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Abstract

In this paperwe considersolutionsto the static dictio-
nary problemon AC° RAMs,i.e. randomaccessnadines
wheee theonly restrictionon thefinite instructionsetis that
all computationalnstructionsarein AC°. Our mainresult
is a tight upperand lower boundof ©(4/logn/ loglogn)
on the time for answeringmembeship queriesin a setof
sizen whenreasonablespaceis usedfor the data struc-
ture storingthe set; the upperboundcanbe obtainedusing
O(n) space and the lower boundholds evenif we allow
space2 Polvlegn

Several variations of this result are also obtained.
Amongothers, we showa tradeof betweertimeandcircuit
depthunder the unit-costassumption:any RAM instruc-
tion setwhich permitsa linear space constantquerytime
solutionto the static dictionary problemmusthavean in-
structionof depthQ(log w/ log log w), whee w is theword
sizeof the madine (andlog the sizeof the universe). This
matdesthe depth of multiplication and integer division,
usedin the perfecthashingschemeby Fredman,Komios
and Szemexdi.

1 Intr oduction

The most fundamentaldata structure problem is the
staticdictionaryproblem:Givenaset A containingn keys,
eachbeinga bit vectorof lengthw, storeit asa datastruc-
turein the memoryof arandomaccessnachine usingfew
memoryregisters,eachcontainingw bits (aword), sothat
membershipueries‘ls x € A?" canbe answereceffi-
ciently for ary valueof z. In addition,if z € A, we might
wantto retrieve someinformationassociatewith x. Weare
interestedn tradeofs betweerthe storagespacgmeasured
by the numberof registersused)andthe querytime.

Theset A canbe storedasa sortedtableusingn mem-
ory registersallowing queriesto be answeredisingbinary
searchin O(logn) time. Yao [22] first consideredthe
possibility of improving this solutionandprovided anim-
provementfor certaincases. Fredman,Komlos and Sze-
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merédi [10] shaved that for all valuesof w andn, there
is a storageschemeusing O(n) memoryregisters,so that
gueriescanbe answeredn constantime. Their technique
is two level hashingbasedon the family of hashfunctions
hi(z) = (kxz mod p) mod s. Thus,multiplicationandin-

teger division areusedby the queryprogram. Sincethese
instructionsare usually consideredexpensve, it is natural
to askwhethertheir usecanbe avoided. The family may
bereplacedy afamily dueto Knuth[14, p.509]usingonly

multiplication, bitwise Booleanoperationsand shifts (see
[8] for details),sointegerdivision is not essential.But so

far, the existenceof optimal schemedor static dictionar

ieswith multiplicationreplacedyy cheapeinstructionshas
remainedanopenproblem.

One natural, robust, and generallyacceptedormaliza-
tion of whatit meandor a functionto be“cheap”is mem-
bershipin AC?, i.e. thefunction shouldbeimplementable
by a constantdepth, unboundedfan-in (AND,OR,NOT)-
circuit of sizew®®. This is the approachtaken in this
paperwe considersolvingthe staticdictionaryproblemon
AC° RAMs Informally, an AC® RAM is aRAM with an
instructionsetconsistingof directandindirectaddressing,
conditionaljump, anda finite numberof computationain-
structionseachmappinga constannumberof wordsto one
word. All computationainstructionsbelongto AC°. All
instructionsarechagedunit cost.

Ourmainresultsarethefollowing.

Theorem A Thee is a solutionto the static dictionary
problemon an AC® RAM using O(n) spaceand with a

worst casequery time of O(y/logn/loglogn). On the
other hand, querytime o(1/logn/ loglogn) is not possi-

ble on any AC® RAM evenif space2P°¥!°e™ js allowed.

TheoremB For anye > 0, thereis a solutionto the static
dictionary problemon an AC° RAM with constantquery
timeusingspaceD(2+°) for storingsetsof sizen = 2¢°" .

On the other hand, on no AC® RAM ther is a constant
guerytime solution using spaceZ“’o(l) for storing setsof

sizen = 2(egw)*,



The lower boundsabove actually holdsin a moregen-
eralmodelthanthe AC® RAM, the Circuit RAM By a Cir-
cuit RAM with word sizew we meana RAM with direct
andindirectaddressinggonditionaljump, anda numberof
computationainstructionseachmappinga constantnum-
ber of wordsto oneword. The computationalnstructions
canbechoserarbitrarily, i.e. they donothaveto bein AC°.
However, eachinstructionhasanassociated¢ost The cost
of direct and indirect addressingand conditionaljump is
1. Thecostof a computationalnstructionis d, whered is
minimumdepthof acircuit of sizew®") implementinghe
instruction.Thetime of anexecutionis the sumof thecosts
of all theinstructionsexecuted. If aproblemcanbesolved
by an AC® RAM usingtime ¢, it canalsobe solved by a
Circuit RAM usingtime O(t). We believe the Circuit RAM
is quite a naturalmodelof computationdeservingfurther
study Notethatwe do notdisallonv expensieinstructions
suchasmultiplication, we justchagethemmore,usingthe
well-studieddepthmeasurerom circuit compledity.  In
the Circuit RAM model, the two level hashingschemeof
[10] hasquerytime O(log w/ loglogw), sincemultiplica-
tion [5] arein NC! andary functionin NC* haspoly-
nomial size circuits of depthO(log w/ loglogw) [7]. We
provide a matchinglower boundthat also generalizeghe
lower boundof TheoremA.

Theorem C Ther is no Circuit RAM solution to the
static dictionary problemusing space2P°%!°g™ and with
query time o(logw/loglogw). In fact, for any word
length w, there is a fixed set X C {0,1}* of size
n = 20(og” w/loglogw) gq that any Circuit RAM dictio-
naryfor X usingspace2P°1°e " hasworstcasequerytime
Q(y/logn/loglogn) = Q(logw/loglogw). Theresult
holds evenfor Monte Carlo schemesand with worst case
timereplacedwith avelage casetime (wheetheavermageis
overthesetX)

Techniquesused

Our upperboundsare shavn using a clusteringstructue.
Thedatastructurds basedntwo kindsof “hash-like” func-
tions, clusteringfunctionsclusteringthe input into Ham-
ming balls of smallradiusandclusterbustes hashingeach
individualHammingball. The AC? instructionsetrequired
is non-standardyut not unrealistic. We hopethatthe clus-
tering structuremight inspire future hardware designby
pointingout potentiallyusefulinstructions.

