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Abstract
In this paperwe considersolutionsto the static dictio-

nary problemon ����� RAMs,i.e. randomaccessmachines
wheretheonlyrestrictiononthefinite instructionsetis that
all computationalinstructionsare in ����� . Our mainresult
is a tight upperand lower boundof � �"! #%$	&('*)+#,$-&.#,$-&('0/
on the time for answeringmembership queriesin a setof
size ' whenreasonablespaceis usedfor the data struc-
turestoringtheset;theupperboundcanbeobtainedusing1 �2'0/ space, and the lower boundholdseven if we allow
space30465"7 897 5�:<; .

Several variations of this result are also obtained.
Amongothers,weshowa tradeoff betweentimeandcircuit
depthunder the unit-costassumption:any RAM instruc-
tion setwhich permitsa linear space, constantquerytime
solutionto the static dictionary problemmusthavean in-
structionof depth=>�2#%$	&@?>)A#,$-&(#%$	&(?�/ , where ? is theword
sizeof themachine(and #%$	& thesizeof theuniverse). This
matchesthe depthof multiplication and integer division,
usedin the perfecthashingschemeby Fredman,Komlós
andSzemeŕedi.

1 Intr oduction

The most fundamentaldata structureproblem is the
staticdictionaryproblem:Givena set � containing' keys,
eachbeinga bit vectorof length ? , storeit asa datastruc-
turein thememoryof a randomaccessmachine,usingfew
memoryregisters,eachcontaining? bits (a word), so that
membershipqueries“Is BDCE� ?” can be answeredeffi-
ciently for any valueof B . In addition,if B�C�� , we might
wantto retrievesomeinformationassociatedwith B . Weare
interestedin tradeoffs betweenthestoragespace(measured
by thenumberof registersused)andthequerytime.

Theset � canbestoredasa sortedtableusing ' mem-
ory registersallowing queriesto beansweredusingbinary
searchin

1 �2#%$	&F'0/ time. Yao [22] first consideredthe
possibilityof improving this solutionandprovidedan im-
provementfor certaincases. Fredman,Komlós and Sze-G

This work was initiated while the authorvisited Copenhagen,sup-
portedby theDanishScienceResearchCouncil.

meŕedi [10] showed that for all valuesof ? and ' , there
is a storageschemeusing

1 �2'0/ memoryregisters,so that
queriescanbeansweredin constanttime. Their technique
is two level hashingbasedon the family of hashfunctionsHJI �2BJ/�K��MLNBPOQ$SR�TJ/AOQ$SRVU . Thus,multiplicationandin-
tegerdivision areusedby the queryprogram.Sincethese
instructionsareusuallyconsideredexpensive, it is natural
to askwhethertheir usecanbe avoided. The family may
bereplacedby afamily dueto Knuth[14, p.509]usingonly
multiplication,bitwise Booleanoperations,andshifts (see
[8] for details),so integerdivision is not essential.But so
far, the existenceof optimal schemesfor staticdictionar-
ieswith multiplicationreplacedby cheaperinstructionshas
remainedanopenproblem.

Onenatural,robust, andgenerallyacceptedformaliza-
tion of what it meansfor a functionto be“cheap” is mem-
bershipin ����� , i.e. thefunctionshouldbeimplementable
by a constantdepth, unboundedfan-in (AND,OR,NOT)-
circuit of size ?XW.Y[Z]\ . This is the approachtaken in this
paper;weconsidersolvingthestaticdictionaryproblemon����� RAMs. Informally, an ����� RAM is a RAM with an
instructionsetconsistingof directandindirectaddressing,
conditionaljump,anda finite numberof computationalin-
structionseachmappingaconstantnumberof wordsto one
word. All computationalinstructionsbelongto ����� . All
instructionsarechargedunit cost.

Ourmainresultsarethefollowing.

Theorem A There is a solution to the static dictionary
problemon an ����� RAM using

1 �2'0/ spaceand with a
worst casequery time of

1 �"! #%$	&@'*)A#,$-&.#,$-&('0/ . On the
other hand,query time ^S� ! #,$-&('*)A#%$	&.#%$	&('0/ is not possi-
ble on any ����� RAM evenif space30465"7 897 5":<; is allowed.

TheoremB For any _X` � , thereis a solutionto thestatic
dictionary problemon an ��� � RAM with constantquery
timeusingspace

1 �M3badce/ for storingsetsof size'fKg3badhji,kml .
On the other hand, on no ����� RAM there is a constant
query time solution using space3 adhni,kml for storing setsof
size'oKg3NY,7 5�:Sap\2q .



The lower boundsabove actuallyholds in a moregen-
eralmodelthanthe ����� RAM, theCircuit RAM. By aCir-
cuit RAM with word size ? we meana RAM with direct
andindirectaddressing,conditionaljump,anda numberof
computationalinstructionseachmappinga constantnum-
berof wordsto oneword. The computationalinstructions
canbechosenarbitrarily, i.e. they donothaveto bein ����� .
However, eachinstructionhasanassociatedcost. Thecost
of direct and indirect addressingand conditional jump isr
. Thecostof a computationalinstructionis s , where s is

minimumdepthof acircuit of size ?XW(YtZu\ implementingthe
instruction.Thetimeof anexecutionis thesumof thecosts
of all theinstructionsexecuted. If a problemcanbesolved
by an ����� RAM usingtime v , it canalsobe solved by a
Circuit RAM usingtime

1 �2vu/ . WebelievetheCircuit RAM
is quite a naturalmodelof computation,deservingfurther
study. Notethatwe donot disallow expensive instructions
suchasmultiplication, wejustchargethemmore,usingthe
well-studieddepthmeasurefrom circuit complexity. In
the Circuit RAM model, the two level hashingschemeof
[10] hasquerytime

1 �m#,$-&@?�)A#%$	&@#,$-&(?�/ , sincemultiplica-
tion [5] are in wx�yZ andany function in wz�yZ haspoly-
nomial sizecircuits of depth

1 �2#%$	&F?�)A#%$	&(#%$	&(?�/ [7]. We
provide a matchinglower boundthat alsogeneralizesthe
lowerboundof TheoremA.

Theorem C There is no Circuit RAM solution to the
static dictionary problemusing space 30465"7 897 5":S; and with
query time ^S�2#%$	&(?>)A#,$-&(#%$	&(?�/ . In fact, for any word
length ? , there is a fixed set { | } ��~ r	� a of size'�K�3	�+Y�7 5":eqNad�-7 5�:<7 5�:<ap\ so that any Circuit RAM dictio-
naryfor { usingspace3d465�7 897 5�:S; hasworstcasequerytime=>�u! #,$-&('*)A#%$	&.#%$	&('0/�K�=>�m#,$-&@?�)A#%$	&@#,$-&(?�/ . The result
holdsevenfor MonteCarlo schemesand with worst case
timereplacedwith averagecasetime(where theaverage is
over theset { )

Techniquesused
Our upperboundsareshown usinga clusteringstructure.
Thedatastructureisbasedontwokindsof “hash-like” func-
tions, clusteringfunctionsclusteringthe input into Ham-
mingballsof smallradiusandclusterbusters hashingeach
individualHammingball. The ����� instructionsetrequired
is non-standard,but not unrealistic.We hopethat theclus-
tering structuremight inspire future hardware designby
pointingoutpotentiallyusefulinstructions.

Our lower boundrelieson a recursive constructionof a
difficult set. At eachlevel of the recursionwe useproba-
bilistic methodsincludingHåstad’sswitchinglemma[12].

Relatedresearch
Apart from thesortedtable,previouslinearspacesolutions
to the static dictionary problem implementableon �����
RAMs were constructedby Tarjan and Yao [19], achiev-
ing constantquery time if ?�K���#%$	&(' for someconstant

� , andby Willard [21] andKarlsson[13], achieving query
time

1 �n� ?�/ .
Previous lower boundsfor thestaticdictionaryproblem

have beenobtainedby Fich andMiltersen[9, 17]. Thefor-
merpapergiveslower boundsfor thecasewherethecom-
putationalinstructionsallowedareaddition,subtractionand
multiplication (theClassicalRAM), the latter for the case
wherethecomputationalinstructionsallowedareaddition,
subtraction,bitwiseBooleanoperationsandarbitraryshifts
(the Practical RAM). It is interestingto comparethe pre-
viousboundswith thenew ones.If constantquerytime is
desired,thefollowing spaceboundsarenecessaryandsuffi-
cient(for setsof size?g��'o��3 a ): OntheClassicalRAM_�3ba , on the PracticalRAM 3	�Ma , and on the ����� RAM3badc . If linear spaceis desired,logarithmicquery time is
optimalfor theClassicalRAM, but not for the ����� RAM.
Thebestcurrentlower boundfor thePracticalRAM is the=>�u! #,$-&('*)A#%$	&.#%$	&F'p/ oneimpliedby thispaper, improving
the =>�m#,$-&(#,$-&('0/ oneof [17].

