid restrictions to integer
valued coefficients in the decompositions of the observed segments (see also [7]).

The signed relative error of the length estimate [ of an edge segment with slope
k, such that k € [%, %], is given by the formula

() (k) = l;l :Vn(j—n‘k)S'Z—F(nk—z)S] e (©)
(G—i)V1I+k2

To get a visual impression of the error function given by Equation (6), we plot
85:”7)(]{?) as a function of k in Figure 2(a), for the case 7, = 1, n = 5 and for a
number of combinations of ¢ and j.

The best trade-off to minimize \57(5 - )(k‘)| is found when

max (k) = — min &™) (k) (7)

kelr, 2] kel 2]

which gives the following optimal value for ’yﬁf’j )

) _ 2(j —i)n (8)

(i
’)/’n, )
2
(j—i)n+ \/(\/n2 TPV 7 = (2 +ig)) +n2(j - i)?

whereas, for two given vectors S; and S, the maximal error is
i) = 1= 69, )

The derivation of this result is given Appendix A.

10



n=5, q={1,2,3}

Straight edge, 1=1000, n=5

——— Theory g=1

R
4t L(03) _ ' 4r 03
e 0.038 —_—t 99 -003 - -~ Theory q=2
. —_—tg Theory g=3
34 * Empirical obs.
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®3 — =l R 3T
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£ e =
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o 02 _3 === o
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A ~ =~ - 7N\ - -
1" RV /\( AR T oo >\/ T
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Kl Kl v IO S ~ N \ , N S
D 2 W <. N N3 / - \
0 0
0 0.2 0.4 0.6 0.2 0.4 0.6 0.8 1

k

(a) Theoretical

k

(b) Empirical

Figure 2: Relative error Eg’j)(k), for k € [0,1], 7 = 1, n = 5. The values EI%Q( are
indicated. (a) Theoretically derived behavior of el )(kz), for i € {0,1,2,3,4}, and
qg=17—1¢€{1,2,3}. (b) Empirically observed values of 5,(5"3' )(k) for straight edges
y = kx + m of length [ = 1000 for 10000 values of & and random m, superimposed
on the theoretical results shown in (a).

If we assume that j — i = ¢ is constant, i.e., that vectors S; and S;, are used
for the approximation of a given line, then

- 2qn . (10)

qn + \/(\/n2 +i2y/n? + (i +q)? — (n® +i(i + q)))2 + n2¢2

'YS’HQ)

The value vn? +i2/n? + (i + q)2 — (n? +i(i + q)) decreases with i increasing.

(i,i+q)

Consequently, 7y, increases with ¢ increasing and is the smallest for ¢ = 0. This

implies that the error |5$f’i+q)| is the largest for ¢ = 0. To minimize the maximal

error for ¢ € {0,1,...,n}, it is sufficient to observe 'ygo’Q):
2q 2
77(10,(1) — — . (11)

g+ (VTP -+ 1+¢< (B2 +1-2)241

The value '77(10’(]) is denoted -, and is used as optimal scale factor in the length

estimation defined by Equation (5). The corresponding maximal estimation error,
len], is given by

len] = PP =1 =77 . (12)

n

Observing that (%)2 +1- % decreases as the ratio § increases, we conclude

that 'yéo’q) increases, and consequently the length estimation error decreases, with
% increasing. In other words, by either increasing n or decreasing ¢ the maximal
estimation error is reduced. This supports our main motivation for this work: using

more gray-levels reduces the length estimation error.

11



Straight edge, 1=3000 Straight edge, 1=3000

~max, (fel) . max, (el

-2 —2

n

Max error in %
Max error

400 600 800 1000 10 10' 10°
n n

10

(a) lin-lin scale (b) log-log scale

Figure 3: Asymptotic behavior of the maximal error for straight edge length esti-

mation using vy, = ’y,(lo’l); theoretical (line) and empirical (points) results.

It can be noticed that for n = 1, corresponding to a binary image, and with
g = 1, being the only option for ¢ < n, Equation (11) provides that the scale factor
~1 that minimizes the maximal length estimation error is
2
y =\ = ~ 0.9604 (13)
LT+ (vV2-1)2+1

which is a well known optimal result, [7]. The corresponding estimation error is
’51| =1—-7 < 4%.

More generally, observing the estimation error corresponding to v, = %(IO’Q) as a
function of n, as given by Equation (11), we conclude that for any constant ¢ < n

len] = O(n7%), (14)

which gives an asymptotic upper bound for the estimation error as n — oco. See
Appendix B for derivation of this result.

This behavior is also illustrated in Figure 3, where a result of an empirical study,
performed on digital straight line segments, is presented. For a range of values of n,
n € [1,1000], maximal error of the length estimate [is presented. Observed edges
are of length 3000 and for each observed value n, 1000 lines with randomly chosen
k,m € [0, 1] are generated, and the maximal length estimation error is plotted as one
point in the graph. Asymptotic bound, n%, is also presented, for visual comparison
with the empirical results.