Our lower boundrelieson a recursve constructionof a
difficult set. At eachlevel of the recursionwe useproba-
bilistic methodsncludingHastads switchinglemma[12].

Relatedreseach

Apartfrom the sortedtable,previouslinear spacesolutions
to the static dictionary problem implementableon AC?
RAMs were constructedby Tarjanand Yao [19], achie/-
ing constantquerytime if w = clogn for someconstant

¢, andby Willard [21] andKarlsson[13], achieving query
time O(y/w).

Previous lower boundsfor the staticdictionaryproblem
have beenobtainedby Fich andMiltersen[9, 17]. Thefor-
mer papergiveslower boundsfor the casewherethe com-
putationainstructionsallowedareaddition,subtractiorand
multiplication (the ClassicalRAM), the latter for the case
wherethe computationainstructionsallowed areaddition,
subtractionpitwise Booleanoperationsandarbitraryshifts
(the Practical RAM). It is interestingto comparethe pre-
vious boundswith the new ones.If constaniquerytime is
desiredthefollowing spaceboundsarenecessargndsuffi-
cient(for setsof sizew < n < 2*): OntheClassicaRAM
€2%, on the PracticalRAM 2, and on the AC° RAM
2@ If linear spaceis desired,logarithmic querytime is
optimalfor the ClassicaRAM, but not for the AC° RAM.
Thebestcurrentlower boundfor the PracticalRAM is the
Q(y/logn/ loglog n) oneimplied by this paperimproving
the Q(loglogn) oneof [17].

From circuit compleity thereis a result of Mansour
Nisan,andTiwari [16] (building on [15]) thatno AC? cir-
cuitimplementsafamily of universalhashfunctions{ H; },
where“implements”meanshat the circuit on input (k, z)
computesH,, (x). This resultis animmediatecorollary of
our lower boundsasthe following argumentshows: Sup-
pose,to the contrary thatan AC? circuit computinga uni-
versalfamily exists. Thisfamily couldreplacethefamily of
hashfunctionsusedby Fredman,Komlés and Szemegdi,
and thusyielding an O(n) space,0(1) querytime AC?
RAM solutionto the staticdictionaryproblem,contradict-
ing TheoremA, B andC. However, our resultis moregen-
eral: In the contet of staticdictionariestheir resultshovs
thatwe cannoffind asingle AC? instructionto replacemul-
tiplication in universalhashingschemessuchasthe FKS-
technique but it doesnot tell us anything aboutwhatcan
be achieved by programswhich arenot basedon universal
hashing.As our upperboundshaws, therearealternatves
to universalhashingfor solving the staticdictionaryprob-
lem, andour lower boundscover all possibleprograms.

Notation

In therestof the paperthesymboln will alwaysdenotethe
sizeof the setwe wantto storein a dictionary The symbol
w is thelengthof thekeys to be storedandtheword sizeof
themachine In our recursve constructionswe mightwant
to storesetssmallerthann containingkeys shorterthanw.
Usually the size of sucha setwill be denotedm andthe
lengthof thekeysb.

We shall assumethat variousfractionsand logarithms
areintegersto avoid looking attediousspecialcases.

We let & denoteexclusive-or. Lettersz, y, z, z; etcnor
mally represent$it vectors. The jth bit of vectorz is de-
notedz[j]. Oftenani-bit vectorz is identifiedwith the set
{i|z[i] = 1}. If abooleanoperationis appliedto two bit-
vectorsof the samelength,the applicationis understoodo



be bit-wise. For example,giventwo [-bit vectorsz, y, we
havex Vy =z Uy andz Ay = z Ny. Thesymbol\ de-
notessetdifference(of setsor words). By |z| we meanthe
Hammingweightof z, i.e. thenumberof 1-bitsin x. Note
that|z @ y| is thustheHammingdistancebetween: andy.
The Hammingball with centerc andradiusr is the setof
bit vectors{z € {0,1}* : |z ® ¢| < r}. TheHammingball
with center0®” andradiusr is denotedH,.. In somecases,
we useH? to markthatthe keys areof lengthb.

Let K C {1,2,...,w}. Theprojectionfunctionmg :
{0,1}* — {0, 1}/¥! selectshe bits markedby K from its
input.

2 Simpleupper bounds

Lemmal Let A C {0,1}* be a setof at mostn ele-
ments,andletr < w/20. Let K be a randomsubsetof
of {1,...,w} of size10(logn)w/r. Wth probability at
leastl — 1/n®, for all z,y € A, |z ® y| > r implies

K (®) # TR (Y)-

Proof: Letz,y beaparticularpairin A with |z @ y| > r.
Let ¢ be a randomindex in {1,...,w}. The probability
thatz[i] = y[é] is atmost1l — r/w. Thus,if K is aran-
domly chosersetof size10(logn)w/r, the probabilitythat
i (x) = T (y) isatmost(1—r/w) 00 »)»/* Theprob-
ability thatwx (z) = 7wk (y) for anysuchpairz, y is there-
foreatmost(}) (1 — r/w)00cemw/r < 1 /n3, "

We userg asa clusteringfunction. For the clusterbuster
we need:

Lemma2 Let A C H, with |4| = m. Letl;, I5,..., I,
berandomlychosensubsetof {1, ..., 10r logm}, ead of
size5log m. Letu {0,1}* — {0,1}!07lee™ pethemap
definedby p(z) = Uy; Q <[i]=1}1i- Thenp is 1-1on A with
probability > 1 —1/m?.

Proof: Considerary pair z,y in A with z # y. There
is anindex ¢, sothatz[{] # y[i]. Assumewithout lossof
generalitythatz[i] = 1 andy[i] = 0. We seethatu(z) =
u(y) implies; C u(y) but |u(y)| < 5rlogm, soPK(I; C

,u(:i’)) < 9-blogm — L. The numberof pairsin A is
<m? sopisl-1onA Wlth probabilityl — 1/m?. ]
Lemma3 Thee is an AC° function b, : {0,1}* —
{0,1}20r*leg v whichis 1-10n H,..

