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Summary and contributions

This work is concerned with the problem of minimizing the worst-case
quadratic cost for an uncertain linear dynamical system. We derive:

• a high-probability bound on the spectral norm of the system parameter
estimation error

• exact convex formulation of worst-case infinite-horizon LQR

• a (convex) algorithm that balances the exploration/exploitation trade-
off by performing robust, targeted exploration.

Problem statement

We are concerned with control of linear time-invariant systems

xt+1 = Axt + But + wt, wt ∼ N
(
0, σ2

wI
)

, x0 = 0. (1)

The true parameters {Atr, Btr} are unknown, and must be inferred from
data, Dn := {xt, ut}n

t=1. We assume: i) that σw is known, and ii) we have
access to initial data D0, obtained, e.g. during a preliminary experiment.

The posterior distribution p(θ|Dn) is given by N (µθ, Σθ), for θ =
vec ([A B]) and a uniform prior p(θ) ∝ 1. This gives a high-probability
elliptical credibility region:

Θe(Dn) := {θ : (θ − µθ)⊤Σθ
−1θ − µθ) ≤ cδ}. (2)

Static-gain policies: ut = Kxt + Σ1/2et, where et ∼ N (0, I).

‘Robust reinforcement learning’ (RRL) problem:

min
{Ki}N

i=1

E

[
T∑

t=0
sup

{At,Bt}∈Θe(Dt)
c(xt, ut)

]
, s.t. xt+1 = Atxt + Btut + wt,

(3)

Modeling uncertainty

We will work with models of the form M(D) := {Â, B̂, D} where D ∈
Snx+nu specifies the following region centered about {Â, B̂}:

Θm(M) := {A, B : X⊤DX ≼ I, X = [Â − A, B̂ − B]⊤} (4)

The following lemma suggests a specific means of constructing D, so as
to ensure that Θm defines a high probability credibility region:

Lemma 1. Given data Dn from (1), and 0 < δ < 1, let D =
1

σ2
wcδ

∑n−1
t=1

[
xt

ut

] [
xt

ut

]⊤

, with cδ = χ2
n2

x+nxnu
(δ).

Then [Atr, Btr] ∈ Θm(M) w.p. 1 − δ.

Approximate robust reinforcement learning problem

Consider the following approximation of (3),

N∑
i=1

sup
{A,B}∈

Θm(M(Dti
))

E

 ti∑
t=ti−1

c(xt, ut)

 , s.t. xt+1 = Axt + But + wt, ut = Ki(xt). (5)

• update the ‘worst-case’ model at the beginning of each epoch, when we deploy a new policy,
rather than at each time step.

• select the worst-case model from Θm rather than Θe.

We approximate the above with the infinite-horizon cost, appropriately scaled:

E
[∑N

i=1
Ti × J∞ (Ki, Θm(M(Dti)))

]
. (6)

Convex optimization of infinite horizon cost

The infinite horizon cost can be expressed as

lim
τ→∞

1
τ
E

[
τ∑

t=1
x⊤

t Qxt + u⊤
t Rut

]
= tr

([
Q 0
0 R

]
lim

τ→∞

1
τ

τ∑
t=1

E

[[
xt

ut

] [
xt

ut

]⊤
])

. (7)

For known A and B the covariance W = E
[
xtx

⊤
t

]
satisfies:

W ≽ [A B]
[

W WK⊤

KW KWK⊤ + Σ

]
[A B]⊤ + σ2

wI. (8)

We introduce the change of variables Z = WK⊤ and Y = KWK⊤ + Σ, collated in the

variable Ξ =
[

W Z
Z⊤ Y

]
. With this change of variables, minimizing (7) subject to (8) is a

convex program. To ensure that (8) holds for all {A, B} ∈ Θm(M) we have:

S(λ, Ξ, Â, B̂, D) :=

 I σwI 0
σwI W − [Â B̂]Ξ[Â B̂]⊤ − λI [Â B̂]Ξ⊤

0 Ξ[Â B̂]⊤ λD − Ξ

 ≽ 0. (9)

Theorem 1. The problem minK J∞(K, Θm(M)) can be solved by the convex SDP:

min
λ,Ξ

tr (blkdiag(Q, R)Ξ) , s.t. S(λ, Ξ, Â, B̂, D) ≽ 0, λ ≥ 0, (10)

with the optimal policy given by K = {Z⊤W −1, Y − Z⊤W −1Z}.

Propagating uncertainty

Define the approximate model, at time t = tj given data Dti
, by

M̃j(Dti
) := {Ãj|i, B̃j|i, D̃j|i} ≈ E

[
M(Dtj

)|Dti

]
.

Recall that: Di+1 = Di + 1
σ2

wcδ

∑ti+1
t=ti

[
xt

ut

] [
xt

ut

]⊤

. We use the approximation:

E

[
ti+1∑
t=ti

[
xt

ut

] [
xt

ut

]⊤
]

≈ Ti+1

[
Wi WiK

⊤
i

K⊤
i Wi KiWiK

⊤
i + Σi

]
= Ti+1Ξi. (11)

To preserve convexity in our formulation, we approximate future nominal parameter estimates
with the current estimates: given data Dti we set Ãj|i = Âi and B̃j|i = B̂i.

Algorithm

Algorithm 1 Receding horizon application to true system

1: Input: initial data D0, confidence δ, LQR cost matrices Q and R, epochs
{ti}N

i=1.
2: for i = 1 : N do
3: Compute/update nominal model M(Dti−1).
4: Solve convex program.
5: Recover policy Ki: Ki = Z⊤

i W −1
i and Σi = Yi − Z⊤

i W −1
i Zi.

6: Apply policy to true system for ti−1 < t ≤ ti, which evolves according
to (1) with ut = Kixt + Σ1/2

i et.
7: Form Dti = Dti−1 ∪ {xti−1:ti , uti−1:ti} based on newly observed data.
8: end for

Numerical simulations

Atr =

 1.1 0.5 0
0 0.9 0.1
0 −0.2 0.8

 , Btr =

 0 1
0.1 0
0 2

 , σw = 0.5.
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Information is defined as 1/λmax(D−1
i ), at the ith epoch, which is the (inverse)

of the 2-norm of parameter error, cf. (4). The larger the information, the more
certain the system (in an absolute sense).

Hardware-in-the-loop experiment

Interconnection of:

• a physical servo-mechanism
(Quanser Qube)

• a synthetic (simulated) LTI
system.
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