The value of ¢ = j — i, appearing in the factor ,, deserves some more attention.
It reflects the difference in slope of the vectors S; and S; used in the linear combi-
nation, Equation (4). Their slopes % and % correspond to the column differences d,
of the image I = D"(H). A larger value of ¢ leads to a larger error (according to
Eq. (11)). For the purpose of minimization w.r.t. the maximal error, i.e., we observe
the worst case situation, the value ¢ should therefore reflect the range of possible
column differences d,. for any n-level digitization of a halfplane edge for any given
slope k € [0, 1]

To determine ¢ for n > 2, we study how much d. can differ from the true
slope of the edge, d. = k. The column sum of a quantized image, denoted s. and

12



c c+1

Figure 4: Not more than 4 pixels of two adjacent columns are intersected by an edge
with £ € [0,1] and can get quantized pixel values different from their corresponding
non-quantized ones.

obtained as the sum of quantized pixel values, may differ from s., corresponding to
the sum of non-quantized pixel values. Up to two pixels per column may be affected
by quantization, since not more than two pixels of one column c¢ are intersected
by an edge with k£ € [0,1], and can get values different from 0 or 1 (see example
in Figure 4). Therefore it holds that 5. € (s, — %,sc + %] and correspondingly
d, € (de — %, de + %) That implies that an edge of slope k = d. may in ~the general
case be estimated by local steps of up to four consecutive slope values d. from Q,,,
suchthat%<%<k<%<%.

Assume the worst case situation, i.e., only % and % are used in all steps along
the observed edge. Then ¢ = 3 and, according to Equation (11), the optimal scale
factor is:

6
03) _
v = . (15)
" 3+\/(\/n2+9—n)2+9

This leads to the maximal estimation error for the general case:

len| =1 —~03) (16)

n

Combining this result with the asymptotic convergence as n — oo, Equation (14),
the “multi-gray-level” convergence of the length estimate follows straightforwardly:

Theorem 1. Let H : y < kx + m,k € [0,1] be a halfplane and let the length of a
straight line segment y = kx +m for x € [0, N] be estimated by using Formula (5).
Then for the maximal estimation error, Equation (6), it holds that

nlgr;okn\ =0. (17)

However, for small n, the worst case situation with ¢ = 3 does not appear. As
already noticed, for n = 1 only two different slopes are available, and thus ¢ cannot
be greater than 1.

We prove in Appendix C that ¢ relates to n as follows:

1, n<2
g<4§ 2 , 3<n<8g, (18)
3 , n=>9

13



[ = g % 5.22 [ =3 % 4.72

0.00 : 0.00 : 0.00 : 0.00 : 0.00

0.00 : 0.00

0.00 : 0.00

0 1 2 3 4 0 1 2 3 4
5.:1.00 2.00 2.67 3.56 4.33 5.:1.33 1.67 2.67 3.33 3.67
de: 1.00 067 089 0.78 de.: 033 1.00 067 0.33
le: 141 120 1.34 1.27 le: 1.05 141 120 1.05

(a) y=0.83z+0.56, n =9 (b) y =0.67x 4+ 0.66, n =3

Figure 5: Two examples where the upper bounds of ¢, in relation (18), are reached.
a) The slope of an edge y < 0.83x + 0.56, digitized using n = 9 quantization levels,
is estimated by 4 different values (¢ = 3). b) The slope of an edge y < 0.67x + 0.66,
digitized using n = 3 quantization levels, is estimated by 3 different values (¢ = 2).

Examples where the upper bounds of ¢, in relation (18), are reached do exist, two
such are given in Figure 5.

Despite explicit examples that ¢ = 3 is required for n > 8, empirical studies show
that the situations where more than two different slopes appear in the estimation are
very rare in practice. Observing the plot in Figure 2(b), we see that very few edges
have an unscaled error greater than 51(352, which supports the idea that computing
v, using ¢ = 1 is a better choice in practice, than using the theoretically derived
worst case value ¢ = 3. To use ’y,(LO’l) rather than 7,10’3)
choice in our empirical test performed on other shapes (see Section 7).

In Figure 6 we show the effect of different choices of v, to the estimation error.
It is apparent that choosing 7, by using ¢ = 1 in Equation (11) provides the best
empirical result, even though ¢ = 2 is the theoretically required choice (“dealing”
with the worst case situation error for n = 5). This is in accordance with the
existence of (very) few “outliers”, exceeding the 51(1?5;) for an unscaled estimate 5 =
1.

is also observed as a better

6 Local computation of length

Local computation of the edge length relies on local computation of the d, values of
Equations 3. How to estimate the slope of the observed straight edge from a small
neighborhood is the main topic of this section, particularly considering the effects
of quantization on the estimation algorithm. We also analyze the situations when
k ¢ [0,1] and conclude the section with pseudo-code for an explicit algorithm to
compute the suggested boundary length estimate.
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Straight edge, I=1000, n=5
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o

Figure 6: Relative error ¢; j(k), for different values of v, k € [0,1], n = 5.