Proof: Apply Lemma2with A = H,.. ]

We now shav how to useLemmasl and3 for construct-
ing AC® RAM solutionsto the staticdictionary problem.
Thebasicideafor storingasetA is this. First, A is hashed
usingthefunctionn g with K choserasin Lemmal. This
partitions(clusters)the setinto a numberof buckets,each
beingasubsebf someHammingball of radiusr. Eachsuch

subsetd’ canbestoredby storingthe centere of the Ham-
mingballin asingleword, andthenusingtheinjectivefunc-
tion of Lemma3 to storetheset{z @ c¢|z € A’} C H, ina

collisionfreehashtableusingspace!0™* o8 w Eachbucket
is indexed by a signatue of 10(logn)w/r bits (i.e. the
valueof 7 for the elementdn the bucket), soif we store
pointersto the bucketsnaively usingan array indexed by
the possiblevaluesof 7k, we would usespace2!0(log »)w/r
which is too muchfor our purpose.In orderto avoid this,
we recussivelystorethe signaturesisingour schemewith
pointersto the bucketsasassociatednformation. We call
theresultingdatastructurea clusteringstructuse.

A query program for the clustering structure needs
some non-standardnstructions: We needan instruction
Select(K,z) which computesthe function mx on in-
put z. Here the word K is interpretedas the con-
catenationof a list of numbersbetweenl and w. Let
these numbersbe ki, ks, ..., ky 105w, The output is
z[k1]z[kz] . .. 2[kw/105w]- This function can be seento
bein AC®. Note thatin orderto storethe index K of
the clusteringfunction in constantspace,we must have
K < w/logw orequialently r > 10(log n)(log w).

We also needan instruction BustHammingBall(r, z),
wherer is a numberbetweenl andw. Theinstructionap-
pliesthefunctionh, of Lemma3 to z, andis easilyseeno
bein AC?, giventhislemma.

In more detail: We representa setof m b-bit keys in
a datastructureT and the function Find(T, z,b) returns
areferenceo z, this references simply a numberin the
interval [0..m — 1]. Let K andr beasin Lemmal. Let
Y = {rk(z)|z € X}. ThesetY isrepresentedecursvely
in the datastructureT.Y. T alsocontainsanarrayT.C :
[0..m — 1] — {0,1}® suchthatif i = Find(7.Y, 7k (z),b)
for somez, thenthereis suchan z for which T.C[i] =
z. Thus,accordingto Lemmal, for ary z € X, |z &
T.Clrg(2)]| <.

As therecursiorproceedsthekey lengthb will decrease.
Whenb < by, for somespecifiedvalue by we switch to
someotherdatastructure.In the recursive implementation
belav, we mark this switch by the function Find' (T, z).
Our implementatiorof Find is of the following recursve
form:

Algorithm A:  Find(T,z,b)

A.l. if b < by, returnFind' (7T, z).

A.2. i+ Find(T.Y,Select(K, z),|K]).

A.3. returnT.B[i,BustHammingBall(r,z & T.C[i])].
Above, T.B is a 2-dimensionabrray with entriesfrom

[0..m — 1] x {0, 1}107*1e8 v _Sinceall elementdrom X are

mappedo differententriesin B, we just needto fill these

entrieswith differentvaluesin orderto make our function

Find 1-1 on X. The spaceof the datastructureT is the
spaceof therecursve datastructurel.Y for theat mostm



(10(log n)w/r)-bit keysin Y plus1+m+m 2107 legw —
O(m - 2107" leg w) wordsfor storing K andthe arraysT.C
andT.B.

We get the following upperbounds,the first of which
givestheupperboundof TheoremB of theintroduction.

Corollary 4 For anye > 0, thereis an AC° RAMsolution
to the static dictionary problemfor setsof sizen < 2%°/4
with querytime O(1) usingspace2®".

Proof: Letr = 10(logn)w/'%°. Apply the construc-
tion above. After oneiteration, we reducethe size of the
keys to be storedto 10(logn)w/r = w'=¢/1%, By it-
erating100/e timeswe thus have reducedthe domain of
the keys to be storedto constantsize,i.e. a trivial prob-
lem. At eachrecursve level we useO(n - 2197 °g ') space.
Thereare100/e recursve levels, so the total spaceusedis
(100/€)n210r*logw < gu*, o

Corollary 5 Thee is an AC® RAM solutionto the static
dictionary problemsfor setsof size n with query time
O(log w/ loglog w) usingspace2 Pelvlogn,

Proof: Letr = 10(logn)(logw)?. After one itera-
tion of the generalconstructionthe size of the keys is re-
ducedby a factor ©(logw), so after O(log w/ loglog w)
iterations, the problem is trivial. The spaceused is
O((log w/ loglog w)n2107* (ke w))  This is 2Pel¥leen f
logn > logw/loglogw. Butif logn < logw/loglogw,
the sortedtable/binarysearchsolution yields the desired
bound. ]

Lemma6 A setof n keys, ead containingk bits, can be

storedusinglinear spaceandwith querytime O (llgggg ) .
k

Proof: We storethe setasa Padked B-tree[3], i.e. aB-
treeof degreew/k, whereeachB-treenodeis represented
insideaword. In orderto searchthepacledB-tree,we need
aninstructionRank(P, X, k) thatviewsthewordsP and X
asdivided in k-bit fields. If the fieldsin P areleft-right
sorted the instructionreturnsthe rank of the leftmostfield
in X amongthefieldsin P. This instructionis clearlyin
ACP. [

Corollary 7 Thee is an AC® RAM solutionto the static
dictionary problemsfor setsof size n with query time

O(+/log n/ loglog n) andspace2(pelylogn)(polylog w)

Proof: Letr = 10(logn)?(logw). Eachiteration of
the generalconstructionreduceghe numberof bits in the

keys by at leasta factorlogn, so after y/logn/loglogn
iterations, the number of bits in the keys is reduced

by at leasta factor 2vicenloglogn — Thys we can ap-
ply lemma6 with ¥ = w/2VIcenlegleen and search
in the setof signaturesusingtime O(y/logn/loglogn).
The spaceusedis O((y/logn/loglogn)n2!0r*(legw)y —
]

9(polylog n)( polylog w)

3 Improvedupper bounds

In this sectionwe improve the spaceto linearin n and
independentf w. Somedetailsareomitted.