From circuit complexity there is a result of Mansour,
Nisan,andTiwari [16] (building on [15]) thatno ����� cir-
cuit implementsafamily of universalhashfunctions }�� I � ,
where“implements”meansthat thecircuit on input �ML ~ BJ/
computes� I �2BJ/ . This result is an immediatecorollaryof
our lower boundsas the following argumentshows: Sup-
pose,to thecontrary, thatan ����� circuit computinga uni-
versalfamily exists.Thisfamily couldreplacethefamily of
hashfunctionsusedby Fredman,Komlós andSzemeŕedi,
and thus yielding an

1 �2'0/ space,
1 � r / query time �����

RAM solutionto thestaticdictionaryproblem,contradict-
ing TheoremA, B andC. However, our resultis moregen-
eral: In thecontext of staticdictionaries,their resultshows
thatwecannotfind asingle ����� instructionto replacemul-
tiplication in universalhashingschemes,suchastheFKS-
technique,but it doesnot tell us anything aboutwhat can
beachievedby programswhich arenot basedon universal
hashing.As our upperboundshows, therearealternatives
to universalhashingfor solving thestaticdictionaryprob-
lem,andour lowerboundscoverall possibleprograms.

Notation
In therestof thepaper, thesymbol ' will alwaysdenotethe
sizeof thesetwe wantto storein a dictionary. Thesymbol? is thelengthof thekeys to bestoredandthewordsizeof
themachine.In our recursiveconstructions,wemightwant
to storesetssmallerthan ' containingkeys shorterthan ? .
Usually, the sizeof sucha setwill be denoted� andthe
lengthof thekeys � .

We shall assumethat variousfractionsand logarithms
areintegersto avoid lookingat tediousspecialcases.

We let � denoteexclusive-or. LettersB ~u��~"��~"�6� etcnor-
mally representsbit vectors.The � th bit of vector B is de-
notedBA� �	� . Oftenan � -bit vector B is identifiedwith theset}��9  B*� �M��K rb� . If a booleanoperationis appliedto two bit-
vectorsof thesamelength,theapplicationis understoodto



bebit-wise. For example,given two � -bit vectorsB ~u� , we
have BQ¡ � K�B ¢ � and BQ£ � K�BV¤ � . Thesymbol ¥ de-
notessetdifference(of setsor words).By   BA  we meanthe
Hammingweightof B , i.e. thenumberof

r
-bits in B . Note

that   B¦� �   is thustheHammingdistancebetweenB and � .
TheHammingball with center� andradius § is the setof
bit vectors}�BoC�} ��~ rb� a�¨J  B>�x�	 N©ª§ � . TheHammingball
with center� a andradius § is denoted�Q« . In somecases,
weuse�x¬« to markthatthekeysareof length � .

Let ­®|�} r ~ 3 ~°¯°¯�¯�~ ? � . The projection function ±�²�¨} �<~ rb� a�³�} ��~ r	�µ´ ² ´ selectsthebits markedby ­ from its
input.

2 Simpleupper bounds

Lemma 1 Let �¶|·} �<~ rb� a be a set of at most ' ele-
ments,and let §¹¸�?�)	3 � . Let ­ be a randomsubsetof
of } r ~�¯°¯°¯°~ ? � of size

r � �m#,$-&.'0/j?�)º§ . With probability at
least

rV»¼r )6'd½ , for all B ~u� C�� ,   B�� �  Q`¾§ implies± ² �2B�/�¿K¹± ² � � / .
Proof: Let B ~u� bea particularpair in � with   BV� �  J`À§ .
Let � be a randomindex in } r ~°¯�¯°¯9~ ? � . The probability
that B*� �Á��K � � �M� is at most

ry» §	)º? . Thus, if ­ is a ran-
domlychosensetof size

r � �m#,$-&.'0/j?�)º§ , theprobabilitythat± ² �2B�/@K¹± ² � � / is atmost � r<» §b)º?�/"Z]��Y�7 5":J;b\2ad� « . Theprob-
ability that ±�²V�2B�/�Kg±J²V� � / for anysuchpair B ~"� is there-
foreatmost Â ; Ã�Ä � rÅ» §	)º?�/ Z]�°Y,7 5�:�;	\2ad� « ¸ r )º'd½ .
We use ±�² asa clusteringfunction. For theclusterbuster
weneed:

Lemma 2 Let �Æ|Ç�Q« with   �È *KE� . Let É Z ~ É Ã ~�¯°¯�¯9~ É a
berandomlychosensubsetsof } r ~°¯�¯°¯9~ r � §*#,$-&(� � , each of
size Ê+#%$	&(� . Let ËÌ¨p} �<~ r	� aÍ³Î} �<~ r	� Z]� « 7 5":<Ï bethemap
definedby Ë(�2BJ/ÈKD¢(Ð � ´ Ñ	Ò �ÔÓÔÕ Z�Ö É � . Then Ë is 1-1 on � with
probability ` rÅ»ªr )º� ½ .
Proof: Considerany pair B ~u� in � with BÆ¿K � . There
is an index � , so that BA� �Á� ¿K � � �Á� . Assumewithout lossof
generalitythat B*� �M�(K r and � � �Á�.K � . We seethat Ë(�2B�/�KË(� � / implies É � |×Ë(� � / but   Ë(� � /° 0©�Êb§*#%$	&(� , soPr�MÉ � |Ë(��ØBJ/"/Ù©Ú3NÛ�Ü-7 5�:<Ï�K ZÏÞÝ ¯ The numberof pairs in � is©Ì� Ã , so Ë is 1-1on � with probability

rÅ»ªr )6� ½ .
Lemma 3 There is an ����� function

H «�¨Í} �<~ rb� aß³} �<~ rb� Zj� « qb7 5�:<a which is 1-1on � « .
Proof: Apply Lemma2 with �gK¹� « .

Wenow show how to useLemmas1 and3 for construct-
ing ����� RAM solutionsto the staticdictionaryproblem.
Thebasicideafor storinga set � is this. First, � is hashed
usingthefunction ± ² with ­ chosenasin Lemma1. This
partitions(clusters)the set into a numberof buckets,each
beingasubsetof someHammingball of radius§ . Eachsuch

subset�Xà canbestoredby storingthecenter� of theHam-
mingball in asingleword,andthenusingtheinjectivefunc-
tion of Lemma3 to storetheset }�BQ�Í�	  B�Co�Xà � |á� « in a
collisionfreehashtableusingspace3µZj� « q	7 5�:<a . Eachbucket
is indexed by a signature of

r � �2#%$	&('0/]?�)6§ bits (i.e. the
valueof ±J² for theelementsin thebucket), so if we store
pointersto the bucketsnaively usingan array, indexed by
thepossiblevaluesof ± ² , wewouldusespace3-Z]�°Y,7 5�:<;b\2ad� «
which is too muchfor our purpose.In orderto avoid this,
we recursivelystorethesignaturesusingour scheme,with
pointersto the bucketsasassociatedinformation. We call
theresultingdatastructureaclusteringstructure.

A query program for the clustering structure needs
somenon-standardinstructions: We needan instructionâNãNäµã�åºæ �m­ ~ B�/ which computesthe function ±�² on in-
put B . Here the word ­ is interpretedas the con-
catenationof a list of numbersbetween

r
and ? . Let

these numbers be L Z ~ L Ã ~°¯�¯°¯9~ L ad�µ7 5�:�a , The output isB*� L Z �tB*� L Ã � ¯�¯°¯ BA� L ad�N7 5":<a � . This function can be seento
be in ����� . Note that in order to store the index ­ of
the clusteringfunction in constantspace,we must have­�©Ù?�)+#,$-&(? or equivalently, §È` r � �2#%$	&('0/°�2#%$	&(?�/ .