6.1 Local computation of length based on 3 x 2 configurations

For lines of a slope k € [0, 1], each value d, depends on at most six pixels, located
in a 3 x 2 rectangle; the remaining pixels in the column pair do not contribute to
the difference, neighboring pixels in each row being the same. The difference d, of
two columns can thus be computed using information only from one, appropriately
selected, 3 x 2 region — a subset of the two observed columns. We denote such a
3 x 2 configuration Dy ,), where the left pixel of the middle row is located at (c,r)
(see Figure 7). We need to formulate a criterion to detect which D, ), for each
observed pair of neighboring columns, is intersected by the straight edge.

Let a?(cm) denote the difference between the sum of (quantized) pixel values in
the right and the left column of Dy ,). Let the (non-quantized) intersection of the
halfplane edge, having slope k € [0, 1], with the line x = ¢+ % be denoted by u;
u=kic+3)+m Ifr— % <u<r+ %, i.e., if the edge intersects the thick
vertical line in Figure 7, then the halfplane edge does not intersect any pixels of the
two observed neighboring columns that are outside of D(, ;). That implies that all
pixels in column ¢ and ¢ + 1 above and below D, ,) are row-wise equal and do not
contribute to d,; the fulfillment of the condition u € [rr — 3,7+ %] provides that the
difference d, is equal to J(w).

This condition, however, cannot be directly checked, since knowledge of the real
line, and therefore its intersection u with = = ¢ + % is not available We instead
estimate the intersection of the halfplane edge with the line z = ¢+ 35 L from the pixel
values of the conﬁgura‘mon We refer to the quantized pixel values of a configuration
Dy as pi, 1 = 1,2,...,6, indexed row-wise, top to bottom from left to right (see
Figure 7(a)). The quantized value p; may differ from p;, the corresponding true
coverage of a pixel i, of a non-quantized coverage digitization, by up to % (n being
the number of equally spaced quantization levels).

Observing that

1
u:k(c+§)+ 2/_7 (kx +m)d Zpl r—f ,
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Figure 7: Regions where lines y = kz + m with k, m such that u = k(c + %) +m e
[r — %, r+ %], intersect a 3 x 2 configuration D, ).

we approximate the value u with

Due to quantization, @ € (u — 1,u + 1]. Consequently, @ € [r — §,r + 3] does
not imply u € [r — §,7 + 1]. However, it can be proved that the fulfillment of the
condition @ € [r — %, r+ %] is sufficient to assure that the difference ci(c’r) computed
from the corresponding D, provides the correct column difference d,; see Lemma 1

in Appendix D. Therefore, the computation of the length [ can be performed by
using local length contributions derived from 3 x 2 pixel configurations, instead of
from differences of full column sums.

The following formula provides the same edge length estimate | as Equation (3).
The total length is computed as a sum of local length contributions lA(DCJ) of all 3 x2

regions of the image:
) ~ 1 1
I(I) = i > Iz(cﬁ,) , where [0y =1{ 2 1+ d%c,r) . a=r+l
(e) 0, otherwise .
(19)
Remark: The boundary cases, & = r £ %, is treated so that a symmetric split of
the edge contribution between the two (vertically) adjacent 3 x 2 configurations is
considered.

6.2 Local computation of length based on 3 x 3 configurations

If the slope k of the observed line is greater than one, then the differences calculated

to determine d(.,) should be taken row-wise instead of column-wise, and a 2 x 3
region should therefore be used instead of a 3 x 2 region. To simplify application of
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Figure 8: Edge localizations at the boundary points of the u-intervals in a 3 x 3
configuration T{. )

the method, we suggest to not use two different region sizes for the two situations
(k] <1 and |k| > 1), but instead to use a 3 x 3 region in all the cases. Assigning
a local edge length contribution to the central pixel of each 3 x 3 configuration also
provides a more appealing output of the algorithm, where edge length values are
associated with pixels instead of to the edges in between pixels. We denote a 3 x 3
configuration, with the central pixel located at (c,r), by (), with (quantized)
pixel values p;, © = 1,2,...,9, indexed row-wise, top to bottom and from left to
right. That means that a 3 x 3 configuration 7|, contains (if we consider lines of
slope k € [0,1]) two 3 x 2 sub-configurations, D,_1 ) and D(c,).