Definition 8 Let H(b,r) bethe maximumcostfor seach-
ingin adatastructue storingat mostn keysin linear space
wheee eac key belongsto HE. Also,letT'(b) = H (b, b).

Notethatwe do notincludethe sizeof the stored(sub-)set
in this notation. Thisturnsoutto beconvenient,for in most

of our calculationsve only needthefactthatthetotal num-

ber of keysis n. Thetotal searchcostin our global data
structures T'(w) (= H(w,w)).

Lemma9 Assumehat for each setA C H?, of at most
n keys, there is a function f which, whenappliedon A,
producesvaluesin H,’ff sud thatfor anyz;, z; € A, |z; ®
zj| > r" impliesf(z;) # f(z;). Then

H(b,r) =0(1)+ H',r'") + H(b,r")

Proof: (very brief sketch)We useanimproved versionof
theclusteringstructure.The generaideais to usea cluster
functionto split the searchprobleminto two simplerprob-
lems,definedrecursvely. First, we searchfor a datastruc-
ture associatedvith thevalue f(x) andthenwe searchfor
z in this datastructure utilizing thefactthatz is contained
in aHammingball with smallerradius. ]

Basecaseof recursion
After anumberof recursve stepsthe searchproblemswill
besimpleenoughto be handleddirectlyin linearspace.
First, we notethat H(b,0) = O(1) sincea Hamming
ball of radius0 only containsonekey. Next, we notethat
Lemma6 givesT'(b) = O(logn/log(w/b)). Finally, we
getonebasecaseby simulatingtraditionalhashcodingby
amultiplicationtable.

Lemma 10 T'(clogn) = O(c).

Proof: (Sketch)We storethe keys in a hash-codegath-
compressettie. We uselogn bitsfor branchinghencethe
heightof thetrie is ¢. At eachnode,theoutgoingedgesare
storedin a hashtable. We useperfecthashingandsimulate
multiplicationby a precomputednultiplicationtable. m

Clustering the input into Hamming balls

We improveoverLemmal by replacingthe selectedits by
theparity of polylogw bits. Thefollowing lemmais stated
without proof.

Lemmall Let I be a randomk x [ (k odd) matrix of
independentlychosenbit-positionsin {1,2,...,w}. De-
fine the functionC' : {0,1}* — {0,1} by C(2)[j] =
EBf:l z[I[i,5]]. Then, for any w-bit strings z,y with
|z @ y| = r, Pr(C(z) = C(y)) < max(e™'™+/) e~t/1).



Lemmal2 LetA C {0, 1} bea setof at mostn elements,
andletr < b. For anyconstantd > 1letk = (logb)?
andlet ! = 100blogn/(rlog®b). Let C bethe random
functiondefinedin Lemmall. Then,with probability at
least1 — 1/n3, for any pair z,y in A with |z & y| = r,

Clz) # C(y)-

Proof: Therearen? pairsz,y € A sotheboundin Lemma
11is sufiicientto provethelemma. ]

We can usethe function of lemma12 as a clustering
function. For this, in additionto the Sel ect instruction
we needan instruction Bl ockPari t y(z, k) that views
the word z as divided in k-bit fields, computesthe par
ity of eachfield, and concatenatethe results. If we re-
strict the parameterk to be lessthan polylogw, the in-
structionis in AC°. Note that we needto selectk x I
bits wherek = (logb)? andl = 100blogn/(rlog®b).
To do this using the Sel ect instruction, we must have
r > 100blognlogw/w.

Corollary 13 If 7 > 100blogn log w/w then

bl
T(H) =1+T ( Ogd”) + H(b, 7).
rlog®b

Cluster Busters

We improve over Lemmas2 and 3 by an alternatve tech-
nigue,reducingtheradiusof the Hammingballin anumber
of iterations.

Lemmal4 For any a, ther is an AC? circuit C
{0,1}* — {0,1}8°e" such that for any z,y €
Hlogn/(alog w)» |$@y| > logn/(a2 logw) |mp||ESC(.'IJ) 7£
Cy).

Proof: For ¢ = 1,...,w, chooserandomly I;
{0,1,...,w — 1}, |I;| = 4alogw, and defineC(x)
Ui€z I’

Considerz,y € Higgn/(alogw) With |z| > |y|. Set
d = |z®y|l. Then|z \y| > d/2. Also |C(y)| <
4alogwlogn/(alogw) = 4logn, so

1N

Pr(C(z) = C(y)) < Pr(C(z\y) C C(y)) < 9—d/2-4alogw_

Note that the numberof pairsin A is dominatedby
| Hiog n/alog w|? < w?le8n/alogw = p2/a Hencethe prob-
ability C'(z) = C(y) for somez,y € Hiogn/alogw With
|z @ y| > logn/a?logw is < n?/@2~4/>4alogw whichis
< 1iff2/a-logn < d/2-4alogw iff d > logn/a®logw.
Hencethereexistsa circuit separatingll the pairs. ]

The circuit in Lemmal4 canbe implementedoy a single
instructionReduceHammingBall(a, n, z) with parameters
a andn. Hencewe have

Corollary 15 H((b,logn/(alogw)) = T(8logn) +
H(b,logn/(a?logw)) + O(1).

Lemmal6 H(w,logn/(logw)®> = O(logloglogn —
logloglogw).

Proof: Combining Corollary 15 and Lemma 10 gives

H((b,logn/(alogw)) = H (b, |_10g n/(a” log 'u))J ) + O(1).
Applying recursvely t timesgivesH (b, log n/ (log wlog w))

=H (b, I}ogn/(logf wlogw)J) + O(t). SinceH (w,0) =

0(1), we are done when logn/(logw)? ! < 1 ie.
whenloglogn < (2¢ + 1)loglogw. This holds when
logloglogn < t + logloglogw i.e whenlogloglogn —
logloglogw < t. ]

Clustering with rangereduction
In orderto useCorollary13effectively, we needthefollow-
ing lemma,whichis provenin this subsection.

Lemma 17 Theeis a clusteringfunctionfor thereduction
T(w)=0 (T(w/ log® w) + (loglog m)s/g) .
ThefunctionrequiresO(n) additionalspace

Lemma 18 Theke is a parameterizeddC° function f(a) :
{0,1}* — {0,1}*/%e*» such that for any set 4 C
{0,1}* with at mostw elementsif a is picked at random,
f(a) is 1-1on A with probability at least1 — 1 /w?®.

