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Abstract

We presenta significantimprovementon linear spacede-
terministicsortingandsearching. Ona unit-costRAMwith
word size � , an orderedsetof � � -bit keys (viewedasbi-
narystringsor integers)canbemaintainedin� ������
	��
 ��� ����� �� ������ ������� ����������� ��
� � � �
� ������� �
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timeperoperation,includinginsert,delete, membersearch,
andneighboursearch. Thecostfor searching is worst-case
while thecostfor updatesis amortized.Asan application,� keys can be sortedin linear at

��& � � ����� �(' worst-case
cost.

Thebestpreviousmethodfor deterministicsorting and
searching in linear spacehasbeenthe fusiontreeswhich
supportsupdatesandqueriesin

��) ����� �+* �
� �,�
� � �(- amor-
tizedtime and sorting in

��) � ����� �+* �����,����� �(- worst-case
time.

We also make two minor observationson adaptingour
datastructure to theinputdistributionandon thecomplex-
ity of perfecthashing.

1 Introduction

Recently, a numberof new findingson sortingandsearch-
ing, including priority queues,have beenpresented[1, 2,
6, 11]. Most of them use superlinearspaceor random-
ization; the bestdeterministicmethodusing linear space
hasbeenthe fusion treewhich supportsdictionaryopera-
tions in

��) ����� �+* �����,����� �(- amortizedtime [6]. Here,we
presenta significant improvement,showing that searches
and updatescan be performedin

� & � �
� � � ' amortized
time per operationand in linear space. This result also
impliesan improvedworst-caseboundon sortingin linear
space,from

��) � ����� �+* �����,����� �(- to
�.& � � �
� � �(' . (Very

recentlyRaman[10] hasdevelopeda new priority queue
with whichit is possibleto sortin deterministiclinearspace
in

��) � � �
� � � �
� ���
� � �(- time. This complexity is slightly
worsethan the onepresentedhere. On the otherhand,it
usesonly /1012 instructions.)

Thecomplexity of ouralgorithmis dependenton there-
lationbetween� , thenumberof keys,and � , thewordsize.
Theupperboundof

��) � �
� � �(- is independentof � ; when
taking both � and � into accountthe costis 3 ) � �
� � �(- in
many cases.As animportantexamplewe achieve a costof��) ����� � �
� ���
� � �(- ; this shows that the complexity of van
EmdeBoastrees[12, 13] canalmostbematchedin deter-
ministic linearspace.(Previously, theonly matchingdeter-
ministicdatastructurewasstatic[14].)

Wealsomaketwo minorobservationsonthecomplexity
of perfecthashingandon adaptingour datastructureto the
inputdistribution.

2 Summary of new results4,576 8:9(;7<>=@?BA CEDGF
Theorem 1 On a unit-costRAM with word size � , an or-
deredsetof � � -bit keys(viewedasbinary stringsor inte-
gers) canbemaintainedin�IH ���
	KJ � �L���� �L�B�M� �
� ������� ������ON � ������ �L�QPR� �TSQU ����� �WVYX

Z � �� ���
	��
 ��� ����� �� ������ ������� ����������� ��
� � � �
� ������� �
! "# $%

timeperoperation,includinginsert,delete, membersearch,
andneighboursearch. Thecostfor searching is worst-case
while thecostfor updatesis amortized.For range queries,
there is an additionalcostof reportingthefoundkeys. The
datastructure useslinear space.



Theinstructionrepertoireis thesameasfor fusiontrees,
i.e. it includesdouble-precisionmultiplicationbut not divi-
sion.

In thefollowing,wewill notdiscusstheinstructionsetin
detail. In onecasewewill show how to avoid theuseof di-
vision. Sinceweborrow sometechniquesfrom fusiontrees,
we needdouble-precisionmultiplication. Apart from tradi-
tionalarithmeticandbitwisebooleanoperations,weusethe
shift operation,which is not explicitly usedin fusiontrees.
Shifting is a simpleoperation,it canalsobesimulatedwith
double-precisionmultiplication(asdonein fusiontrees).