An extension of Equation (19) to estimations from 3 x 3 configurations can be
made so that each 3 x 3 configuration is assigned a local length value that is the
average of the length values of the two contained 3 x 2 sub-configurations. However,
it is not necessary to treat the left and the right sub-configurations equally. To
provide a more accurate localization of the edge length contribution with respect to
the observed central pixel of the 3 x 3 configuration we propose the following:

Observe the border cases for the interval containing @, @ = r + %, indicated
with vy, v9,vs3, and vg in Figure 8. For edges of slope k € [0, 1], the vertexes vo and
vg are intersected when the line passes through the central pixel of the configura-
tion, whereas when v; and vy are intersected, the line does not pass through the
central pixel. We therefore include, for a configuration 7|, the upper point for
the 3 x 2 sub-configurations to the right (vs), and the lower point for the 3 x 2 sub-
configurations to the left (v3), in the local edge length contribution. We assign the
upper end point for the “left side” (v1), and the lower end point for the “right side”
(v4), to neighboring configurations. The above can be summarized to the following
local edge length Z(TCJ), assigned to one 3 x 3 configuration T{.):

lN(I;’T) =1l +1, , where (20)
w ~ 1 1
Zl _ 77 1+ d%c—l,r) s Ue—1 € {7“ — 57 + 5)
0, otherwise ,
n 7 ~ 1 1
- %’/1+d%c,7’)’ UCG(T’—§,7’+§]
0, otherwise .
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Finally,
= > ity (21)

Tie,m I

is the length estimate over the image I. This formula gives the same edge length es-
timate as Equations (3) and (19), except for the leftmost and the rightmost columns
of the image which are only included to 50% here.

6.3 Rotations of the plane

Let us now observe a general situation — a 3 x 3 configuration 7.,y C I, where
the image [ = D"(H) is an n-level quantized coverage digitization of a halfplane
H:y<kx+mor H:y > kx+ m, where the slope k is in [—o0,00]|. In the
following we describe how to isometrically transform every such configuration 7. )
so that the obtained configuration T(’cm) corresponds to that of a halfplane H' : y <
K'xz+m’, such that ¥’ € [0, 1]. In that way we provide applicability of the estimation
formula (21), derived in the previous subsection, to the general case.

If the slope k of the edge y = kxz + m of the halfplane H is available and if it
is clear which one of the two halfplanes, y < kx + m, or y > kx + m, H denotes,
the transformation to be applied to a configuration 7\, is easy to determine: If
y > kx + m, symmetry w.r.t. the line y = r is applied to T(.,); If & < 0, then
symmetry w.r.t. the line x = ¢ is applied; Finally, if |k| > 1, symmetry w.r.t. the
line x + y = r + ¢ is applied. To obtain T(’C’T), with k" € [0, 1], the sequence of the
described symmetries is applied to 7{, ., in the order as they are listed above, upon
the fulfillment of the respective conditions.

Unfortunately, neither the value of k, nor the knowledge regarding the inequality
(“side” of the edge line) defining the halfplane, are known. We have to extract that
information from the local configuration T{. ).

To define criteria for selection of the appropriate transformation to be applied
to an observed configuration 7. ,), we rely on the auxiliary statements given in
Appendix E. They lead to the following statement:

For any 3 x 3 configuration 7|, ), containing quantized pixel values p; of an n-
level quantized pixel coverage digitization of H : y < kx+m, k € [0, 1], the following
(systems of ) inequalities hold:

ﬁ1§ﬁ4§ﬁ77 ﬁ2§ﬁ5§ﬁ87 ﬁ3§ﬁ6§ﬁ97 (223“)
ﬁl§ﬁ2§ﬁ37 ﬁ4§ﬁ5§ﬁ67 ]57§]§8§ﬁ97 (22b)
P2 < P4, P3 < Ps < pr Pe < Ps - (22¢)

By using, in addition, the systems of inequalities derived from those above by
the rule of contraposition, the following conclusion can be made: If any of the
inequalities in (22a) does not hold then y £ kx + m. If any of the inequalities
in (22b) or (22c) does not hold, then k ¢ [0,1]. If any of the inequalities in (22b) is
strict, then k£ > 0, and if any of the inequalities in (22c) is strict, then k < 1.

When the systems of equalities hold in either (22b) or (22¢), it is, in the quantized
case (as opposed to the non-quantized), not possible to detect if k& € [0, 1], or not.
However, such situations (systems of equalities) provide invariance of the observed
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configuration 7.,y w.r.t. the particular symmetry that should (or should not) be
applied.

As a consequence, the following rules for the transformation of T(., to T(’ or) CAN
be formulated:

1. Let & = pr +ps +pg — p1 — P2 — Ps3-
If @ > 0, then H corresponds to y < kx + m.
If & <0, then H is given by y > kx +m and the 1st and the 3rd row of T\,
are to be exchanged.
If @ = 0, then all rows of the observed configuration are equal and there is
no reason to exchange them (no mater if H corresponds to y < kz + m or to
y > kx +m).

2. Let 8 =ps+ pe + P9 — P1 — pa — Pr.
If 6 >0, then k£ > 0.
If 3 < 0, then k < 0 and the 1st and the 3rd column of T,y should be
exchanged.
If 3 = 0, then all columns of the observed configuration are equal and there is
no reason to exchange them (no mater if £ > 0 or k£ < 0).