Proof: We startby proving two facts.

Fact 1: Assumethat thereis an AC? circuit C(a) :
{0,1}v® — {0,1}V®/*, 4 > 1, which, for someparam-
eterof a, is 1-1onasetY of /w-bit keys. Then,thereis
an AC? circuit C(a) : {0,1}* — {0,1}*/* which, for the
sameparameter, is 1-1for ary setof w-bit keys formed
by concatenatinfgeysfromY".

Proof: Duplicatethecircuit 1/w times.

Fact 2: Thereis a parameterizediC° function C(a) :
{0,1}V® — {0,1}0(/=/1eg’ w) gychthatfor ary setA C
{0,1}v* of atmostw? keys, if a is pickedatrandomC'(a)
is 1-1on A with probabilityatleastl — 1/w?®.

Proof: Omitted. Similar to the proof of Lemmasi1
and12.

Now, perceve eachword in A asdivided into /w-bit
pieces.This givesusasetY of w+/w keys. Hence Fact2
givesusa circuit C(a) : {0,1}V® — {0,1}0(Vu/leg?w)
whichis 1-1onY. SinceA canbeconstructedy concate-
natingkeysin Y, we canapply Fact1 with . = O (log® w),
which givesusthedesiredfunction. ]

Lemma19 T'(b) < 2H (b,+/blogn) + O(1).



Proof: If we applyLemmal with » = y/blogn, it follows
that we can pick a b-bit word with » 1s suchthat for ary
z,y € X,if [z ®dy|l > r, thenz Aa # y A a. Hence,if
we usez A a asa clusteringfunction, the setof signatures
is containedin H\/m and eachclusterhave Hamming

radius/blogn. ]

Lemma 20 Thee is a clusteringfunction performingthe
following reduction:
logw
b/r )

H(b,r) =0 (H (Vor,r) +T ( Y ) +
Whenappliedon a setof sizem the functionrequires

log® w
O(m) extra space

Proof: Let X bethe setto be storedandlet ¢ = /b/r.
Perceve eachword z as divided into ¢-bit pieces. Let
z(iy = z[(i — 1)q + 1..i¢] denotethe ith piece. Now de-
fine a clusteringfunction ff : {0,1}* — {0,1}*/9 sothat
fi(z)[é] = 1iff thereisalin z(i). Clearlyall f] isimple-
mentableby one AC? circuit with alog w input parameter
q. Whenusing f asaclusteringfunction,thesignaturesire
(b/q)-bit keys containingat mostr 1s; they canbe stored
with querytime H(b/q,r).

Next, we addressthe problem of storing the clusters.
Considera clusterof sizem andlet y bethe signaturecor-
respondingo this cluster Eachbit in y corresponddo a
g-bit field. The clusterhave oneimportantproperty: For
eachbit whichis 0 in y the correspondindield in all keys
in the clustercontainsonly 0s. The mainideais to shorten
thekeys by removing thes€’empty” fields.

Casel: m < w. Applying Lemmal8 givesquerycost
T(w/ log® w).

Case2: m > w. Associatedvith X (y),westoreF'(y) =
ay - - oy Wherea; is a (log w)-bit integertelling the po-
sition of theith 1 in y. The maximumnumberof 1sin y
is b/q; if therearelessthanb/q 1s,thenthelasta;s areset
to 0. F'(y) containsb/q (log w)-bit integers. Hence,F (y)
occupieso(m) space.(Furthermoregacha; canbe gener
atedin constantime,andhenceF'(y) canbeconstructedn
O(b/q) = o(m) time.) We caneasilybuild an AC? circuit
C{:{0,1}* — {0,1}*/l°8 ¥ sothat

Cg(maal o 'aw/logw) = .’L'<C¥1> o 'x<aw/logw>

Hence thefunction

FUz, a1+ apyq) = z{ar) -+ 2{ay/q)

canbe computedby applyingC{ 1 + blogw/(qw) times
<1+ logw/qtimes.

Now given z;,z2 € X(y), if 1 # x,, then
fiz1, F(y)) # fi(z2, F(y)). Sinceeachkey containsat
mostr 1s,the keys producedby f7 areof lengthqr. They
canbestoredata costof H(gr,r) + O(1 + logw/q).

In orderto getan upﬁerboundon the total querytime,
we canaddthe costsof thetwo cases.

H(b,r) < H(b/q,7) + H(gr,r) + O(1 + logw/q) + T (w/ log® w)
< 2H(Vbr,7) + T(w/ log® w) + O (1 + logw/\/b/r)

Proof: (of Lemmal7) Two cases.
Casel: b < logn(loglogn)*/?. Applying Lemma10
with ¢ = b/ logn givesT'(b) < O ((loglogn)*/?) .
Case2: logn(loglogn)*/? < b < n. Lemmal9gives

T(b) < 2H(b,+/blogn) + O(1)
Apply Lemma20with » = v/blogn:
T®) < 2H(*log'*n,/blogn)
+ T(w/log*w) + 0O (1 +logb/(b/ logn)1/4) .
The fact that logn(loglogn)*/? < b

impliesthatlogn = O(b/ log*/® b) andlog b/ (b/ logn)*/*
< (loglogn)8/°. This,in turn, gives

2H (b/log"/* b, /blogn)

+T(w/ log® w) + O(loglogn)®/°
< 2T (b/log°b)

+T(w/ log® w) + O(log logn)®/®

T®) <

Now, we getan upperboundon the costby just taking
themaximumof the costsin thetwo casesThis gives

T(b) < 2T (b/ log*® b) + T'(w/ log® w) + O(loglog n)®/°

Theproofis completedy applyingthisinequalityl8times.
Eachtime, we get O(n) additive space. Hence,the total
spaceoverheads O(n). |

Final upper bound
Theorem?21 Thee is an AC° RAM solutionto the static
dictionary problemwith querytime

0 [ min log w(log log log n — log log log w)7 logn
loglog w loglogn

=0 (min (log w, /logn/loglog n))

andspaceO(n).