We notethatthereis no realneedfor a double-precision
multiplication;we cansimulatethatoperationwith a num-
ber of single-precisionmultiplications. (Anotherpossibil-
ity is to split each � -bit key into two � *�[ -bit keys and
to storethemin a trie of height2 suchthat eachnodein
thetrie is implementedasin Theorem1. Then,a “double-
precision”multiplicationwould beperformedby a single-
precisionmultiplication.)4,5\4 ]^?_D`9�F�?badcfeEA�?B= g�9�F ;`cf<EA
In Section4 wealsodiscusssomerelatedresults,statedbe-
low.

Wegivethefirst deterministicpolynomial-time(in � ) al-
gorithmfor constructingalinearspacestaticdictionarywith��) S - worst-caseaccesscost(cf. perfecthashing).

Observation 1 A linear spacestatic data structure sup-
portingmemberqueriesat a worstcasecostof

��) S - canbe
constructedin

� & �ih�j(k ' worst-casetime. Both construc-
tion andsearchingcanbedonewithoutdivision.

We also observe how to adapt our data structure to a
favourableinput distribution. For a moredetaileddiscus-
sionof theinterpretationof theobservationbelow, we refer
to Section4.2.

Observation 2 There exist a linear-spacedata structure
for which theworst-casecostof a search andtheamortized
costof an updateis

��) �����mlb�����Y�
� � �(- where lOn � is the
lengthof thequerykey’sdistinguishingprefix,i.e. thenum-
ber of bits that needto beinspectedin order to distinguish
it fromeach of theotherstoredkeys.

Finally we show that Theorem1 canbegeneralizedto the
casewhenthekeysarelongerthanonewordeach.

Theorem 2 Supposeeach key occupies o words. Then,
there exists a data structure occupying

��) o��(- spacefor
which theworst-casecostofasearch andtheamortizedcost
of anupdateis thesameasin Theorem1 plusanadditional
costof

��) o �����Y����� �(- peroperation.

3 Proof of Theorem 1p�576 qsr�tucf<E?b<fF@;G9+DvAw?B9(= xzydF�=@?B?bA
Our basicdatastructureis a multiway treewherethe de-
greesof the nodesdecreaseexponentiallydown the tree.
For relatedtechniques,seethereferences[3, 6, 8, 9].

Lemma 1 Supposea staticdatastructurecontaining{ keys
can be constructedin

� & { | ' time and space, such that
it supportsneighbourqueriesin

��)G}~) {@-L- worst-casetime.
Then,there existsa dynamicdata structure storing � keys
with thefollowingcosts:� it uses

��) �(- space;� it can be constructedfrom a sorted list in��) �(- worst-casetimeandspace;� the worst-casecost of searching (including
neighboursearch) satisfies� ) �(- Z ����}�� �+�L�L���_� � � � � | �������� theamortizedcostof restructuringduringup-
dates (i.e. the amortizedupdatecost when
the costof locating the updatepositionis not
counted)is

��) �����E�
� � �(- .
Proof: We useanexponentialsearch tree. It hasthe fol-
lowing properties:� Its roothasdegree � ) � ����� - .� Thekeysof therootarestoredin alocal(static)

datastructure,with thepropertiesstatedabove.
Duringasearch,thelocaldatastructureis used
to determinein which subtreethe searchis to
becontinued.� The subtreesare exponentialsearchtreesof
size � ) ��| ��� - .

First, we show that, given � sortedkeys, an exponential
searchtree can be constructedin linear time and space.
Sincethecostof constructinga nodeof degree{ is

� & { |�' ,
thetotalconstructioncost 0 ) �(- is givenby0 ) �(- Z ���E� � ����� � |�� � � �L���~� 0 � � | �L� �� 0 ) �(- Z ��) �(-Q�

Furthermore,with a similarequation,thespacerequired
by thedatastructurecanbeshown to be

��) �(- .
Next, we derive the searchcost,

� ) �(- . It follows im-
mediatelyfrom the descriptionof exponentialsearchtrees
that � ) �(- Z ����}�� � �L�L� �_� � � � � | ��� ���



Finally, weanalyzethecostof updates.Weonlyconsider
the costof restructuringandignorethe costof finding the
updateposition;thelattercostequalsthecostof searching.