We also needan instruction çNèJé æNê<ë6ìµì*í�îSï ç ëSäNä �2§ ~ B�/ ,
where § is a numberbetween

r
and ? . The instructionap-

pliesthefunction
H « of Lemma3 to B , andis easilyseento

bein ����� , giventhis lemma.
In more detail: We representa set of ��� -bit keys in

a datastructure ð and the function ñ í�î<ò �mð ~ B ~ �9/ returns
a referenceto B , this referenceis simply a numberin the
interval � ��¯,¯ � »�r � . Let ­ and § be as in Lemma1. Letó K×}�± ² �2B�/°  BzC�{ � . Theset

ó
is representedrecursively

in the datastructureð ¯ ó . ð alsocontainsan array ð ¯ ��¨� ��¯,¯ � »ªr ��³¾} �<~ rb� ¬ suchthatif �+Kôñ í�îSò �2ð ¯ ó ~ ± ² �mBJ/ ~ �9/
for some B , then there is suchan B for which ð ¯ �Q� �Á�PKB . Thus, accordingto Lemma1, for any B�C�{ ,   Bx�ð ¯ �Q� ± ² �mBJ/j�j <©Ù§ .

As therecursionproceeds,thekey length � will decrease.
When �ª©�� � , for somespecifiedvalue � � we switch to
someotherdatastructure.In therecursive implementation
below, we mark this switch by the function ñ í�îSò àM�mð ~ B�/ .
Our implementationof ñ í�î<ò is of the following recursive
form:

Algorithm A: ñ í�î<ò �2ð ~ B ~ �9/
A.1. if �X©á� � , return ñ í�î<ò àÁ�2ð ~ BJ/ .
A.2. �.õ�ñ í�î<ò �2ð ¯ ó ~ âNãNäµã�åºæ �M­ ~ B�/ ~   ­ª  / .
A.3. return ð ¯ ö � � ~ çNè�é æNê<ë6ìNì0í�îSï ç ëNäNä �2§ ~ BV��ð ¯ �Q� �Á�[/j� .

Above, ð ¯ ö is a 2-dimensionalarraywith entriesfrom� ��¯,¯ � »�r ��÷ø} ��~ r	� Z]� « q67 5":<a . Sinceall elementsfrom { are
mappedto differententriesin ö , we just needto fill these
entrieswith differentvaluesin orderto make our functionñ í�î<ò 1-1 on { . The spaceof the datastructureð is the
spaceof therecursivedatastructureð ¯ ó for theat most �



� r � �2#%$	&.'0/]?�)6§b/ -bit keysin
ó

plus
rJù � ù �gúÁ3-Z]� « q	7 5�:<a�K1 �2�Æúb3-Z]� « q	7 5�:<a./ wordsfor storing ­ andthearraysð ¯ �

and ð ¯ ö .
We get the following upperbounds,the first of which

givestheupperboundof TheoremB of theintroduction.

Corollary 4 For any _û` � , there is an ����� RAMsolution
to thestaticdictionaryproblemfor setsof size 'À¸¼3badcn�"ü
with querytime

1 � r / usingspace3badc .
Proof: Let §�K r � �2#%$	&('0/]?��Á�eZ]��� . Apply the construc-
tion above. After one iteration,we reducethe sizeof the
keys to be storedto

r � �2#%$	&.'0/j?>)6§¼Ký?�Z�Û��Á�eZ]��� . By it-
erating

r �-� )b_ times we thus have reducedthe domainof
the keys to be storedto constantsize, i.e. a trivial prob-
lem. At eachrecursivelevel weuse

1 �m'yú]3-Z]� « qµ7 5":<a./ space.
Thereare

r �	� )º_ recursive levels,so the total spaceusedis� r �-� )b_e/]'03-Z]� « qº7 5�:<aÍ¸ª3	adc .
Corollary 5 There is an ����� RAM solution to the static
dictionary problemsfor sets of size ' with query time1 �2#%$	&@?>)A#,$-&(#%$	&(?�/ usingspace30465"7 897 5":S; .
Proof: Let §þK r � �2#%$	&.'0/°�2#%$	&@?�/ Ã . After one itera-
tion of the generalconstructionthe sizeof the keys is re-
ducedby a factor � �m#,$-&(?�/ , so after

1 �2#%$	&F?�)A#%$	&(#%$	&(?�/
iterations, the problem is trivial. The space used is1 �u�2#%$	&F?�)A#%$	&(#%$	&@?�/j'03µZj� « q°Y�7 5�:<ap\n/ . This is 3d465�7 897 5�:S; , if#,$-&('áÿ×#%$	&@?�)A#%$	&(#%$	&(? . But if #,$-&@'á¸�#,$-&(?�)A#%$	&@#,$-&(? ,
the sortedtable/binarysearchsolution yields the desired
bound.

Lemma 6 A setof ' keys, each containing L bits, can be

storedusinglinear spaceandwith querytime
1�� 7 5":<;7 5":�� ��� .

Proof: We storethe setasa Packed B-tree [3], i.e. a B-
treeof degree ?�)	L , whereeachB-treenodeis represented
insideaword. In orderto searchthepackedB-tree,weneed
aninstruction� ëbî	� ��
 ~ { ~ L</ thatviewsthewords 
 and {
as divided in L -bit fields. If the fields in 
 are left-right
sorted,the instructionreturnstherankof the leftmostfield
in { amongthe fields in 
 . This instructionis clearly in����� .
Corollary 7 There is an ��� � RAM solution to the static
dictionary problemsfor sets of size ' with query time1 � ! #,$-&('*)A#%$	&.#%$	&('0/ andspace3NY�465"7 897 5":S;b\jY"465"7 897 5�:<ap\ .
Proof: Let §�K r � �2#%$	&.'0/ Ã �2#%$	&F?�/ . Each iteration of
the generalconstructionreducesthe numberof bits in the
keys by at leasta factor #,$-&(' , so after ! #,$-&('*)A#%$	&.#%$	&@'
iterations, the number of bits in the keys is reduced

by at least a factor 3 � 7 5�:<;d7 5�:S7 5":�; . Thus, we can ap-

ply lemma 6 with L K ?>)b3 � 7 5�:<;07 5�:S7 5�:<; and search
in the set of signaturesusing time

1 � ! #%$	&('*)A#%$	&.#%$	&@'0/ .
The spaceusedis

1 �u� ! #,$-&('*)A#%$	&.#%$	&('0/]'03-Z]� « q�Y�7 5�:<ap\]/�K3NYu465�7 897 5�:<;b\nY�4�5�7 897 5":<ap\ .

3 Impr ovedupper bounds

In this sectionwe improve the spaceto linear in ' and
independentof ? . Somedetailsareomitted.

Definition 8 Let �Í�Á� ~ §b/ bethemaximumcostfor search-
ing in a datastructurestoringatmost' keysin linearspace,
whereeach key belongsto �z¬« . Also,let ðÈ�M�9/.KÀ�Í�M� ~ �9/ .
Notethatwe do not includethesizeof thestored(sub-)set
in thisnotation.This turnsout to beconvenient,for in most
of ourcalculationsweonly needthefactthatthetotal num-
ber of keys is ' . The total searchcost in our global data
structureis ð¦�m?�/F�ÁKÀ�Í�2? ~ ?�/u/ .
Lemma 9 Assumethat for each set �Ú|��z¬« , of at most' keys, there is a function � which, whenapplied on � ,
producesvaluesin �x¬�
« 
 such that for any B � ~ B��ÈC�� ,   B � �B	�µ N`ª§ºà à implies �+�2B � /�¿K��+�2B���/ . Then

�Ì�M� ~ §º/FK 1 � r / ù �Í�M� à ~ § à / ù �Í�M� ~ § à à /
Proof: (very brief sketch)We usean improvedversionof
theclusteringstructure.Thegeneralideais to usea cluster
functionto split thesearchprobleminto two simplerprob-
lems,definedrecursively. First, we searchfor a datastruc-
tureassociatedwith thevalue �+�mBJ/ andthenwe searchforB in thisdatastructure,utilizing thefactthat B is contained
in a Hammingball with smallerradius.

Basecaseof recursion
After a numberof recursivesteps,thesearchproblemswill
besimpleenoughto behandleddirectly in linearspace.