Proof: Startingwith n w-bit keys,we useLemmal7:
T(w)=0 (T(w/ log® w) + (loglog n)s/g) (1)

We now studythe problemof storingkeys of lengthd =
w/log® w. We use Corollary 13 with d = 3 andr =



logn/(logw)?. Sinceb < w/log® w, we have thatr >
blognlogw/w andwe canuseour Sel ect instruction
accordingto the discussiormprecedingCorollary 13. This
givesussignature®f lengthb/ log b, eachsignaturerepre-
sentsa Hammingball of diametedog n/(log w)?.

T(b) = T(b/logb) + H(b,logn/(logb)?)
Applying Lemmal6 gives
T(b) =T(b/logb) + (logloglogn — logloglogb). (2)
We now distinguishtwo casesFirst, if log b(logloglogn —
logloglogb)/loglogh < 4/ r{g"ﬁg—n, we just apply Equa-
tion 2 recursvely O(log b/ loglogb) times. Sinceb < w

andsincethe additionalcostof O((loglogn)®/?) in Equa-
tior|1 lis negligible,ﬁhe proof followsfor this case.
n the

second case
log b(log loglog n — logloglogb)/loglogb > T:lgog—".

In this case,logb = Q(polylogn) which implies that
logloglogn—logloglogb = O(1). Thus,Equation? gives
T(b) =T (n,b/logb) + O(1) = T (n,b/ polylog n) + O(1)

b
= T(b):T(n,lc)—l—O( o8 & )

loglogn
Lemmasb gives
1 log &
Ty =0 8L Bk
log loglogn

We now setlog 2 = y/lognloglogn. Again, the proof
follows sinceb < w and since the additional cost of
O((loglogn)®/?) in Equationl is negligible. ]

4 Dynamization

Theproofof thefollowing theorems omitted. Themain
ideais that our clusteringfunctionswork with very high
probability.

Theorem22 Onan AC°® RAMwith randomizationywecan
maintaina dynamicclusteringstructue supportinginser
tion, deletion,and seach. Thespaceis O(n). Theworst
casequerytime and the expectedamortizedinsertionand

deletiontimesare
logn

’ loglogn
Grouping and sorting
We addressthe problemof sorting n words on an AC°
RAM usingO(n) spaceando(nlogn) time. Previoussub-
nlogn solutionseitherusedmultiplication [11] or super
linear spacef2]. As a subroutinein our solution,we con-
siderthe problemof groupingduplicatesi.e. producinga
permutatiorof the sequencevhereidenticalwordsarecon-
secutve. Note that a sortingalgorithmis alsoa grouping
algorithm, but thatthe corversedoesnot necessarilyjhold.
From[2], we do have:

o (min (log w(log log log n — log log log w)
log log w

Lemma 23 Onan AC° RAM,if wecanidentifyduplicates
amongn keysin time D(n) andspaceS(n), wecansortn
keysin timeO(D(n) loglog n) andspaceS(n).

The simplestway of groupingduplicateds to insertthe
keys oneby oneusinga dynamicdictionary usingTheorem
22. Below, we give afastermethod.

As pointedoutin [2], theresultsfrom [1] imply

Lemma 24 Onan AC° RAM,wecansortn keysof length
w/(lognloglogn) in timeO(n) andspaceO(n).

Theorem 25 We can find and group duplicatesin a set
of sizen in O(nloglogn) expectedime by a randomized
AC° RAMalgorithmusinglinear space

Proof: If n > 2V we canimmediatelyapply Theo-
rem22. Thus,we mayassumehatn < 2 V»

We wish to reduce our grouping problem into two
simpler grouping problems. First we apply Lemma 1
with a random K, mappingour keys into signaturesof
length 10(log n)w/r, wherer > 10(logn)(logw). Our
first grouping problemis that of groupingthe signatures.
Therebythe original keys getgroupedinto Hammingballs
of radiusr. To eachsuchHammingball, we applyLemma
3, mappingthe keys into keys of size 10r?(log w). Group-
ing thesekeys finalize the grouping of the original keys.
Trivially, the grouping problemfrom eachHammingball
canbereducedo onegroupingproblemof n keys. Thus,
the above constructiorshavs thatthe groupingproblemof
n w-bit keys can be reducedone groupingproblemof n
(10(log n)w/r)-bit keys, and one groupingproblemof n
(47% log w)-bit keys.

Settingr = ¢/w(logn)/(2logw), we gettwo group-
ing problemsfor keys of the samelength. Note thatr >
10(log n)(log w) sincewe have assumedh < 2V,

The key length of our two grouping problems is
O(w?/3(logn)?/3(logw)'/3). Since n < 2V¥
(logn)?/3(lognloglogn) = o(w'/?/(logw)'/?3), so

0 (w*3(logn)*3(logw)'/?) = O(w/(log nloglogn)).

Henceeachcanbesolvedin lineartime by Lemma24. That
is, forn < 2V, theduplicategroupingproblemof n w-bit
keys, is solvedin lineartime andlinearspace. ]

Combiningwith Lemma23, we get

Corollary 26 We can sort in linear spaceand expected
time O(n(loglogn)?) on an AC° RAM with randomiza-
tion.

A monotonepriority queueis a priority queuewith non-
decreasingninimum, asis the casefor applicationswithin
greedyalgorithms. Modifying a reductionfrom [20], we
derive



Corollary 27 Thee is a monotoneAC? priority queue
supportingf i nd- m n in constantimeandi nsert and
del et e in expectecamortizedime O((log log n)?).

(On a Circuit RAM we can actually save a factor
O(logloglogn) in the boundsof Theorem25 and Corol-
laries26 and27.)

5 Lower bounds

In orderto presenburlowerboundswe introduceanew
modelof computationthe circuit computationtree This
modeldoesnot have anotionof arandomaccessnemory-
the staticdatastructureis built into thetree.

A circuit computatiortree 7 is a rootedtree, taking as
inputaword z of lengthw. Eachinternalnodev contains
exactlyB gatesp > w beingaparametecalledthebreadth
of thetree. Eachgatew is a A- or V-gatetakingasinputan
arbitrary subsetof the gatesin the parentnode,the input
variablesz[i], andtheir negations—z[i]. A givensubsebf
thegatesn v of sizes arecalledselectiorgates Heres < B
is anotherparameterwe call s the selectionlengthof 7.
All internalnodeshave exactly 25 childrencorresponding
to eachof the possibleinstantiation®f the selectiongates.
Thusary instantiationz of theinput word definesa unique
pathfrom the root to someleaf, calledthe leaf of z. Each
leafis labelledeither0 or 1. Thelabelontheleafof z is the
value7 (z) of thecomputatiorby 7 onz.