Balanceis maintainedin a standardfashionby global
andpartialrebuilding. Let � 2 denotethenumberof present
elementsat the last global rebuilding. The next global re-
building will occur when � ����� 2 ����� 2 *w[ . Hence,the
linearcostof a globalrebuilding is amortizedover a linear
numberof updatesandtheamortizedcostis

��) S - .
At a global rebuilding, we set � 2 Z � andthe degree

of theroot is chosenas N � �����2 U , while thesizeof eachsub-

treeis
�w�� ��� �7¡£¢¥¤ S . Betweenglobal rebuildings,we ensure

thatthesubtreeshave sizeat least
� �h � � � �7¡ ¢K¤ S andat mosth �w�� � � �7¡ ¢ ¤ S . Whenanupdatecausesasubtreeto violatethis

condition,we examinethesumof thesizesof thatsubtree
andoneof its immediateneighbours.This sumis between�w�� � � �7¡ ¢¦¤ S and | �w�� � � �7¡ ¢§¤ S . By reconstructingthesetwo

subtreesinto one,two, three,or four new subtreeswe can
ensurethat the sizesof the new treeswill be far from the
limits. In this way, we guaranteethata linear—in thesize
of thesubtree—numberof updatesis neededbeforea sub-
treeis reconstructed.Sincethecostof constructinga sub-
treeis linearin thesizeof thesubtree,theamortizedcostof
reconstructingsubtreesis

��) S - .
Eachtime somesubtreesare reconstructed,the degree

of theroot will changeandtheroot mustbereconstructed.
Thecostof thisreconstructionis

��)L) � �L�L� - |�- . Again,this is
linear in thesizeof a subtree;hence,theamortizedcostof
reconstructingtheroot is

��) S - . Thisgivesusthefollowing
equationfor theamortizedrestructuringcost ¨ ) �(- :¨ ) �(- Z ��) S - � ¨ � � | ����� � ¨ ) �(- Z ��) �
� �Y����� �(-ª©
p�5\4 «M<�;7¬­tm=@c_g+?_¬­?_<fF®cf¯�¯LCEA�;`c°<>F = ?b?BA
Usingour terminology, thecentralpartof thefusiontreeis
astaticdatastructurewith thefollowing properties:

Lemma 2 (Fredman and Willard) For any { , { Z� & � �L��± ' , A staticdatastructure containing { keyscanbe
constructedin

��& { |�' timeandspace, such that it supports
neighbourqueriesin

��) S - worst-casetime.

Fredmanand Willard usedthis static datastructureto
implementa B-treewhereonly theupperlevels in the tree
containB-tree nodes,all having the samedegree(within
a constantfactor). At the lower levels, traditional (i.e.
comparison-based)weight-balancedtreeswereused. The

amortizedcostof searchesandupdatesis
��) ����� �+* ����� { ��
� � {R- for any { Z � & � ����± ' . The first term corresponds

to the numberof B-treelevels andthe secondterm corre-
spondsto theheightof theweight-balancedtrees.

Using an exponentialsearchtree insteadof the Fred-
man/Willard structure, we avoid the need for weight-
balancedtreesatthebottomat thesametimeasweimprove
thecomplexity for largewordsizes.

Lemma 3 A staticdatastructure containing{ keyscanbe
constructedin

� & { | ' timeandspace, such that it supports

neighbourqueriesin
� � � ���³²� �L�B�M��S � worst-casetime.

Proof: We just constructa staticB-treewhereeachnode
hasthelargestpossibledegreeaccordingto Lemma2. That
is, it hasa degreeof

����	 & {B´ � �L��± ' . This treesatisfiesthe
conditionsof thelemma.