First, we note that �Ì�M� ~�� /fK 1 � r / sincea Hamming
ball of radius � only containsonekey. Next, we notethat
Lemma6 gives ð¦�M�9/fK 1 �m#,$-&@'*)A#%$	&��m?�)b�°/u/ ¯ Finally, we
getonebasecaseby simulatingtraditionalhashcodingby
amultiplicationtable.

Lemma 10 ð¦�M��#,$-&.'0/@K 1 �M�°/ .
Proof: (Sketch)We storethe keys in a hash-codedpath-
compressedtrie. We use#,$-&(' bits for branching,hencethe
heightof thetrie is � . At eachnode,theoutgoingedgesare
storedin a hashtable.We useperfecthashingandsimulate
multiplicationby a precomputedmultiplicationtable.

Clustering the input into Hamming balls
WeimproveoverLemma1 by replacingtheselectedbitsby
theparityof �J$	#��N#,$-&(? bits. Thefollowing lemmais stated
withoutproof.

Lemma 11 Let É be a random Lá÷¹� ( L odd) matrix of
independentlychosenbit-positionsin } r ~ 3 ~�¯°¯�¯�~ ? � . De-
fine the function �®¨V} ��~ r	� a�³ } �<~ rb��� by �Q�mBJ/°� �	�zK� I�%Õ Z BA� ÉJ� � ~ �b�%� . Then, for any ? -bit strings B ~u� with  BÈ� �  	K¹§ , �����Á�Q�2B�/FKô�Q� � /u/Þ©ªO����p���-Û � « I �°Y Ã ap\ ~ �-Û � �"ü�/ .



Lemma 12 Let ��|g} ��~ rb� ¬ bea setof at most' elements,
and let §Ù¸Æ� . For any constants¹ÿ r

let L¹K �m#,$-&��9/ �
and let �øK r �-� �J#%$	&+'*)S�m§*#%$	& � �9/ . Let � be the random
function definedin Lemma11. Then,with probability at
least

ry»�r )6' ½ , for any pair B ~u� in � with   Bf� �  (K�§ ,�Q�2BJ/>¿KÀ�Q� � / .
Proof: Thereare ' Ã pairs B ~u� Cf� sotheboundin Lemma
11 is sufficient to provethelemma.

We can use the function of lemma12 as a clustering
function. For this, in additionto the Select instruction
we needan instructionBlockParity �2B ~ L</ that views
the word B as divided in L -bit fields, computesthe par-
ity of eachfield, and concatenatesthe results. If we re-
strict the parameterL to be less than �J$	#��N#,$-&(? , the in-
struction is in ����� . Note that we needto select Lª÷¹�
bits where L�K¶�2#%$	&F�9/ � and ��K r �	� �J#%$	&+'*)<�2§A#,$-& � �9/ .
To do this using the Select instruction,we must have§¦ÿ r �	� �J#,$-&+'�#%$	&@?�)6? .

Corollary 13 If §Èÿ r �-� �J#%$	&+'>#,$-&(?�)6? then

ð¦�M�°/+K rFù ð"! �J#%$	&@'§*#%$	& � �$# ù �Í�M� ~ §b/ ¯
Cluster Busters
We improve over Lemmas2 and3 by an alternative tech-
nique,reducingtheradiusof theHammingball in anumber
of iterations.

Lemma 14 For any % , there is an ����� circuit � ¨} �<~ rb� a ³ } ��~ rb�'& 7 5�:<; such that for any B ~u� C� 7 5�:<;	�°Y�(S7 5�:<ap\ ,   B�� �  S`Ù#,$-&('*)S��% Ã #,$-&(?�/ implies �Q�mBJ/>¿K�Q� � / .
Proof: For ��K r ~�¯°¯�¯9~ ? , chooserandomly É � |} �<~ r ~�¯°¯°¯�~ ? »¼r	� ,   É �   K*)+%@#%$	&@? , and define �Q�2B�/ªK, ��- Ñ É � .

Consider B ~u� C � 7 5":<;	�°Y�(<7 5":<ap\ with   B+ Pÿ·  �   . SetsÆK   BÌ� �   . Then   BÌ¥ �  �ÿ·sS)b3 . Also   �Q� � /� z©).%F#,$-&.?o#,$-&('*)S��%@#%$	&(?�/@K/)@#,$-&.' , so�����Á�Q�2B�/@KÀ�Q� � /u/Þ©0�����Á�Q�2Bp¥ � /Þ|¹�Q� � /u/Þ©á3 Û1��� Ã32 ü4(S7 5":<a ¯
Note that the numberof pairs in � is dominatedby  � 7 5":<;-�5(<7 5":�a   Ã ¸á? Ã 7 5":<;-�5(�7 5":<a�KÀ' Ã �6( . Hencetheprob-

ability �Q�2B�/ K��Q� � / for some B ~"� C � 7 5":<;	�6(�7 5":<a with  BV� �  Jÿô#%$	&@'*)�% Ã #,$-&(? is ¸À' Ã �6(º3NÛ1��� Ã72 ü4(S7 5�:<a , which is¸ r if f 3-)8%yú9#%$	&@'�¸ªsN)	3�ú3)+%@#%$	&.? if f s `Ì#%$	&@'*)8% Ã #,$-&(? .
Hencethereexistsacircuit separatingall thepairs.

The circuit in Lemma14 canbe implementedby a single
instruction� ã-ò è å	ã-êSë6ìNì*í�îNï ç ëNäµä ��% ~ ' ~ BJ/ with parameters% and ' . Hence,wehave

Corollary 15 �Í�u�Á� ~ #%$	&.'*)<��%F#,$-&(?�/"/ K ð¦��9.#,$-&.'0/ ù�Í�M� ~ #%$	&.'*)S��% Ã #,$-&(?�/"/ ù 1 � r / ¯
Lemma 16 �Í�m? ~ #%$	&F'*)S�m#,$-&(?�/ Ã K 1 �2#%$	&F#,$-&(#%$	&(' »#,$-&(#%$	&(#%$	&(?�/ ¯
Proof: Combining Corollary 15 and Lemma 10 gives:<;=;?>3@BADCFEHGJI8;?KLADCFEHMON=NQPR: Â >�@$S?ADC�ETGUIV;?K.WXADC�ETMYN�Z Ä\[^] ;B_4N `
Applying recursively v timesgives

:<;?>3@BADCFEHGJI8;?ADCFELMaADC�ETMYN=NPb: � >3@�cdADCFEHGUIV;?ADCFE WBe M�ADCFEHMON�f � [g] ;ihjN `
Since �Í�2? ~�� /�K1 � r / , we are done when #%$	&('*)<�2#%$	&(?�/ Ã edk Z © r

i.e.
when #%$	&(#%$	&('Ú© �M38l ù�r /N#%$	&(#%$	&@? . This holds when#,$-&(#%$	&(#%$	&('¼©�v ù #%$	&(#%$	&(#%$	&@? i.e when #%$	&(#%$	&@#,$-&(' »#,$-&(#%$	&(#%$	&(? ©Ùv .
Clustering with rangereduction
In orderto useCorollary13effectively, weneedthefollow-
ing lemma,which is provenin thissubsection.

Lemma 17 There is a clusteringfunctionfor thereduction

ð¦�2?�/FK 1 � ð¦�2?>)A#,$-& ½ ?�/ ù �2#%$	&(#%$	&(�o/ & �5m � ¯
Thefunctionrequires

1 �2'0/ additionalspace.

Lemma 18 There is a parameterized����� function �+��%S/�¨} ��~ rb� a�³ } �<~ rb� ad�b7 5�:6nµa , such that for any set � |} ��~ rb� a with at most ? elements,if % is pickedat random,�+��%S/ is 1–1on � with probabilityat least
rÅ»Ùr )6? ½ .

Proof: We startby proving two facts.
Fact 1: Assumethat there is an ����� circuit �Q��%N/À¨} ��~ rb�8o a�³ } �<~ rb�8o ap�5p , q¹` r , which, for someparam-

eterof % , is 1–1on a set
ó

of � ? -bit keys. Then,thereis
an ����� circuit �Q��%S/Å¨�} �<~ rb� ax³¾} �<~ r	� ad�5p which, for the
sameparameter% , is 1–1 for any setof ? -bit keys formed
by concatenatingkeys from

ó
.

