PREPRINT. In Proc. 37th IEEE Symposium on Foundations of Computer Science, 1996.

Faster deterministic sorting and searchingin linear space

Arne Andersson
Departmenbf ComputerSciencel.und University
Box 118,S-22100 Lund, Sweden
arne@na. |l th. se

Abstract

We presenta significantimprovementon linear spacede-
terministicsortingandseaching. On a unit-costRAMwith
word sizew, an ordered setof n w-bit keys (viewedas bi-
nary stringsor integers) canbe maintainedn

Viogn
llfgﬁ + loglogn

logwloglogn

O | min

timeperoperation,includinginsert,delete membesearh,

andneighbourseach. Thecostfor seachingis worst-case
while the costfor updateds amortized.As an application,
n keys canbe sortedin linear at O (ny/logn) worst-case
cost.

The bestprevious methodfor deterministicsorting and
searhing in linear spacehasbeenthe fusiontreeswhich
supportsupdatesand queriesin O(logn/ loglogn) amor
tizedtime and sorting in O(nlogn/loglogn) worst-case
time

We also male two minor observationn adaptingour
datastructuee to theinput distribution and on the complex-
ity of perfecthashing

1 Introduction

Recently a numberof new findingson sortingandsearch-
ing, including priority queues have beenpresented1, 2,
6, 11]. Most of them use superlinearspaceor random-
ization; the bestdeterministicmethodusing linear space
hasbeenthe fusion tree which supportsdictionary opera-
tionsin O(logn/loglogn) amortizedtime [6]. Here,we
presenta significantimprovement,shaving that searches
and updatescan be performedin O (y/logn) amortized
time per operationand in linear space. This result also
implies animproved worst-caséboundon sortingin linear
spacefrom O(nlogn/loglogn) to O (ny/Iogn). (Very

recentlyRaman[10] hasdevelopeda new priority queue
with whichit is possibleto sortin deterministidinearspace
in O(n+/lognloglogn) time. This compleity is slightly
worsethanthe one presentedhere. On the otherhand, it
usesonly AC? instructions.)

The complity of ouralgorithmis dependentnthere-
lation betweem, thenumberof keys,andw, theword size.
The upperboundof O(y/logn) is independentf w; when
taking both n andw into accountthe costis o(v/logn) in
mary casesAs animportantexamplewe achieve a costof
O(log wloglogn); this shavs that the compleity of van
EmdeBoastrees[12, 13] canalmostbe matchedn deter
ministic linearspace (Previously, the only matchingdeter
ministic datastructurewasstatic[14].)

We alsomake two minor obsenationson the compleity
of perfecthashingandon adaptingour datastructureto the
inputdistribution.

2 Summary of new results
2.1 Main result

Theorem 1 On a unit-costRAM with word sizew, an or-
dered setof n w-bit keys (viewedasbinary stringsor inte-
gers) canbemaintainedn
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timeperoperation,includinginsert,delete membesearh,

andneighboursearch. Thecostfor searchingis worst-case
while the costfor updatess amortized.For range queries,
there is an additional costof reportingthe foundkeys. The
datastructue usedinear space



Theinstructionrepertoirds the sameasfor fusiontrees,
i.e. it includesdouble-precisiomultiplicationbut not divi-
sion.

In thefollowing, wewill notdiscusgheinstructionsetin
detail. In onecasewe will shav how to avoid theuseof di-
vision. Sincewe borron sometechnique$rom fusiontrees,
we needdouble-precisiomultiplication. Apart from tradi-
tionalarithmeticandbitwiseboolearoperationsye usethe
shift operationwhich is not explicitly usedin fusiontrees.
Shifting is a simpleoperationjt canalsobe simulatedwith
double-precisiomultiplication (asdonein fusiontrees).

We notethatthereis norealneedfor a double-precision
multiplication; we cansimulatethat operationwith a num-
ber of single-precisiormultiplications. (Anotherpossibil-
ity is to split eachw-bit key into two w/2-bit keys and
to storethemin a trie of height2 suchthat eachnodein
thetrie is implementedasin Theoreml. Then,a “double-
precision”multiplication would be performedby a single-
precisionmultiplication.)

2.2 Related observations

In Sectiond we alsodiscusssomerelatedresults statedbe-
low.

We givethefirst deterministigoolynomial-time(in n) al-
gorithmfor constructinglinearspacestaticdictionarywith
O(1) worst-casecceszost(cf. perfecthashing).