3. Let 0 = ps + pr + ps — P2 — D3 — Pe-
If 6 > 0, then k < 1.
If § < 0, then k > 1 and the symmetry w.r.t. z+y = r+ ¢ is to be performed.
If § = 0, then Tcry 1s symmetric w.r.t. the line z +y = r + ¢ and there is no
reason to apply symmetry w.r.t the line z + y = r + ¢ (no mater if £ > 1 or

kE<1).

This result is utilized in the algorithm for edge length estimation, described in
the next Subsection.

6.4 An algorithm for edge length computation

The following algorithm is suggested to compute the edge length contribution l( )

c,r
for a given 3 x 3 configuration. To compute the complete edge length ZT, the al-
gorithm is applied to all pixels (or, alternatively, to object edge adjacent only, if
information about edges of the object is available), and the total length is obtained
as a sum of the local edge length contributions, according to formula (21).
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Algorithm 1.

Input: Pixel coverage values p;, i = 1,...,9, from a 3 x 3 neighborhood 7|, ).

Output: Local edge length 1(7; " for the given 3 x 3 configuration.

if pr +ps+ P9 <p1 +p2+p3 /¥y >kx+m*/ = (31 + 52)/2
swap(p1, pr) ar = (32 + 83)/2
Swap@zd?s) if1 <y <2
swap(ps, P9) dy =3y — 3

endif . —
ll = 77"\/1 —|—d12

if p3+ps+Po <P1+pPa+pr [Fk<0*/

else
swap(p1, P3) =0
swap(pi, Do) endif
swap(pr, Pg) . .
endif if 1~ < Up <2
. - - - - - d, = 53— §
if pa +pr+Ps <P2+pP3+pe /FE>1%/ U
swap(pa, Pa) lr = F\/1+d7
swap(ps, Pr) clse
swap(pe, Ps) =0
endif endif
$1=p1+ps+Dp7 f(T(:’,,):AlﬂLlAr

S9 = P2 + D5 + P8
53 = p3 + D6 + P9

Observe that, instead of computing the step lengths locally, but by counting the
number of occurrences of each type of local step, all floating point operations (7,
and /x) can be postponed to one final length computation. Keeping quantized pixel
values as integers and performing the division by n also at the very end, all local
computations can be made using integer arithmetics. We have not presented the
algorithm in that way in order to keep the description as clear as possible.

7 Evaluation of the estimator performance on synthetic
test images

We suggest to use the method presented in this paper (Algorithm 1) also for esti-
mating the length of the boundary (perimeter) of more general shapes. Since the
theoretical results of previous sections are derived for long straight edges, and not
for curved boundaries, potentially with sharp corners, we complement the paper
with an empirical study performed on a set of synthetic test images.

To study the accuracy and stability of the method applied to convex and non-
convex curves, we evaluate the presented algorithm with respect to the accuracy
of length estimation on a set of synthetic objects digitized using pixel coverage
digitization. We use the set of test shapes proposed in [13] (also used in e.g. [2]),
containing convex and non-convex objects with known perimeter, see Figure 9. The
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Figure 9: Pixel coverage digitizations of the test data set; one high resolution (grid
resolution 512) (top) and one rotated low resolution (grid resolution 20) digitization
(bottom).
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Figure 10: Relative errors in percent for the test shapes (Figure 9) digitized at
increasing resolution for 5 different quantization levels and a non-quantized (n = o).

test shapes are digitized at a range of resolutions, with random alignment in the
digitization grid. Results of this evaluation are presented in Figure 10. We use
q = 1 when computing the scale factor v, = ’yﬁbo’q), since that shows to provide
empirically better results than using ¢ = 2 or ¢ = 3. For each test shape and for
each of 120 resolutions in the range [10,1000], the pixel coverage digitizations for
10 different rotations and positions of the shape in the digital grid are computed.
Quantization is performed with n € {1,2,3,5,10}; the non-quantized digitization,
indicated with n = oo, is also included. The average performance of the method
is plotted as a function of resolution. Since it is difficult to compute the true pixel
coverage digitizations of the test shapes, they are instead approximated by 256 x 256
times subsampled Gauss digitizations.

As noticed in [13], the elongated peak of the Yin-yang curve slows down the
convergence to the true value quite significantly. For complementary comparison we
also show Figure 11, where the Yin-yang shape is removed from the test material.

As an additional test (also performed in [2]), we estimate the perimeter of a
rotated square of size 128 x 128 and plot, in Figure 12, the estimate as a function of
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Figure 11: Relative errors in percent when the Yin-yang shape is removed from the
set of test shapes.

angle. As can be seen the rotational variation decreases rapidly with the increase of
number of gray-levels, and is for n > 3 within +1% of the mean estimate. The slight
overall underestimate of the perimeter of the square (less than 0.5%) is attributed
to its four corners.