Proof: Duplicatethecircuit � ? times.
Fact 2: Thereis a parameterized����� function �Q��%S/V¨} ��~ rb� o aá³Î} ��~ rb� W.Y o ad�µ7 5":4nNap\ suchthat for any set �Ç|} ��~ rb�8o a of atmost ? Ã keys,if % is pickedatrandom,�Q��%S/

is 1–1on � with probabilityat least
rÅ»Ùr )6? ½ .

Proof: Omitted. Similar to the proof of Lemmas11
and12.

Now, perceive eachword in � asdivided into � ? -bit
pieces.This givesusa set

ó
of ?�� ? keys. Hence,Fact2

givesus a circuit �Q��%S/P¨(} ��~ r	� o a�³ } �<~ rb� W.Y o ad�µ7 5�:4nNap\
which is 1–1on

ó
. Since� canbeconstructedby concate-

natingkeys in
ó

, wecanapplyFact1 with q�K×� �2#%$	& ½ ?�/ ,
whichgivesusthedesiredfunction.

Lemma 19 ð¦�Á�9/�©ª3	�Í�M� ~ � �J#,$-&('0/ ù 1 � r / ¯



Proof: If weapplyLemma1 with §¦K � �J#,$-&.' , it follows
that we canpick a � -bit word with § 1s suchthat for anyB ~u� CÙ{ , if   Bø� �  Aÿ § , then B £r%¹¿K � £r% . Hence,if
we use BV£Q% asa clusteringfunction,thesetof signatures
is containedin � � ¬67 5":<; andeachclusterhave Hamming

radius � �J#%$	&(' .

Lemma 20 There is a clusteringfunctionperformingthe
followingreduction:

�Ì�M� ~ §º/FK 1ts � � � �e§ ~ § � ù ð�! ?#%$	& ½ ? # ù�#,$-&(?! ��)6§vu ¯
Whenappliedon a set of size � the function requires1 �2�o/ extra space.

Proof: Let { be the set to be storedandlet w�K ! �°)6§ .
Perceive eachword B as divided into w -bit pieces. LetBHx2�jy¦KDB*�%�2� »Àr /jw ù�r ¯%¯ �Bw�� denotethe � th piece. Now de-
fine a clusteringfunction �1zZ ¨J} �<~ r	� a�³ } �<~ r	� ad� z sothat�1zZ �2B�/9� �M�dK r if f thereis a 1 in BHxm�jy . Clearlyall �1zZ is imple-
mentableby one ����� circuit with a #,$-&(? input parameterw . Whenusing �1zZ asaclusteringfunction,thesignaturesare�M�°)8wb/ -bit keys containingat most § 1s; they canbe stored
with querytime �Í�M��)�w ~ §b/ .

Next, we addressthe problemof storing the clusters.
Considera clusterof size � andlet � bethesignaturecor-
respondingto this cluster. Eachbit in � correspondsto aw -bit field. The clusterhave one importantproperty: For
eachbit which is 0 in � thecorrespondingfield in all keys
in theclustercontainsonly 0s. Themainideais to shorten
thekeysby removing these”empty” fields.

Case1: �¾© ? . Applying Lemma18 givesquerycostð¦�2?�)+#,$-& ½ ?�/ .
Case2: � `ª? . Associatedwith {Ì� � / ,westore{V� � /(K| Z ú�ú°ú | ¬n� z where | � is a �m#,$-&@?�/ -bit integertelling thepo-

sition of the � th 1 in � . The maximumnumberof 1s in �
is �°)8w ; if therearelessthan �°)�w 1s,thenthelast | � s areset
to 0. {V� � / contains�°)8wQ�2#%$	&(?�/ -bit integers.Hence,{V� � /
occupieŝS�m�f/ space.(Furthermore,each| � canbegener-
atedin constanttime,andhence{V� � / canbeconstructedin1 �M�°)8wb/�K�^S�m�f/ time.) We caneasilybuild an ����� circuit�\zÃ ¨S} ��~ rb� a�³¾} ��~ r	� ad�º7 5�:�a sothat

�\zÃ �mB ~ | Z ú°ú°ú | ad�µ7 5�:<a /(K¹BTx | Z y�ú�ú°ú"BHx | ad�µ7 5":�a y
Hence,thefunction� z �2B ~ | Z ú�ú°ú | ¬n� z /(KôBHx | Z y�ú°ú�úuBHx | ¬n� z y
canbe computedby applying �\zÃ r�ù �J#,$-&(?�)S��w6?�/ times¸ rFù #,$-&(?�)�w times.

Now given B Z ~ B Ã C {Ù� � / , if B Z ¿K B Ã , then� z �2B Z ~ {V� � /u/P¿K}� z �mB Ã ~ {V� � /"/ . Sinceeachkey containsat
most § 1s,thekeys producedby � z areof length w6§ . They
canbestoredata costof �Í��w6§ ~ §b/ ù 1 � r�ù #,$-&(?�)8wb/ .

In orderto get an upperboundon the total querytime,
wecanaddthecostsof thetwo cases.~\�i�5���7�v��~����j�6���B�4�.��~����5�6���7�+���Y���J�����4�U���6�4�V�������L�����4�3�	������7~\�?� �B�����4�+�������L�����4�3�	���.��� � �J�a���4�U�L� ! �j�5� �
Proof: (of Lemma17)Two cases.

Case1: �o©E#,$-&('(�2#%$	&(#%$	&F'0/jü��5m . Applying Lemma10
with �ûKg�°)A#%$	&.' gives ð¦�M�°/@© 1 Â �2#%$	&(#%$	&('0/]üe�5m Ä ¯

Case2: #%$	&('(�m#,$-&(#%$	&('0/]üe�5m ¸á�X¸ª' . Lemma19gives

ðÈ�M�9/�©á3b�Í�Á� ~ ! �J#,$-&('0/ ù 1 � r /
Apply Lemma20with § K � �J#,$-&(' :

ðÈ�M�9/¶© 3b�Í�Á� ½ �"ü #%$	& Zu�"ü ' ~ ! �J#%$	&.'0/ù ð¦�2?�)+#,$-& ½ ?�/ ù 1 � rFù #,$-&��°)<�M�°)A#%$	&+'0/ Zu�"ü � ¯
The fact that #,$-&@'(�m#,$-&(#,$-&('0/jü��5m ¸ �
impliesthat #%$	&('zK 1 �M�°)+#,$-& ü�� m �9/ and #,$-&F�°)<�M�°)A#%$	&+'0/�Zu�"ü©g�m#,$-&@#%$	&('0/ & �5m . This, in turn,gives

ð¦�Á�9/®© 3	�Í�M��)A#,$-& Zu�5m � ~ ! �J#,$-&('d/ù ðÈ�2?�)A#%$	& ½ ?�/ ù 1 �2#%$	&F#,$-&('0/ & �5m© 3bð¦�M��)A#,$-& Zu�5m �°/ù ðÈ�2?�)A#%$	& ½ ?�/ ù 1 �2#%$	&F#,$-&('0/ & �5m
Now, we get an upperboundon the costby just taking

themaximumof thecostsin thetwo cases.Thisgives

ð¦�M�°/@©¹3ºðÈ�M�°)A#%$	& Z"�5m �9/ ù ð¦�2?>)A#,$-& ½ ?�/ ù 1 �m#,$-&@#%$	&('0/ & �5m
Theproofis completedby applyingthisinequality18times.
Eachtime, we get

1 �m'0/ additive space. Hence,the total
spaceoverheadis

1 �2'0/ .
Final upper bound
Theorem21 There is an ��� � RAM solutionto the static
dictionaryproblemwith querytime] !��\�D��! ADCFEHM�;?ADCFEHADCFETADC�ETG���ADCFEHA�C�ETADCFEHMONADCFEHADCFETM @4  ADCFETGADCFEHA�C�ETG #¡#P ] � �\�D� � ADCFEHM¢@ ! ADC�ETGUIvA�C�ETADCFEHG �J�
andspace

1 �2'0/ .
Proof: Startingwith 'P? -bit keys,weuseLemma17:

ð¦�2?�/FK 1 � ð¦�2?>)A#,$-& ½ ?�/ ù �2#%$	&(#%$	&('0/ & �5m � (1)

We now study the problemof storingkeys of length ��K?�)A#%$	& ½ ? . We use Corollary 13 with sDK¤£ and §¼K



#,$-&('*)S�m#,$-&.?�/ Ã . Since ��©�?�)A#%$	& ½ ? , we have that §ôÿ�J#,$-&.'�#%$	&@?�)6? and we can useour Select instruction
accordingto the discussionprecedingCorollary 13. This
givesussignaturesof length �°)A#%$	&@� , eachsignaturerepre-
sentsa Hammingball of diameter#%$	&('*)<�2#%$	&(?�/ Ã .