©
Corollary 1 There is a data structure occupyinglinear
spacefor which the worst-casecost of a search and the

amortizedcostof anupdateis
� � � ���³�� ����� � �����Y����� � �

Proof: Let
� ) �(- betheworst-casesearchcost.Combining

Lemmas1 and3 givesthat� ) �(- Z � � ����� ������ � ��SE� � � � | �L��� � � ©
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In a binary trie, a nodeat depth » correspondsto an » -bit
prefix of one(or more)of thekeys storedin the trie. Sup-
posewe couldaccessa nodeby its prefix in constanttime
by meansof a hashtable, i.e. without traversingthe path
down to thenode.Then,wecouldfind akey ¼ , or ¼ ’s near-
estneighbour, in

��) �
� � � - time by a binarysearchfor the
nodecorrespondingto ¼ ’s longestmatchingprefix. At each
stepof thebinarysearch,we look in thehashtablefor the
nodecorrespondingto a prefix of ¼ ; if thenodeis therewe
try with alongerprefix,otherwisewetry with ashorterone.

The ideaof a binarysearchfor a matchingprefix is the
basic principle of the van Emde Boas tree [12, 13, 14].
However, a van EmdeBoastree is not just a plain binary
trie representedas above. One problemis the spacere-
quirements;aplainbinarytriestoring { keysmaycontainas
muchas � ) { � - nodes.In a vanEmdeBoastree,thenum-
berof nodesis decreasedto

��) {R- by carefuloptimization.
In our application� ) { � - nodescanbeallowed. There-

fore, to keepthingssimple,weuseaplainbinarytrie.



Lemma 4 A static data structure containing { keys and
supportingneighbourqueriesin

��) ����� � - worst-casetime
canbeconstructedin

�½& {�|�' timeandspace.

Proof: We studytwo cases.
Case1: ��¾ { �L�L¿ . Lemma3 givesconstantquerycost.
Case2: � n { �L��¿ . In

��) { � - Z 3 ) { hÀ- time andspace
weconstructabinarytrie of height � containingall { keys.
Eachkey is storedat thebottomof a pathof length � and
thekeys arelinkedtogether. In orderto supportneighbour
queries,eachunarynodecontainsaneighbourpointerto the
next (or previous)leafaccordingto theinordertraversal.

To allow fast accessto an arbitrary node,we storeall
nodesin a perfecthashtablesuchthateachnodeof depth» is representedby the » bits on thepathdown to thenode.
Sincethe pathsareof different length,we use � hashta-
bles, one for eachpath length. Eachhashtable contains
at most { nodes.Thealgorithmby Fredman,Komlos,and
Szemeredi[5] constructsa hashtableof { keys in

��) { ¿ � -
time. The algorithmusesdivision, this canbe avoidedby
simulatingeachdivisionin

��) � - time. With thisextracost,
and sincewe use � tables,the total constructiontime is�.& { ¿ � ¿ ' Z ��) { |�- while thespaceis

��) { � - Z 3 ) {@h�- .
With this datastructure,we can searchfor a key ¼ in��) ����� � - time by a binarysearchfor thenodecorrespond-

ing to ¼ ’s longestmatchingprefix. This searcheitherends
at thebottomof thetrie or at a unarynode,from which we
find the closestneighbouringleaf by following the node’s
neighbourpointer.

Duringasearch,evaluationof thehashfunctionrequires
integerdivision. However, aspointedout by Knuth [7], di-
vision with someprecomputedconstantÁ may essentially
be replacedby multiplicationwith S *ÂÁ . Having computedÃ ZÅÄ [ � *QÁzÆ oncein

��) � - time, we cancompute¼ DIV Á
as Ä ¼ Ã *w[ � Æ wherethe last division is just a right shift �
positions. Since Ä ¼�*ÂÁ�Æ�� S§Ç Ä ¼ Ã *�[ � Æ n Ä ¼_*ÂÁ�Æ we can
computethecorrectvalueof ¼ DIV Á by anadditionaltest.
OncewecancomputeDIV, wecanalsocomputeMOD.