Observation 1 A linear spacestatic data structue sup-
portingmembeiqueriesat a worst casecostof O(1) canbe
constructedn O (n%*<) worst-casetime Both construc-
tion andsearching canbe donewithoutdivision.

We also obsere how to adaptour data structureto a
favourableinput distribution. For a more detaileddiscus-
sionof theinterpretatiorof the obsenationbelow, we refer
to Sectior4.2.

Observation 2 Thele exist a linear-spacedata structue
for which theworst-casecostof a seach andtheamortized
costof an updateis O(log bloglogn) whee b < w is the
lengthof the querykey’s distinguishingprefix,i.e. the num-
ber of bits that needto be inspectedn order to distinguish
it fromead of the otherstored keys.

Finally we shawv that Theoreml canbe generalizedo the
casewhenthekeys arelongerthanoneword each.

Theorem 2 Supposesact key occupiesL words. Then,
there exists a data structue occupyingO(Ln) spacefor
whidchtheworst-casecostof a seach andtheamortizedcost
of anupdateis thesameasin Theoem1 plusanadditional
costof O(Lloglogn) peropemtion.

3 Proof of Theorem 1
3.1 Exponential search trees

Our basicdatastructureis a multiway tree wherethe de-
greesof the nodesdecreasexponentiallydown the tree.
For relatedtechniquesseethereference$3, 6, 8, 9].

Lemmal Supposea staticdatastructue containingd keys
can be constructedin O (d*) time and space suc that
it supportsneighbourqueriesin O(S(d)) worst-casetime
Then,there existsa dynamicdata structuie storingn keys
with thefollowing costs:
e it usesO(n) space;
e it can be constructedfrom a sorted list in
O(n) worst-casdimeandspace;
¢ the worst-casecost of searching (including
neighbourseach) satisfies

ri=0 (s ) +7 ()

¢ theamortizedcostof restructuringduring up-
dates(i.e. the amortizedupdate cost when
the costof locating the updatepositionis not
counted)s O(loglogn).

Proof: We usean exponentialsearh tree It hasthe fol-
lowing properties:

* ltsroothasdegree®(n'/).
¢ Thekeysof therootarestoredn alocal(static)
datastructurewith the propertiesstatedabove.
Duringasearchthelocal datastructurds used
to determinein which subtreethe searchis to
be continued.
¢ The subtreesare exponential searchtrees of
size@(n*/?).
First, we shawv that, given n sortedkeys, an exponential
searchtree can be constructedin linear time and space.
Sincethe costof constructinga nodeof degreed is O (d*),
thetotal constructiorcostC(n) is givenby

Cn)=0 ((n1/5)4) Lal/s. <n4/5)

= C(n) = 0(n).

Furthermorewith a similar equationthe spaceequired
by thedatastructurecanbeshovn to be O(n).

Next, we derive the searchcost, T'(n). It follows im-
mediatelyfrom the descriptionof exponentialsearchirees

that
T(n)=0 (S <n1/5)) +T (n4/5) .



Finally, weanalyzethecostof updatesWe only consider
the costof restructuringandignorethe costof finding the
updateposition;thelatter costequalsthe costof searching.

Balanceis maintainedin a standardfashionby global
andpartialrekuilding. Let ng denotethe numberof present
elementsat the last global retuilding. The next globalre-
building will occurwhen|n — ng| > ng/2. Hence,the
linear costof a globalretuilding is amortizedover a linear
numberof updatesandtheamortizedcostis O(1).

At a global retuilding, we setng = n andthe degree

of therootis choseras [n(l)/ﬂ , while the sizeof eachsub-
treeis 22— + 1. Betweenglobalretuildings, we ensure

n
PYVE

thatthe subtreehave sizeat Ieastﬁﬁ 4+ 1 andat most

2o _ + 1. Whenanupdatecauses subtredo violatethis

n4/5

condition,we examinethe sumof the sizesof that subtree
andoneof its immediateneighbours.This sumis between
(nf;—f;s] + 1 and " + 1. By reconstructinghesetwo

n4/5

subtreesnto one,two, three,or four new subtreesve can
ensurethat the sizesof the new treeswill be far from the
limits. In this way, we guaranteghata linear—in the size
of the subtree—numbeof updateds neededeforea sub-
treeis reconstructedSincethe costof constructinga sub-
treeis linearin thesizeof thesubtreetheamortizedcostof
reconstructingubtreess O(1).

Eachtime somesubtreesare reconstructedihe degree

of therootwill changeandthe root mustbe reconstructed.