ð¦�M�9/.Kôð¦�M��)A#,$-&(�9/ ù �Ì�M� ~ #,$-&('*)S�m#,$-&F�9/ Ã /
Applying Lemma16gives

ð¦�Á�9/.K¹ðÈ�M�°)A#%$	&(�9/ ù �2#%$	&F#,$-&(#%$	&(' » #%$	&@#,$-&(#,$-&F�9/ ¯ (2)

Wenow distinguishtwo cases.First, if #%$	&F�º�m#,$-&(#%$	&(#%$	&(' »#,$-&(#,$-&(#%$	&F�9/�)A#%$	&.#%$	&F�f© � 7 5�:�;7 5":S7 5�:<; , we just apply Equa-

tion 2 recursively
1 �2#%$	&Þ�°)A#%$	&.#%$	&F�9/ times. Since �z¸ ?

andsincetheadditionalcostof
1 �u�m#,$-&F#%$	&@'0/ & � m�/ in Equa-

tion 1 is negligible, theproof followsfor thiscase.
In the second case#,$-&F�º�2#%$	&@#,$-&(#,$-&(' » #%$	&(#%$	&(#%$	&��9/")A#%$	&@#,$-&F�ø` � 7 5":<;7 5":S7 5�:�; .

In this case, #,$-&F�EK =>���J$	#��N#,$-&('0/ which implies that#,$-&(#,$-&(#%$	&(' » #,$-&.#,$-&(#,$-&F�ÅK 1 � r / . Thus,Equation2 gives�����j�J¥�����¦X�B�j�	���4�v�j�.���Y��� �U¥����§¦U�d�j��¨8�4� ©����4�J¦	�.���O��� �ª �����j�J¥�����¦X�B«F�+��� ! ���4�¢¬­���4�U���4�J¦ #
Lemma6 gives���i�j�U¥<� ! ���4�J¦���4�¢¬­ � ���4� ¬­���4�U���4�J¦ #
We now set #,$-& ¬I K � #%$	&('>#%$	&.#%$	&(' . Again, the proof

follows since � ¸ ? and since the additional cost of1 �u�2#%$	&F#,$-&('0/ & �5m�/ in Equation1 is negligible.

4 Dynamization

Theproofof thefollowing theoremis omitted.Themain
idea is that our clusteringfunctionswork with very high
probability.

Theorem22 Onan ����� RAMwith randomization,wecan
maintaina dynamicclusteringstructure supportinginser-
tion, deletion,and search. Thespaceis

1 �2'0/ . Theworst
casequerytime and the expectedamortizedinsertionand
deletiontimesare] !	�\����! ADCFEHM�;?ADC�ETADCFEHA�C�ETG®�¯ADCFEHADCFETADC�ETMYNA�C�ETADCFEHM @   A�C�ETGADCFETADC�ETG #¢#
Grouping and sorting
We addressthe problemof sorting ' words on an �����
RAM using

1 �2'0/ spaceand ^S�m'>#,$-&@'0/ time. Previoussub-'�#%$	&.' solutionseitherusedmultiplication [11] or super-
linear space[2]. As a subroutinein our solution,we con-
sidertheproblemof groupingduplicates, i.e. producinga
permutationof thesequencewhereidenticalwordsarecon-
secutive. Note that a sortingalgorithmis alsoa grouping
algorithm,but that the conversedoesnot necessarilyhold.
From[2], wedohave:

Lemma 23 Onan ����� RAM,if wecanidentifyduplicates
among' keysin time °z�2'0/ andspace±û�2'0/ , wecansort '
keysin time

1 ��°��m'0/N#,$-&F#%$	&@'0/ andspace±Å�m'0/ .
Thesimplestway of groupingduplicatesis to insertthe

keysoneby oneusingadynamicdictionary, usingTheorem
22. Below, wegivea fastermethod.

As pointedout in [2], theresultsfrom [1] imply

Lemma 24 Onan ����� RAM,wecansort ' keysof length?�)S�m#,$-&('>#,$-&(#%$	&('0/ in time
1 �2'0/ andspace

1 �2'0/ .
Theorem25 We can find and group duplicatesin a set
of size ' in

1 �2'>#,$-&(#%$	&('0/ expectedtimeby a randomized����� RAMalgorithmusinglinear space.

Proof: If 'þÿ 3O²o a , we can immediatelyapply Theo-
rem22. Thus,wemayassumethat 'z¸¹3O²o a

We wish to reduce our grouping problem into two
simpler grouping problems. First we apply Lemma 1
with a random ­ , mappingour keys into signaturesof
length

r � �2#%$	&('0/]?�)6§ , where § ` r � �2#%$	&('0/°�2#%$	&(?�/ . Our
first groupingproblemis that of groupingthe signatures.
Therebytheoriginal keys getgroupedinto Hammingballs
of radius§ . To eachsuchHammingball, we applyLemma
3, mappingthekeys into keys of size

r � § Ã �m#,$-&(?�/ . Group-
ing thesekeys finalize the groupingof the original keys.
Trivially, the groupingproblemfrom eachHammingball
canbe reducedto onegroupingproblemof ' keys. Thus,
theabove constructionshows that thegroupingproblemof'Ì? -bit keys can be reducedone groupingproblemof '� r � �2#%$	&@'0/j?�)º§º/ -bit keys, and one groupingproblemof '�³)-§ Ã #,$-&@?�/ -bit keys.

Setting §ªK n! ?¦�2#%$	&F'0/")S�Á3+#%$	&(?�/ , we get two group-
ing problemsfor keys of the samelength. Note that §ª`r � �2#%$	&.'0/9�m#,$-&@?�/ sincewehaveassumed'�¸ª3´²o a .

The key length of our two grouping problems is� �2? Ã � ½-�m#,$-&('0/ Ã � ½-�m#,$-&(?�/ Zu� ½6/ . Since ' ¸ 3O²o a ,�2#%$	&('0/ Ã � ½ �2#%$	&('>#%$	&(#%$	&@'0/(Kô^S�m?�Zu� ½ )S�m#,$-&(?�/"Z"� ½ / , so

� �m? Ã � ½ �2#%$	&('0/ Ã � ½ �2#%$	&@?�/ Z"� ½ /(K 1 �2?�)<�2#%$	&@'>#%$	&(#%$	&@'0/u/ ¯
Henceeachcanbesolvedin lineartimeby Lemma24. That
is, for '�¸á3 ²o a , theduplicategroupingproblemof 'V? -bit
keys,is solvedin lineartimeandlinearspace.

Combiningwith Lemma23,weget

Corollary 26 We can sort in linear spaceand expected
time

1 �2'(�m#,$-&@#%$	&('0/ Ã / on an ��� � RAM with randomiza-
tion.

A monotonepriority queueis a priority queuewith non-
decreasingminimum,asis thecasefor applicationswithin
greedyalgorithms. Modifying a reductionfrom [20], we
derive



Corollary 27 There is a monotone ����� priority queue
supportingfind-min in constanttimeandinsert and
delete in expectedamortizedtime

1 �u�m#,$-&@#%$	&('0/ Ã / .
(On a Circuit RAM we can actually save a factor1 �2#%$	&@#%$	&@#,$-&('0/ in the boundsof Theorem25 andCorol-
laries26and27.)

5 Lower bounds

In orderto presentour lowerbounds,weintroduceanew
modelof computation,the circuit computationtree. This
modeldoesnothaveanotionof a randomaccessmemory-
thestaticdatastructureis built into thetree.