©
An alternative methodfor perfecthashingwithout divi-

sionis theonerecentlydevelopedby Raman[10]. Not only
doesthis algorithmavoid division, it is alsoasymptotically
faster,

��) {@h � - .
Corollary 2 There is a data structure occupyinglinear
spacefor which the worst-casecost of a search and the
amortizedcostof anupdateis

�È) �
� � � ����������� �(-��
Proof: Let

� ) �(- betheworst-casesearchcost.Combining
Lemmas1 and4 gives

� ) �(- Z �É) �
� � � - � � & ��| ��� '�� ©
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If we combineLemmas1, 3, and4, we obtainthe follow-
ing equationfor the cost

� ) �(- of a searchor updatein an
exponentialsearchtree.� ) �(- Z ��� �Í��	 � SE� ����� ��
� � � ´ �
� � � �u� � � � � | ��� � (1)

Ignoringtheright partof themin expressiongivesCorollary
1 andignoringtheleft partgivesCorollary2. Balancingthe
two partsof themin-expressiongives� ) �(- Z � � Î ����� � � � � � � | ��� �
andhence � ) �(- Z � � Î �
� � � � �
Combiningthesethreecomplexitiesyields� ) �(- Z � �� ����	��
 �.� ����� �� ���³�� ������� ����������� ��
� � � ����������� �

! "# $% �
This expressionis not tight for all possiblecombinations
of � and � . To provide a tight asymptoticexpressionfor
the solution to Equation1, we note that the parameter�
will decreaseas the recursionprogresses(i.e. the sizeof
subtreesdecreaseaswe progressdown the tree)while the
word size � remainsthesame.Hence,theright partof our
���
	

expressionwill be usedat some(maybenone)of the
upperlevels;at thelower levelstheleft partwill beapplied.
Therefore,wedistinguishtwo cases:

Case1: ����� � n [ ����� h � . Theleft partwill applyon all

levels,giving a total costof
��� � �L�B�� ����� � �
� ������� �i� .

Case 2: ����� � ¾ [ �
� � h � . The right part will

apply
��� �
� �ON � �L���� ���QPR� U � times, resulting in a cost of��� �
� �ON � ������ ��� P � U ����� � � . Then,theleft partwill give a cost

of
� & � ����� � � �
� ������� � ' . In this case,the total costwill

be(notethat ����� � ¾ [ ����� h � )�¹� �����ÐÏ �
� � ������ h �ªÑ ����� � � Î �
� � � � �
� ������� � �Z � � ����� Ï ����� ������ h � �TS Ñ ����� � � �
Combiningthetwo casesgivesthefollowing complexity:� ) �(- Z �
 � � � � �L�B�� ����� � �
� ������� � � ´ ����� � n [ �
� � h ���� �����ON � �L���h � �L�QPR� �TSÒU ����� � ��´ �
� � � ¾ [ ����� h �



Thetwo expressionsmeetwhen ����� � Z � & ����� h � ' . Thus,
wecancombinethemas� ) �(- Z �ÓH �Í��	KJ � ���³�� ������� �����E�
� � ��
� � N � �L���� ��� P � ��S U �
� � � VEX �
Theproofof Theorem1 is now complete.

4 Some related observations

We discusstheadditionalresultsstatedin Section2.2.ÊY576 Ô§emAw?b=�g�9�F ;`c°<Õ6+Ö¦Ô®<dt×?b= ¯L?Bx³F¸yY9(A�yE;7<Eº
As mentionedearlier, a perfect hash table that supports
memberqueries(neighbourqueriesare not supported)in
constant time can be constructedat a worst-casecost�.& �ih � ' without division [10]. We show that the depen-
dency of word size can be removed. The resultingdata
structureis notapure“hashtable”.