Thecostof thisreconstructiotis O((n'/3)*). Again, thisis
linearin the sizeof a subtreehence the amortizedcostof
reconstructingherootis O(1). Thisgivesusthefollowing
equatiorfor theamortizedrestructuringcostR(n):

R(n)=0(Q1)+R (n4/5) = R(n) = O(loglogn)

O

3.2 An improvement of fusion trees

Usingour terminology the centralpart of the fusiontreeis
a staticdatastructurewith thefollowing properties:

Lemma?2 (Fredman and Wllard) For any d, d =

O (w'/%), A staticdatastructue containingd keyscanbe
constructedn O (d*) timeandspacesud thatit supports
neighbourgueriesin O(1) worst-casdime

Fredmanand Willard usedthis static datastructureto
implementa B-treewhereonly the upperlevelsin thetree
contain B-tree nodes,all having the samedegree (within
a constantfactor). At the lower levels, traditional (i.e.
comparison-basedyeight-balancedreeswere used. The

amortizedcostof searcheandupdatess O(logn/logd +
logd) for ary d = O (w'/%). Thefirst term corresponds
to the numberof B-treelevels andthe secondterm corre-
spondgo theheightof theweight-balancedrees.

Using an exponentialsearchtree insteadof the Fred-
man/Willard structure, we avoid the need for weight-
balancedreesatthebottomatthesametime aswe improve
thecompleity for largeword sizes.

Lemma 3 A staticdatastructue containingd keyscanbe
constructedn O (d*) timeandspacesud thatit supports

neighbourqueriesin O (% + 1) worst-casetime

Proof: We just constructa staticB-treewhereeachnode
hasthelargestpossibledegreeaccordingo Lemma2. That
is, it hasa degreeof min (d,w'/®). This treesatisfiesthe

conditionsof thelemma. O

Corollary 1 Thewe is a data structue occupyinglinear
spacefor which the worst-casecost of a seach and the

amortizedcostof an updateis O (ligﬂ + log log n)

log w

Proof: LetT'(n) betheworst-casesearctcost. Combining
Lemmasl and3 givesthat

T(n) =0 (llogn +14T (n4/5)> .

ogw

3.3 Tries and perfect hashing

In a binary trie, a nodeat depthi correspondso an i-bit
prefix of one(or more)of the keys storedin thetrie. Sup-
posewe could access nodeby its prefix in constantime
by meansof a hashtable,i.e. without traversingthe path
down to thenode.Then,we couldfind akey z, or z's near
estneighbourin O(log w) time by a binary searchfor the
nodecorrespondingo z's longestmatchingprefix. At each
stepof the binary searchwe look in the hashtablefor the
nodecorrespondingo a prefix of z; if the nodeis therewe
try with alongerprefix, otherwisewe try with ashorterone.

The ideaof a binary searchfor a matchingprefix is the
basic principle of the van Emde Boastree [12, 13, 14].
However, a van EmdeBoastreeis not just a plain binary
trie representedis abose. One problemis the spacere-
quirementsaplainbinarytrie storingd keysmaycontainas
muchas®(dw) nodes.In avan EmdeBoastree,the num-
berof nodess decreasetb O(d) by carefuloptimization.

In our application®(dw) nodescanbe allowed. There-
fore, to keepthingssimple,we usea plain binarytrie.



Lemma4 A static data structue containingd keys and
supportingneighbourqueriesin O(log w) worst-casetime
canbeconstructedn O (d*) timeandspace

Proof: We studytwo cases.

Casel: w > d'/3. Lemma3 givesconstantjuerycost.

Case2: w < d'/3. In O(dw) = o(d?) time and space
we construct binarytrie of heightw containingall d keys.
Eachkey is storedat the bottomof a pathof lengthw and
the keys arelinkedtogether In orderto supportneighbour
gueriesgachunarynodecontainsaneighbouipointerto the
next (or previous)leafaccordingo theinordertraversal.

To allow fastaccesdo an arbitrary node, we storeall
nodesin a perfecthashtable suchthateachnodeof depth
i is representedthy the i bits onthe pathdown to the node.
Sincethe pathsare of differentlength, we usew hashta-
bles, one for eachpathlength. Eachhashtable contains
at mostd nodes.The algorithmby FredmanKomlos,and
Szemered]5] constructsa hashtableof d keysin O(d®w)
time. The algorithmusesdivision, this canbe avoidedby
simulatingeachdivisionin O(w) time. With this extracost,
and sincewe usew tables,the total constructiontime is
O (d®w?®) = O(d*) while thespacés O(dw) = o(d?).