A circuit computationtree µ is a rootedtree,taking as
input a word B of length ? . Eachinternalnode ¶ contains
exactlyB gates,B ÿª? beingaparametercalledthebreadth
of thetree.Eachgate¶ is a £ - or ¡ -gatetakingasinput an
arbitrarysubsetof the gatesin the parentnode,the input
variablesB*� �Á� , andtheir negations·AB*� �Á� . A givensubsetof
thegatesin ¶ of sizeS arecalledselectiongates.HereS © B

is anotherparameter, we call S the selectionlengthof µ .
All internalnodeshave exactly 3 S childrencorresponding
to eachof thepossibleinstantiationsof theselectiongates.
Thusany instantiationB of theinputword definesa unique
pathfrom the root to someleaf, calledthe leaf of B . Each
leaf is labelledeither � or

r
. Thelabelontheleafof B is the

value µP�mBJ/ of thecomputationby µ on B .
Proposition28 Let ¸ be a data structure of size U and 

bea circuit RAMprogram 
 with worst caserunningtimev , returning � or

r
on each input BÇCE} �<~ rb� a . There is

a circuit computationtree µ of breadth ?XW.Y[Z]\ , depth
1 �mvu/

and selectionlength #%$	&ÞU so that µP�mBJ/VK¹
V�2B ~ ¸�/ for allBoCx} �<~ rb� a .

Proof: (sketch)Straightforwardsimulation,wesimply“fold
out” all possiblecomputationsof theprogram.Thebranch-
ing is usedto simulateconditionaljumpsandindirect ad-
dressing.An interestingpoint is that the simulationholds
even if the query programis allowed to useany amount
of spaceadditionalto the datastructure. In that case,we
simulateindirect readin a constantnumberof steps,first
checking(with an ����� circuit) if we reada memorylo-
cationwherewe alreadywrotesomething,andif not, then
simulatingreadingin thedatastructure.

Proposition28showsthatin orderto show thedeterministic
versionof thedesiredlowerboundsfor theCircuit RAM, it
is sufficient to constructa setwhich cannotbe decidedby
any circuit computationtreewith certainparameters.In or-
der to get therandomizedlower bound,we shalldo some-
thing stronger. We shallconstructa setconsistingof pairs,
suchthat no circuit computationtree with certainparam-
eterscanseparatemorethana small fraction of the pairs.
By a simpleaveragingargument,this will give thedesired

randomizedlowerboundsfor theproblemof storingtheset
consistingof first componentsof thepairs.

Our lower boundproof usesHåstad’s switchingLemma
[12]. Ratherthantheoriginalversion,weusethefollowing
slightvariation,whichappearsasLemma1 in [4]. Thisver-
sionhastheadvantagesof leaving a predeterminednumber
of variablesunsetandyielding a decisiontreeratherthan
a DNF formula. Recall that a restriction on � variables
is a map º ¨¦} r ~°¯°¯�¯�~ � � ³ } �<~ r ~ � � . If º��2�]/zK � , we
saythatthe � ’ th variableis unset.We canapplytherestric-
tion to a function � with domain } ��~ r	� Ï . This yields a
function �v» ona smallerdomain,namelythesubdomainof} ��~ rb� Ï matchingthe restriction.Two restrictionsaresaid
to bedisjoint if they setsomebit differently, implying that
the restricteddomainsthey specifyaredisjoint. We call a
function semi-L -simple if it is expressibleas a DNF or a
CNFwith termsize L . A functionis saidto be L -simpleif it
is decidableby a decisiontreeof depth L . Notethat if � is
a conjunctionor disjunctionof L -simplefunctions,then �
is semi-L -simple.Theotherdirectiondoesnot hold but the
switchinglemmagivesussomethingalmostasgood:

Lemma 29(Håstad’sSwitching Lemma)
Let � ¨Þ} �<~ r	� Ï ³ } ��~ r	� be semi-L -simple. For U�ÿ � ,To© r )V¼ , wehavethatwith probabilityat least

rÅ» �d¼eT�L</¾½ ,
for a randomrestriction º leavingexactly T�� variablesun-
set, � » is U -simple.

Lemma 30 Let � Z ~�¯°¯�¯°~ � ½ ¨S} �<~ rb� Ïô³Ú} �<~ rb� be L -simple.
Let º bea randomrestrictionwhich leaves§ freevariables.
Then, �¿��� ÀN�@¨+� »� is notconstant�*©Ì§bL<Uº)6�
Proof: First, randomlyfix all the ? input bits, therebyfix-
ing all the � � . Sinceeach� � is L -simple,thereis a set { � of
theinput bits of size ©gL , whosecurrentinstantiationfixes� � . As aresult,all � � aredeterminedby thecurrentinstanti-
ationof theinputbits in {�K , � { � where   {Ù µ©¹U6L .

Now, randomlyunfix a set
ó

of § variables.If
ó

does
not intersect{ , theoutputis still determinedby theinstan-
tiation of thebits in { . Since

ó
is randomtheprobability

that
ó

intersects{ is boundedby §bL<Uº)6? .

In thefollowing discussionwefix B ÿª?�ÿ S ÿ r � andlet
K K¹#%$	& B.

Lemma 31 Let each of � Z ~�¯°¯°¯°~ � B ¨A} ��~ rb� aá³·} �<~ r	� be
expressedas an £ -gate or an ¡ -gate taking a numberof
K-simplefunctionsas input. Let º bea randomrestriction
leaving ?�)S� r 3 � SK ü6/ input bits free. Thenwith probabilityÿ r�»�r ) K Ã , � »Z ~�¯°¯°¯°~ � »

S areconstantand � »
Sk Z ~�¯°¯�¯°~ � »

B are
K-simple.

Proof: First,weapplyarandomrestrictionº à from Lemma
29with U�KôLVK K andTøK r )S��£ � K / . This leaves ?�)<��£ � K /
inputvariablesfree.For any specific� , � » 
� is K-simplewith



probabilityat least
r�»¹r ) B. Thuswith probabilityat leastrd»fr ) B ÿ rd»fr )b3 K
Ã
, all the � »� ’sareK-simple.Now, apply

Lemma30with ��Kô?�)<��£ � K / and §>Kô?�)S� r 3 � SK ü6/ to get
a randomrestrictionon theremainingfreevariables.With
probabilityatleast

rµ» §bL<Uº)6��K r-»¦r )') K
Ã
, thecompositionº of thetwo restrictionshas � »Z ~�¯°¯�¯°~ � »Á constant.

At first sight,knowing thatarandomrestrictionsimplifiesa
nodein acomputationtreedoesnotseemparticularlyhelp-
ful. In order to get the lower boundswe want, we have
to considercomputationtreesdecidingquite a small set,
and a randomrestrictionis likely to wipe out sucha set
completely. We now show how we canusetheprobabilis-
tic methodto replacetherandomrestrictionby onefrom a
small,fixed,family, andtherebycircumventthisproblem.

We shallusea Chernoff boundargument.Thefollowing
versionof theChernoff boundcanbefoundin [18].

Lemma 32 Let { Z ~ { Ã ~�¯°¯°¯°~ { Ï beindependentBernoulli
trials with �¿��� { � K r �FK T . Let { KÃÂ�{ � and let ËáKÄ � {��JK¹� T . Then�����2{�`á3bË0/�¸0�-ÛJÅb� ½ .
Lemma 33 There is a fixed family of pairwise dis-
joint restrictions º Z ~°¯�¯°¯°~ º B Æ on ? variablesleaving free?�)S� r 3 � SK ü6/ bits such that for any choice of functions� Z ~°¯�¯°¯�~ � B, each being expressedas an £ -gate or an ¡ -
gatewith at most3 B inputs,each inputbeingsomeK-simple
function,thereis at leasta fraction

rA» 3-) K Ã of thepossible
valuesof �QC } r ~°¯�¯°¯9~ B ü � such that � »5ÇZ ~�¯°¯�¯°~ � »6ÇS are con-
stantand � » Ç

Sk Z ~°¯�¯°¯�~ � » Ç
B are K-simple.

Proof: The restrictions º Z ~°¯�¯°¯°~ º B Æ will be chosenran-
domly andindependently, andthenwe will show that they
havethedesiredpropertieswith non-zeroprobability.

By Lemma31,for afixedchoiceof the � � ’seachº � does
not work with probability at most

r ) K Ã . Assumewith-
out loss of generality(a smallerprobability is clearly in
our favor) that the probability is exactly

r ) K Ã . The ex-
pectednumberof º � that do not works is thus B üº) K Ã . By
Lemma32 the probability that morethana 3 B üb) K Ã K�3ºË
do not work is lessthan �-ÛJÅb� ½ KÈ�	Û B Æ �°Y ½ 7 5":eq B \ . How-
ever, there are at most ? B ©Î3 B 7 5�: B different choices
for eachinput to each � (eachchoice correspondsto a
decisiontree of depth K Ký#,$-& B), so thereare at most3 B 7 5": B Y Ã B \ B KE3 Ã B nµ7 5�: B KE^S���-Û B Æ �9Y ½ K qu\]/ differentpos-
sible families of � � ’s. Hence,with probability

rQ» ^S� r / ,º Z ~°¯°¯�¯9~ º B Æ have thedesiredproperty, thatfor everyfamily
thereis a sufficientnumberof the º � ’s thatwork.