In general, we observe that the presented local estimator for boundary length
estimation performs very well in comparison with the non-local multigrid convergent
estimators evaluated in [2]. Note that this holds also for estimates based on relatively
few gray-levels.

8 Summary

We present a novel and well performing local estimator of object boundary length.
The method utilizes information existing in the gray-levels of an image, where pixel
values are assumed to be proportional to the coverage of the respective pixels by the
digitized shape. The method provides error-free estimates for non-quantized images.
For quantized images, we derive the optimal scale factor to minimize the absolute
estimation error.

The method is not multigrid convergent for any fixed number of gray-levels.
However, the maximal error for the estimation of straight edges decreases as #
with the number of positive gray-levels n increasing. For an 8-bit image (n = 255
the maximal error for straight edges is less than 107> (Eq. (16), see also Figure 3).

The method is easy to implement and pseudo-code is given in Section 6.4. The
algorithm is very fast, and the use of only a small local neighborhood makes the
algorithm ideal for parallel implementations. All local computations and all com-
parisons can be done with integers only. The method, being based on a summation
of local contributions of bounded magnitude, is by definition stable; a small change
in the image renders a small change in the length estimate.

The method is derived for infinitely long straight edge segments. To show its

applicability on more general shapes, we perform a statistical evaluation based on

22



|
[m)
|
>
N =
T T

!

8

|
<
|
>
o w
T

S

-

o
T

o = N W A 0O O N
— T T T T

Signed relative error in %

Angle in degrees

Figure 12: Relative errors in percent for a rotating square of size 128 x 128, from im-
ages with 5 different quantization levels and a non-quantized (n = oo) one. Average
of 20 random center locations per angle.

synthetic images. To facilitate easy comparison with other methods, we mimic the
evaluation performed in [2]. The main conclusion we draw from such a comparison
is that the suggested stable, fast, local, and discrete method provides length esti-
mates well comparable with the best, often much more complex, non-local multigrid
convergent methods.

Future work

An obvious path for future work is to extend the results of this paper to surface area
measurements in 3D images. In that context, the use of a local method is even more
beneficial in terms of complexity, both from an algorithmic and an implementation
point of view. In addition, many multigrid convergent estimators for surface area
have to solve a very difficult problem related to the task of decomposing a curved
surface into plane segments. It has, for example, been shown that the task of finding
a decomposition of a digital surface into a minimal number of plane segments is an
NP-hard problem [14].

The work presented in this paper indicates the usefulness of utilizing gray-level
information in images. Boundary length estimation is hardly the only problem of
image analysis where the use of gray-level information is beneficial and the results
of this work encourage our further research in this field.
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Appendices

Appendix A Derivation of optimal scale factor /)

To minimize \eg])(kﬂ for k € [L, 1], where sg’j)(k) is given by Equation (6), we

n’n
observe the extrema of the function 55} ’J )(k) and chose 77(11’3 ) so that

max ¢ (k)= — min (k).
kel 4 kel

The first derivative of el )(k) is

<! (i,j)(k) _ 7(i,j)’n(Sj — S;) — k(jS; —iS;)
" " (G — i)/ + k23

and

) Gd) 1 _ i) — 85— 5i) (Z j)
k) =0 f k=k = .
ETL ( ) or max JSZ_ZSJ € n7n
Noting that, for 'yr(f"j) > 0, it holds that eg(i’j)(k:) > 0 for k € (ﬁ,
5;1(i’j)(k) < 0 for k € (k:r(fwf)z, %), we conclude that the function ¢; j(k) reaches a

(local and global) maximum for k = k:r(flaf)%, where

i kggg) and

\/77,2(5]‘ — SZ‘)Q + (]SZ — iSj)2

el (G = el =~ - -1 (2
Using S; = /1 + (£)2, expression (23) becomes
il = (J”(_))M(Wm— (24 i)+ 02— i =1, (24)
The minima of ehd )(k) are reached on the boundary of each interval, where for
any k = -, Equation (6) gives

(4,5)

€min :’Yn_ly

which is the estimation error for any edge with a slope k € Q,,.

From (") = —5%}{3 , we derive (Equation (10))
N 2(j —i)n

(j—i)n+ \/(\/n2 +i2y/n? + j2 — (n? —|—z’j))2 +n2(j —1)? |
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Figure 13: An edge with slope k € [0, 1] may intersect up to four pixels of a column
pair (c,c+ 1), leading to four quantized values that may differ from non-quantized
pixel coverage values.

Appendix B Asymptotic behavior of the estimation er-
ror |e,|

Let us observe the error |e,| =1 — %(LO’Q), corresponding to fyéo’q) given by Eq. (11).