We startby taking a closerlook at the fusion tree. Ac-
cordingto FredmanandWillard, a fusion treenodeof de-
gree { requires� & { h�' space.This spaceis occupiedby a
lookup tablewhereeachentry containsa rank betweenØ
and { . A spaceof � & {@h ' is enoughfor theoriginal fusion
treeaswell asfor ourexponentialsearchtree.However, for
thepurposeof perfecthashing,weneedto reducethespace.
Fortunately, this reductionis straightforward. We notethat
anumberbetweenØ and { canbestoredin �
� � { bits. Thus,
since { Ç � ����± , the total numberof bits occupiedby the
lookuptableis

� & {@h ����� { ' Z ��) � - . We concludethatin-
steadof � & {@h ' , thespacetakenby thetableis

��) S - (
��) {R-

wouldhavebeengoodenough).Therefore,thespaceoccu-
piedby a fusiontreenodecanbemadelinearin its degree.

We arenow readyto proveObservation1, statedin Sec-
tion 2.2.

Proof of Observation 1: W.l.o.gweassumethat Ù Ç­S *wÚ .
SinceRamanhasshown thata perfecthashfunctioncan

beconstructedin
� & �ih � ' time without division) [10], we

aredonefor �¸� � �L� k .
If, on the otherhand, � Ç � ��� k , we constructa static

fusiontreewith degree � ����¿ . This degreeis possiblesinceÙ ÇÛS *�Ú . Theheightof this treeis
��) S - , the costof con-

structinga nodeis
� & ��| ��¿ ' andthetotal numberof nodes

is
� & �ih ��¿ ' . Thus,thetotal constructioncostfor thetreeis�.& �ih�' . ©

ÊY5\4 Ô¦emAw?b=�g�9�F@;Gc°< 4,Ö «^< 9iam9itYF@;\gf? am9�F�9A�F�=RCYx³F CY=@?
In someapplications,we mayassumethat the input distri-
butionis favourable.Thesekindof assumptionsmayleadto
a numberof heuristicalgorithmsanddatastructureswhose
analysisarebasedon probabilisticmethods.Typically, the
input keys maybeassumedto begeneratedasindependent
stochasticvariablesfrom some(known or unknown) distri-
bution;thegoalis to find analgorithmwith agoodexpected
behaviour. For thesepurposes,a deterministicalgorithmis
notneeded.

However, insteadof modelinginput as the result of a
stochasticprocess,we may characterizeits propertiesin
termsof a measure. Attentionis thenmovedfrom thepro-
cessof generatingdatato the propertiesof the dataitself.
In this context, it makessenseto usea deterministicalgo-
rithm; given the valueof a certainmeasurethe algorithm
hasa guaranteedcost.

We give one exampleof how to adaptour datastruc-
tureaccordingto a naturalmeasure.An indicationof how
“hard” it is to searchfor akey is how largepartof it mustbe
readin orderto distinguishit from theotherkeys. We say
that this part is thekey’s distinguishingprefix. (In Section
3.3weusedthetermlongestmatchingprefixfor essentially
the sameentity.) For � -bit keys, the longestpossibledis-
tinguishingprefix is of length � . Typically, if the input is
nicely distributed,the averagelengthof the distinguishing
prefixesis

��) �
� � �(- .
As statedin Observation2, we cansearchfasterwhena

key hasashortdistinguishingprefix.

Proof of Observation 2: We useexactly the samedata
structureasin Corollary2, with thesamerestructuringcost
of

��) �����Y����� �(- perupdate.Theonly differenceis thatwe
changethe searchalgorithmfrom the proof of Lemma4.
Applying an ideaof ChenandReif [4], we replacethebi-
narysearchfor thelongestmatching(distinguishing)prefix
by an exponential-and-binarysearch. Then,at eachnode
in theexponentialsearchtree,thesearchcostwill decrease
from

��) �
� � � - to
��) �
� �ml - for a key with a distinguishing

prefixof length l . ©
ÊY5µp ¶¥yE?Bcf=@?b¬ 4�Ö Ü,c+= F ;7<EºÝ9(<YaÞA�?B9i=@xzyE;7<EºDGc°<Eº.ß+?³à�A
Sofar, wehavediscussedhow to treat � -bit keysona � -bit
RAM. However, in someapplicationtheinput mayconsist
of multi-wordkeys.As afurtherapplicationof theexponen-



tial searchtree,we studythecasewheneachkey occupieso words.