Next, notethat for two randomrestrictionsleaving less
thanafraction

r ) r 3 � of thevariablesfree,at leastafractionr	r 9N) r 3 � of thevariablesarefixedonbothof them.Oneach
suchvariable, they disagreewith probability

r )	3 . Thus,
two restrictionsare not disjoint with probability at most3NÛ0Y[Z"Z & ��Z Ã �e\2a . Therefore,all therestrictionsfail to bepair-
wise disjoint with probability at most � B ü�/ Ã 3NÛ*YtZ�Z & ��Z Ã ��\ma

but sincewe canassume?Eÿ r 3 � S�m#,$-& B / Ã (otherwisethe
statementof thelemmais vacuous),thelattervalueis neg-
ligible. We concludethantherandomfamily of restrictions
hastheright propertieswith positive probability, andthata
goodfamily of restrictionsthereforeexists.

Wesaythata tree µ separates �mB ~u� /�C�} ��~ r	� aø÷P} ��~ r	� a ifB and � donothavethesameleaf in µ .

Theorem34 For values ? ~ B ~ s ~ S with B ÿ¾? ÿ S ÿr �-� , ? ÿ � r 3 � SK ü6/¾� , and sý¸ K )b3 , there is a set
V�2? ~ B ~ s ~ S/�|�} �<~ r	� a ÷á} �<~ rb� a of size ' K B ü6� with
the following property. No circuit computationtree µ of
breadth B and degree 3 S separatesmore than a fraction3bsS) K Ã of thepairs in 
V�2? ~ B ~ s ~ S/ .
Proof: Theset 
V�2? ~ B ~ s ~ S/ is definedrecursively in s :É 
V�m? ~ B ~��<~ S/(K }µ� � a ~ r aA/ � .É 
V�m? ~ B ~ s ~ S/ for s�` � is definedasfollows. Pick

thesequenceof B ü restrictionsasin Lemma33. For
eachrestrictionº � , thereare?�)<� r 3 � SK

Ã / unsetvari-
ables. Choosefixings for thesevariablesby going
throughall the elementsof 
V�2?�)<� r 3 � SK ü�/ ~ B ~ s »r ~

S/ (which by inductionis alreadydefined).This
yieldsa set 
 � . Let 
V�2? ~ B ~ s ~ S/ betheunionof all
the 
 � ’s.

We now show, by inductionin s , that 
V�m? ~ B ~ s ~ S/ has
theright property. To make theinductionroll, we show the
statementfor a slightly larger classof objectsthancircuit
computationtrees,namelyaugmentedcircuit computation
trees.An augmentedcircuit computationtreeof breadthB,
height s , anddegree 3 S is definedasa circuit computation
tree,exceptthat eachgatein the root mayget inputsfrom
at mostB precomputedK-simplevalues(K K #,$-& B) in ad-
dition to inputvariablesandtheirnegations.

For sfK � , thetheoremclearlyholds. A circuit compu-
tationtreeof depth0 (a leaf)separatenopairs.

Now assumesÍ` � , andassumethe theoremholdsfor
smaller s . Let µ be a circuit computationtreeof depth s .
By Lemma33,at leasta

r@» 3-) K Ã fractionof the º � restric-
tions make the selectiongatesin the root constantandall
othergatesin theroot K-simple. Take oneof thoserestric-
tions, º � . Apply it to µ . Theselectiongatesof therootnow
definesa constantvector, say � . Follow the � -branchout of
theroot andconsiderthesubtreefoundthere. It is anaug-
mentedcircuit computationtreeof breadthB, depth s »¹r ,
andselectionlengthS, soit separatesatmosta 3��ms »xr /") K Ã
fraction of the pairsof 
 � Ktº � ��
V�2? ~ B ~ s ~ S/"/ . But if the
restrictedsubtreedoesnot separatetherestrictionof a par-
ticular pair, theoriginal subtreedoesnot separatetheorigi-
nal pair. Thus,for eachof thesets
 � for which º � hasthe
desiredproperty, µ separatesat most a �ms » r /�) K Ã frac-
tion of 
 � . Thus,thetotal fractionof pairsin 
V�2? ~ B ~ s ~ S/
separatedby µ is atmost 3µ) K Ã ù 3<�Ms »�r /�) K Ã Kg3bsS) K Ã .



Theorem34 andProposition28 now givesusall the lower
boundswewant.For instance,toshow alowerboundonde-
terministicworstcasetime, we considerstoringtheset 
 Z
of first componentsof 
EKÊ
V�m? ~ B ~ s ~ S/ for appropriately
chosenvaluesof the parameters.If a treedoesnot sepa-
ratethe first andsecondcomponents,it cannotdecide 
 Z ,
sincethefirst andsecondcomponentsshouldgivedifferent
outputs.If we want to show a lower boundon theaverage
querytime, we againconsiderstoringthe set 
 Z . Assume
that theaveragequerytime (over 
 Z ) is v andchopoff the
computationafter 3ºv steps. At leasthalf the inputs in 
 Z
musthave producedanoutputby then.But this meansthat
the treehasseparatedthe correspondingpairs, if it is cor-
rect. This givesa circuit computationtreeseparatinghalf
thepairsin 
 , a contradiction.If we want to show a lower
boundonthequerytimeof MonteCarloschemes,weagain
considerstoringthe set 
 Z itself. In a solution,freezethe
randomchoicesmade,so thatwe get a deterministicsolu-
tion, giving the correctansweron 3-)�£ of the pairsof 
 .
Suchasolutionmustseparateat least

r )8£ of thepairsof 
 ,
acontradiction.

To get the lower boundsin the Introduction,we only
have to settheparametersright. To getTheoremB, we fix
some_¦` ��~ � ` r andlet 'ÌK ?ûü4Ëj�e� , B K�?ÌË , sfK r )b3	_ ,
andS K¹?�� . Theset 
 Z of first componentsof 
V�m? ~ B ~ s ~ S/
hassize ' K�?ûü4Ëj��� , andTheorem34 andProposition28
now givesTheoremB.

To get the lower bound parts of TheoremA and C,
let B K ?�Ë , S K �2#%$	&(?�/ Ë , and sDK 7 5�:<aü4Ë67 5�:S7 5�:<a . The
set 
 Z of first componentsof 
V�2? ~ B ~ s ~ S/ hassize 'EK?û7 5":<ad�µ7 5�:<7 5":<a , and Theorem34 andProposition28 now
givesusthelowerboundpartsof TheoremA andC.

References

[1] S.AlbersandT.Hagerup,Improvedparallelintegersorting
withoutconcurrentwriting, in Proceedingsof the3rd ACM-
SIAMSymposiumon DiscreteAlgorithms, pages463–472,
1992.

[2] A. Andersson,T. Hagerup,S.Nilsson,andR. Raman.Sort-
ing in lineartime?In Proc.27thACMSymposiumonTheory
of Computing(STOC), pages427–436,1995.

[3] A. Andersson.Sublogarithmicsearchingwithout multipli-
cations.In Proc.FOCS, 1995.

[4] P. Beame.A switchinglemmaprimer. Manuscript,1994.
[5] P.W. Beame,S.A.Cook,H.J.Hoover. Log depthcircuitsfor

divisionandrelatedproblems.SIAMJournalonComputing,
15:994–1003,1986.

[6] J.L.Carter and M.N. Wegman. Universal classesof hash
functions,J. Comp.Syst.Sci.18 (1979),143–154.

[7] A.K. Chandra,L. Stockmeyer, and U. Vishkin. Constant
depthreducibility. SIAM Journal on Computing, 13:423–
439,1984.

[8] M. Dietzfelbinger, T. Hagerup,J. Katajainen,andM. Pent-
tonen. A reliablerandomizedalgorithmfor theclosest-pair
problem. TechnicalReport513, FachbereichInformatik,
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