The following holds:

fenl = 1=f00

<\/( n2+q2n)2+q2+q) (V2 +¢% +n)

q2

16n2

forg<n.

|en]

Therefore, nlingo — <00, e, |en] = O(n™?).
—oon

Appendix C ¢ for small values of n

In the general case, a single edge with slope k € [0, 1] may be approximated with local
steps having up to four different slopes d. € @, such that = < % <k< % < &3,

That corresponds to ¢ = 3. For such situation to occur, it is required that fornat
least one columP pair (¢,c + 1), it holds that §. < s. — % and Sc41 > Se+1 + %,
providing that d. > d.+ %, while for some other column pair (¢/, ¢’ 4+ 1) it holds that
Set > S + % and Sp41 < Sgp1 — %, giving CZCI <dg — %

Using the notation of Figure 13, d, can be computed as d. = o+ pa+ 1 — p3 — Ps.
The two above situations can then be formulated as:
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i) for at least one column pair (c,c+ 1) it holds that
D2 > P2, Pa > pa, P3 < p3, and p5 < ps;

ii) while at the same time for at least one other column pair (¢/, ¢’ + 1) it holds
that
P2 < p2, P4 < pa, P3 > p3, and pPs > ps.

For case (i) to appear, it must hold that ps > % and ps < 1— % This imposes
a lower (monotonically decreasing with n) limit of the slope k:

>n—|—1+\/2n+1

k
- 2n

(25)

For case (ii) to appear in addition to case (i), it is required that ps > 5- and
P < 1—% (or that p3 > % and pg < 1—%). This imposes an upper (monotonically

increasing with n) limit of the slope k:

k<m. (26)

% ;IZ"H < k < —2_— has no solutions for n < 8.

(14+v/5)2 N
That implies that for such values of n not more than three different values of d. can

appear for the same edge. For n = 2, ¢ = 1 is enough: the only possible values of

three slopes for n = 2 are {0, %, 1}, where for k£ < % only the two first appear, and

The system of inequalities,

for k > %, only the two last appear. For k£ = % the estimate k is constant, equal to
1

3¢

Appendix D Condition for the detection of D), so

that d(c’r) = dc

Lemma 1. Let H : y < kx +m, k € [0,1], be a halfplane. Let I be the n-level
quantized pizel coverage digitization of H in the square integer grid. Let D
denote a 3 X 2 configuration of pizels in I, such that the left pixzel of the middle row
is located at (¢,r). Let cZ(Cm) be the difference of the right and the left column in

Dy, and d, be the difference of sums of all the (quantized) pizels in the columns
c+landcinl. Letu="k(c+3)+m and @€ (u— 2, u+ L. Then

. 1 1 ~ ~

RS [r2,r+2] = dey) =de -

Proof. Assume that @ € [r — 4,7+ 1]. If u € [r — 5,7 + 3], then J(Cyr) = d_. holds
(as discussed in Section 6.1). If u & [r — %, T+ %], that means that one of the two
following cases holds:
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Figure 14: Configurations D(.,) and D(c,41), and their four common pixels, con-
tributing to ci(w) and J(WH).

Case (7) corresponds to the situation when the quantized value @ indicates that the
appropriate configuration for calculating d. is D, ), while the corresponding non-
quantized u indicates D .41y to be correct. Case (7i) corresponds to the situation

when the quantized value u indicates that D(.,) should be used to calculate d,,
while its quantized value indicates that the appropriate configuration is D(,_1)-.

We observe Case (i) and show that, under the assumption (27), d(.,) = d(cr41),
by showing that the values below D(., 1) are all equal to 1, and that the values
above D, are all equal to 0. In other words, only the four pixels common for both
configurations D,y and D, 1) contribute to d,. Since the vertical translation by
+1 of the local edge does not influence the length estimate, the total edge length
estimate is not affected by this possible “disagreement” of the values @ and wu; any
of D.yy and D(c,41) can be used. Analogous observations and conclusions can be
made for Case (ii).

Assume that relations (27) hold. Since u > 7“—1—%, it holds that (ps =)ps = ps = 1
and therefore also (py =)ps = pg = 1, see Figure 14. Since u < r + %, it holds that
p_1 =p_1 = 0. Let us show that pg = 0 holds as well.

Using the notation of Figure 14, it holds that py = % Since u € (7“ + %, 4+ % + %),
and therefore by = u — (r + %) < L for k € [0,1] it holds that the value h, =
k(c—i—%)—i—m— (7’—1—%) =h+k-1<h< % Writing & = h, + 1 — h;, we get

2

_ hy 1 1y 1-m 1 4 1=n 2 1 i
PO = stFish and 55 = hr T 72 e i 2 > n®. Thus py < 5,». Assuming

Po = ﬁ, we get n < 1, which is a contradiction. We conclude that py < ﬁ and thus
po = 0, for all n > 1.