Proposition28 Let ¢ be a data structue of sizes and P
bea circuit RAM program P with worst caserunningtime
t, returning0 or 1 on eadh inputz € {0,1}*. Theris
a circuit computatiortree 7~ of breadthw®™), depthO(t)
and selectionlengthlog s sothat 7(z) = P(z,¢) for all
xz € {0,1}".

Proof: (sketch)Straightforvardsimulation we simply “fold

out” all possiblecomputation®f the program.Thebranch-
ing is usedto simulateconditionaljumpsandindirect ad-
dressing.An interestingpoint is that the simulationholds
even if the query programis allowed to useary amount
of spaceadditionalto the datastructure. In that case,we
simulateindirect readin a constantnumberof steps,first
checking(with an AC? circuit) if we reada memorylo-

cationwherewe alreadywrote somethingandif not, then
simulatingreadingin the datastructure. ]

Propositior28 shavsthatin orderto shav thedeterministic
versionof thedesiredower bounddor the Circuit RAM, it
is sufficient to constructa setwhich cannotbe decidedby
ary circuit computatiortreewith certainparametersin or-
derto getthe randomizedower bound,we shalldo some-
thing stronger We shall constructa setconsistingof pairs,
suchthat no circuit computationtree with certainparam-
eterscanseparatenore thana small fraction of the pairs.
By a simpleaveragingargument,this will give the desired

randomizedower bounddgfor the problemof storingthe set
consistingof first componentsf thepairs.

Our lower boundproof usesHastads switchingLemma
[12]. Ratherthantheoriginal version,we usethefollowing
slightvariation,whichappearsisLemmal in [4]. Thisver
sionhastheadvantage®f leaving a predeterminediumber
of variablesunsetandyielding a decisiontree ratherthan
a DNF formula. Recallthat a restriction on m variables
isamapp : {1,...,m} — {0,1,x}. If p(i) = %, we
saythatthei’th variableis unset.We canapplytherestric-
tion to a function f with domain{0,1}™. This yields a
function f# onasmallerdomain,namelythe subdomairof
{0, 1} matchingthe restriction. Two restrictionsaresaid
to bedisjointif they setsomebit differently, implying that
the restricteddomainsthey specifyaredisjoint. We call a
function semik-simpleif it is expressibleasa DNF or a
CNFwith termsizek. A functionis saidto be k-simpleif it
is decidableby a decisiontreeof depthk. Notethatif f is
a conjunctionor disjunctionof k-simplefunctions,then f
is semi%-simple. The otherdirectiondoesnot hold but the
switchinglemmagivesussomethingalmostasgood:

Lemma 29 (Hastad's Switching Lemma)

Letf : {0,1}™ — {0,1} be semik-simple For s > 0,
p < 1/7, wehavethatwith probability at least1 — (7pk)*,
for arandomrestrictionp leavingexactlypm variablesun-
set, f? is s-simple

Lemma30 Letfi,..., f; : {0,1}™ — {0, 1} bek-simple
Letp bearandomrestrictionwhich leaves: freevariables.
Then,

Pr[3i : ff isnotconstant < rks/m

Proof: First,randomlyfix all thew inputbits, therebyfix-
ing all the f;. Sinceeachf; is k-simple,thereis asetX; of
theinput bits of size< k, whosecurrentinstantiatiorfixes
fi- As aresult,all f; aredeterminedy thecurrentinstanti-
ationof theinputbitsin X = J, X; where|X| < sk.

Now, randomlyunfix a setY” of r variables.If Y does
notintersectX, the outputis still determinedy theinstan-
tiation of thebitsin X. SinceY is randomthe probability
thatY intersectsX is boundeddy rks/w. |

In thefollowing discussiorwefix B > w > s > 10 andlet
K = logB.

Lemma31l Letead of f1,..., fg : {0,1}* — {0,1} be
expressedas an A-gate or an Vv-gate taking a numberof
K-simplefunctionsasinput. Let p be a randomrestriction
leavingw/(120sk*) input bits free Thenwith probability
>1-1/k?, ff,..., f& areconstanandfg, |, ..., fg are
K-simple

Proof: First,weapplyarandonrestrictionp’ fromLemma
29with s = k = K andp = 1/(30K). Thisleavesw/(30K)

inputvariabledree. For ary specificy, fjf" is K-simplewith



probabilityatleastl — 1/8. Thuswith probability at least
1-1/8>1-1/2k? all the f/"sarek-simple.Now, apply
Lemma30with m = w/(30K) andr = w/(120sk*) to get
arandomrestrictionon the remainingfree variables.With
probabilityatleastl —rks/m = 1—1/4k?, thecomposition
p of thetwo restrictionshasf/, . .., f5 constant. |

At first sight,knowing thata randomrestrictionsimplifiesa
nodein acomputatiortreedoesnot seemparticularlyhelp-
ful. In orderto getthe lower boundswe want, we have
to considercomputationtreesdeciding quite a small set,
and a randomrestrictionis likely to wipe out sucha set
completely We now shav how we canusethe probabilis-
tic methodto replacethe randomrestrictionby onefrom a
small,fixed,family, andtherebycircumwentthis problem.
We shallusea Chernof boundargument.Thefollowing
versionof the Chernof boundcanbefoundin [18].

Lemma32 Let X;, X5, ..., X,, beindependenBernoulli
trials with Pr[X; = 1] = p. LetX = ) X; andlet u =
E[X] = mp. ThenPr(X > 2u) < e #/3.

Lemma33 Thee is a fixed family of pairwise dis-
joint restrictionsp ,. .., pgs On w variablesleaving free
w/(120sk*) bits sudh that for any choice of functions
fi,--., fe, eat being expressedas an A-gate or an V-
gatewith at most2B inputs,ead inputbeingsomex-simple
function,thereis at leasta fraction1 — 2/k? of thepossible

valuesof i € {1,...,8*} sudthat f{*,..., f& are con-
stantand &' ,, . .., fg§' arex-simple
Proof: The restrictionsps, ..., pgs Will be chosenran-

domly andindependentlyandthenwe will shav thatthey
have the desiredpropertiesvith non-zeroprobability.