Lemma 5 Supposeeach key occupieso words. Further-
more, supposea staticdatastructure containing{ keyscan
beconstructedin

�½& { o � {�|�' timeandspacesuch that it
supportsneighbourqueriesin

��) o � }×) {R-�- worst-casetime.
Then,there existsa dynamicdata structure storing � keys
with thefollowingcosts:� it uses

��) �ioE- space;� it can be constructedfrom a sorted list in��) �iom- worst-casetimeandspace;� theworst-casecostof searching for a key (in-
cludingneighboursearch) satisfies� ) �(- Z � � o � } � � ����� ��� � � � � | ��� � �� theamortizedcostof restructuringduringup-
dates (i.e. the amortizedupdatecost when
the costof locating the updatepositionis not
counted)is

��) o � �
� ���
� � �(- .
Proof: (sketch)We altertheproofof Lemma1 slightly.

©
Lemma 6 Supposeeach key occupies o words. Then,
a static data structure containing { keys and support-

ing neighbourqueriesin
� � o � ���
	 � SE� � �L�³�� �L��� ´ �
� � � ���

canbeconstructedin
��) { o � { |�- timeandspace.

Proof: We storethe { keys in a trie of height o . In the
trie, eachunarynodeis storedin

��) S - spacein the obvi-
ousway. For eachnon-unarynode,we representthesetof
outgoingedgesin two ways.First,they arestoredwith con-
stantlookuptimeaccordingto Observation1. Second,they
arestoredin a datastructuresupportingneighboursearch
accordingto Lemma3 or Lemma4. The sumof the de-
greesof the nun-unarynodesis at most [w{¦� S and the
numberof unarynodesis lessthan { o . Hence,it follows
from Lemmas3 and4 andObservation1 thatthetrie canbe
constructedin

��) { o � { |�- timeandspace.
Whensearchingfor a key we traversethe trie; at each

nodewefind theproperoutgoingedgein constanttime.The
traversaleitherendssuccessfullyat thebottomof thetrie or
at a missingedge. If the missingedgeis at a unarynode,
wecandeterminethenearestneighbourimmediately, other-
wisewefind theneighbourby makingalocalsearchamong
theoutgoingedgesof thelastfoundnode.

The costof traversingthe trie is
��) oE- and the costof

a local searchis
� � ���
	 � SE� � �L���� �L�³� ´ �
� � � �_� accordingto

Lemmas3 and4.

©

Proof of Theorem 2: (cf. Section2.2)CombineLemmas5
and6 andproceedasin theproofof Theorem1.

©
Corollary 3 � multi-precisionintegers, each of length o
words,canbesortedin

��) � � ����� � � o�� �
� �,�
� � �(- time.

When using a comparison-basedsorting algorithm, each
comparisonwould take � ) om- time and the cost of sort-
ing would be � ) o�� �
� � �(- . Hence,for multi-word keys
the asymptoticimprovementover comparison-basedalgo-
rithmsis evenlargerthanfor single-wordkeys.

5 Comments

Sortingandsearchingin deterministiclinear spaceis cer-
tainly a fundamentaltopic and we believe that many re-
searchershave tried to find new improvedboundssincethe
fusiontreeswerefirst presented.

For small (realistic) word sizes the bound
of

��) ����� � �����Y�
� � �(- is appealing;thisshowsthatthecom-
plexity of van EmdeBoastreescanalmostbe matchedin
deterministiclinearspace.

It is interestingtonotethatourmainresultrelieson“old”
techniques,suchasfusiontrees,tries,andperfecthashing.
Noneof the new techniquesdevelopedrecently[1, 2, 11]
areused.
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