Equalities ps = pg = 1 and p_1 = pp = 0 ensure that only the common pixels
of D.ry and D, .41y contribute to the value d, = dNC_A'_l. Similar conclusion about
Dy and D ,_1y can be drawn if relations (28) hold. O
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Figure 15: The coverage of a pixel at a position (i, 7) by a halfplane H : y < kx +m

1

can be expressed as a function of h = ki +m — (j -3)

Appendix E Lemmata for Subsection 6.3

Lemma 2. Let H : y < kx +m, k € [0,1], be a halfplane. Let I be the non-
quantized pizel coverage digitization of H in the square integer grid. Then, for two
pizels p = p(cr), 4 = qi,j) € I, located at (c,r) and (i,7), respectively, the following
holds:

c=1i,1r<j = p>q, (29a)
c<i,r=j = p<gq, (29Db)
c—r=i—jc+tr<i+j = p>q. (29c¢)

Proof. Observe the function I(i,j) : Z?> — R given by the non-quantized pixel
coverage digitization, I = D(H). Let h = ki +m — (j - %) for a pixel at a position
(1,7), see Figure 15.

The the pixel coverage for the observed pixel can be computed as follows:

0 ) h S_gv
h+k/2)® _ B2 | h | k k k
e A —3< h <3,
I(i,j) = I(h) (h . , < h <1-%, (30)
1—h+k/2 k k
1 ., 1+s< h

We extend the function I(h) to the real line R, according to (30) and differentiate
w.r.t. h.

0 ) h S_gv
h 1 k k
Frta —5 < h <3,
I'(h) = 1 : 5< h <1-%, (31)
Lhy 1, —f< h o <1+%,
0 , 1+£< h

We conclude that I'(h) is non-negative for any k € [0,1] and, hence, that I(h) is
non-decreasing with A increasing. Computing h, = h(c,r) and hy = h(i, j) for the
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preliminaries of (29), we obtain

c=i,r<j = hp >hy = p>q, (32a)
c<i,r=j5 = hp <hy = p<gq, (32Db)
c—r=i—jc+r<i+j = hp >hy = p>q. (32¢)

O

Lemma 3. Let H : y < kx +m, k € [0,1], be a halfplane. Let I be the non-
quantized pizel coverage digitization of H in the square integer grid. Then, for any
3 x 3 configuration T'" C I with pizel values p;, i+ = 1,...,9, indexed row-wise from
left to right, the following (systems of ) inequalities hold:

P1 < pa < pr s P2 < p5 < P8, P3 < P6 < P9 (33a)

p1 < p2 < p3, P4 < p5 < e , p7 < pg < pg (33b)

D2 < P4, p3 < ps < pr, D6 < P8 - (33c)

Proof. Follows immediately from Lemma 2. O

Remark: Similarly, the set of statements corresponding to the cases k < 0 and
k > 1 can be proved. These statements consist of opposite inequalities to those given
for p; 1 = 1,...,9 in relations (33b) and (33c), respectively. It is easy to show that
k = 0 is equivalent with the system of equalities in (33b), while k£ = 1 is equivalent
with the system of equalities in (33c).

Lemma 4. For any two real positive numbers p, q, and their corresponding quan-
tized values p and §, obtained by n-level quantization according to Definition 2, the
following holds

p<q = Dp<gq.

In other words, ordering is preserved under quantization.
Proof. Assume p < q. Observe that p € [p — %,ﬁ%— %) and ¢ € [§ — %,(j—i— %)
Assume that p > ¢. Then p > ¢+ %, and

1 1
>p——>q+ — >
pzp Qn_Q+2n q

which is a contradiction. ]
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Appendix F List of most often appearing symbols
H A halfplane y < kz + m, observed for z € [0, N], N € Z™.

1 A vector representing the edge of H over [0, N], 1 = (N,kN).

I The Euclidean length of the observed edge, [ = kN = Zf;ol le.

D(S) Non-quantized pixel coverage digitization of a shape S.

n The number of strictly positive gray-levels.

D"(S) n-level quantized pixel coverage digitization of S.

O, The set of possible gray-levels of an n-level pixel coverage digitization.

I A (quantized or non-quantized) pixel coverage digitization of H over [0, N].
s¢ The sum of non-quantized pixel values in column c.

S¢ The sum of quantized pixel values in column c.

de = Sct+1 — Sc¢

de = 8ct1 — e

le =\1+d2

vn Scale factor for n-level quantized pixel coverage digitization.

lo =ny/1+ d2

[ The scaled length estimate, [ = Zé\fz_ol [

S; A basis vector (1, %)

S; The Euclidean length of S;.

¢ +1 The number of different d.-values when estimating one given slope k.
en(k) signed relative error when approximating [ with [ using n positive gray-levels.
Dy A 3 x 2 neighborhood where the middle left pixel is at (c, 7).

Ty A 3 x 3 neighborhood centered at (c,7).

p; The non-quantized value of the i-th pixel in the given neighborhood.

pi The quantized value of the i-th pixel in the given neighborhood.

u The intersection of the halfplane edge with the line z = c + %; u=k(c+ %) + m.

@ An approximation of u; 1 = %Z?:l pi + (r— %)
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