By Lemma31,for afixedchoiceof the f;'seachp; does
not work with probability at most 1/k2.  Assumewith-
out loss of generality(a smaller probability is clearly in
our favor) that the probability is exactly 1/k2. The ex-
pectednumberof p; thatdo not worksis thuss*/k%. By
Lemma32 the probability that morethana 28* /k? = 2y
do not work is lessthane=#/3 = ¢=B*/(3106*B)  How-
ever, thereare at mostwB < 2Bl B (ifferent choices
for eachinput to each f (eachchoice corresponddo a
decisiontree of depthk = logB), so there are at most
2BlogB(2B)B — 92B%logB — ,(o—B"/(3K*)) differentpos-
sible familiesof f;'s. Hence,with probability 1 — o(1),
p1,- .-, pgs havethedesiredoproperty thatfor everyfamily
thereis a sufficientnumberof the p;’s thatwork.

Next, notethatfor two randomrestrictionsleaving less
thanafraction1/120 of thevariabledree,atleastafraction
118/120 of thevariablesarefixedonbothof them.Oneach
suchvariable,they disagreewith probability 1/2. Thus,
two restrictionsare not disjoint with probability at most
2~ (118/120)w - Thereforeall the restrictionsfail to be pair-
wise disjoint with probability at most (B%)22—(118/120)w

but sincewe canassumay > 120s(log B)? (otherwisethe
statemenbf thelemmais vacuous)the lattervalueis neg-
ligible. We concludethantherandomfamily of restrictions
hastheright propertieswith positive probability, andthata
goodfamily of restrictionghereforeexists. ]

We saythatatree7 sepaates(z,y) € {0,1}* x {0, 1}>if
x andy do nothave the samédeafin 7.

Theorem34 For valuesw,B,d,s withe > w > s >
100, w > (120sk*)?, and d < K/2, ther is a set
P(w,B,d,s) C {0,1}* x {0,1}* of sizen = B* with
the following property No circuit computationtree 7~ of
breadths and degree 25 sepamtes more than a fraction

2d/k? of thepairsin P(w, B, d, S).

Proof: ThesetP(w, B,d, ) is definedrecursvelyin d:

* P(w,8,0,8) = {(0*,1")}.

e P(w,B,d,s) ford > 0 is definedasfollows. Pick
thesequencef B* restrictionsasin Lemma33. For
eachrestrictionp;, therearew/(120sk?) unsetvari-
ables. Choosefixings for thesevariablesby going
throughall the elementsof P(w/(120sk*),B,d —
1, s) (which by inductionis alreadydefined). This
yieldsasetP;. Let P(w, B, d, S) bethe unionof all
the P;’s.

We now shaw, by inductionin d, that P(w, B, d, S) has
theright property To make theinductionroll, we shav the
statemenfor a slightly larger classof objectsthan circuit
computationtrees,namelyaugmentecircuit computation
trees.An augmenteaircuit computatiortreeof breadths,
heightd, anddegree2S is definedasa circuit computation
tree,exceptthat eachgatein the root may getinputsfrom
atmostB precomputedk-simplevalues(k = logB) in ad-
dition to inputvariablesandtheir negations.

For d = 0, thetheoremclearly holds. A circuit compu-
tationtreeof depthO (aleaf) separatao pairs.

Now assumel > 0, andassumehe theoremholdsfor
smallerd. Let T beacircuit computatiortree of depthd.
By Lemma33,atleastal — 2/k? fractionof the p; restric-
tions make the selectiongatesin the root constantand all
othergatesin theroot k-simple. Take oneof thoserestric-
tions, p;. Apply it to 7. Theselectiongatesof therootnow
definesa constantector, sayc. Follow the c-branchout of
theroot andconsiderthe subtreefoundthere. It is anaug-
mentedcircuit computatiortreeof breadths, depthd — 1,
andselectiorlengths, soit separateatmosta2(d — 1) /k?
fraction of the pairsof P; = p;(P(w,B,d,s)). Butif the
restrictedsubtreedoesnot separatehe restrictionof a par
ticular pair, the original subtreedoesnot separat¢he origi-
nal pair. Thus,for eachof the setsP; for which p; hasthe
desiredproperty 7 separatesit mosta (d — 1)/k? frac-
tion of P,. Thus,thetotal fractionof pairsin P(w, B,d, S)
separatethy 7 is atmost2/k? + 2(d — 1) /k? = 2d/k*. m



Theorem34 andProposition28 now givesusall the lower
boundsvewant. Forinstanceto shav alowerboundonde-
terministicworst casetime, we considerstoringthe set P,
of first component®f P = P(w, B, d, S) for appropriately
chosenvaluesof the parameters.If a tree doesnot sepa-
ratethe first and secondcomponentsit cannotdecideP;,
sincethefirst andseconccomponentshouldgive different
outputs.If we wantto shawv alower boundon the average
guerytime, we againconsiderstoringthe set P;. Assume
thatthe averagequerytime (over P;) is t andchopoff the
computationafter 2t steps. At leasthalf the inputsin P;
musthave producedanoutputby then. But this meanghat
the tree hasseparatedhe correspondingpairs, if it is cor-
rect. This givesa circuit computationtree separatinghalf
the pairsin P, a contradiction.If we wantto shav alower
boundonthequerytime of Monte Carloschemesye again
considerstoringthe set P; itself. In a solution,freezethe
randomchoicesmade,so thatwe get a deterministicsolu-
tion, giving the correctansweron 2/3 of the pairsof P.
Suchasolutionmustseparatatleastl/3 of the pairsof P,
acontradiction.

To get the lower boundsin the Introduction, we only
have to setthe parametersight. To get TheoremB, we fix
somee > 0,c > 1 andletn = w*/¢, B = w®, d = 1/2¢,
ands = w*. ThesetP; of firstcomponentsf P(w, B, d, S)
hassizen = w?¢/¢, and Theorem34 and Proposition28

now givesTheorenB.
To get the lower bound parts of TheoremA and C,
lete = w, s = (logw)*, andd = &= The

set P, of first componentof P(w,B,d,S) hassizen =
w'egw/leglogw and Theorem34 and Proposition28 now
givesusthelower boundpartsof TheoremA andC.
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