With this datastructure,we cansearchfor a key x in
O(log w) time by abinary searchfor the nodecorrespond-
ing to 2’s longestmatchingprefix. This searcheitherends
atthe bottomof thetrie or at a unarynode,from which we
find the closestneighbourindeaf by following the nodes
neighboupointet

During asearchevaluationof the hashfunctionrequires
integerdivision. However, aspointedout by Knuth [7], di-
vision with someprecomputectonstantp may essentially
be replacedby multiplicationwith 1/p. Having computed
r = |2¥/p| oncein O(w) time, we cancomputex DIV p
as |zr/2% | wherethe lastdivision is just a right shift w
positions. Since|z/p| — 1 < |zr/2*] < |z/p] we can
computethe correctvalueof z DIV p by anadditionaltest.
Oncewe cancomputeDiV, we canalsocomputeMoD. O

An alternatve methodfor perfecthashingwithout divi-
sionis theonerecentlydevelopedoy Ramar10]. Notonly
doesthis algorithmavoid division, it is alsoasymptotically
faster O(d*w).

Corollary 2 Thee is a data structue occupyinglinear
spacefor which the worst-casecost of a seach and the
amortizedcostof an updateis O (log w loglogn) .

Proof: LetT(n) betheworst-casesearctcost. Combining
Lemmasl and4 givesT'(n) = O (logw) + T (n*/®). O

3.4 Finishing the proof

If we combineLemmasl, 3, and4, we obtainthe follow-
ing equationfor the costT'(n) of a searchor updatein an
exponentialsearcttree.

T(n) =0 (min (1 + llog",logw» +7 (n*%)

ogw

Ignoringtheright partof themin expressiorgivesCorollary
1 andignoringtheleft partgivesCorollary2. Balancingthe
two partsof the min-expressiorgives

T(n)=0 <\/IOE) +T (n4/5)

andhence
Tn)=0 (\/logn) .

Combiningthesethreecompleities yields

Viogn
T(n) = O [ min llzﬁ + loglogn .

logwloglogn

This expressionis not tight for all possiblecombinations
of n andw. To provide a tight asymptoticexpressionfor
the solutionto Equationl, we note that the parametem
will decreasesthe recursionprogressegi.e. the size of
subtreeslecreasaswe progresdown the tree) while the
word sizew remainsthe same.Hence theright partof our
min expressionwill be usedat some(maybenone)of the
upperlevels;atthelower levelstheleft partwill beapplied.
Thereforewe distinguishtwo cases:

Casel: logn < 2log? w. Theleft partwill applyonall

levels, giving atotal costof O (bg ™ 1 loglog n) .

log w

Case2: logn > 2log’w. The right part will

apply O (log [IL;%ZJD times, resulting in a cost of

0 (log [ﬁ)_(;g%-l log w). Then,theleft partwill give acost
of O (vIogw + loglogn). In this case thetotal costwill
be (notethatlog n > 2log” w)

0 (log Llogn -‘ logw + +/logw + loglogn>

og® w

1
= 0 (log [izn + 1-‘ 10gw> .
log” w

Combiningthetwo casegivesthefollowing compleity:

O (152 t10glogn),  logn < 2log’w
T(n) - logn

O (log [210g2w +1 logw) ,logn > 2log® w




Thetwo expressionsneetwhenlogn = © (log” w). Thus,
we cancombinethemas

logn
=52 4 loglogn
. log w
T(n)=0 .
(n) <mm{ log [—g—lo o4 1-| log w })

log? w

Theproof of Theoreml is now complete.

4 Somerelated observations
We discusgheadditionalresultsstatedn Section2.2.
4.1 Observation 1: On perfect hashing

As mentionedearlier a perfecthashtable that supports
memberqueries(neighbourqueriesare not supported)in
constanttime can be constructedat a worst-casecost
O (n*w) without division [10]. We show thatthe depen-
dengy of word size can be removed. The resultingdata
structures nota pure“hashtable”.

We startby taking a closerlook at the fusiontree. Ac-
cordingto Fredmanand Willard, a fusiontreenodeof de-
greed requires® (d?) space.This spaceis occupiedby a
lookup table where eachentry containsa rank between0
andd. A spaceof © (d?) is enoughfor the original fusion
treeaswell asfor our exponentialsearchree. However, for
thepurposeof perfecthashingwe needto reducethespace.
Fortunately this reductionis straightforward. We notethat
anumberbetweer) andd canbestoredin log d bits. Thus,
sinced < w'/%, the total numberof bits occupiedby the
lookuptableis O (d? logd) = O(w). We concludethatin-
steadof © (d?), the spacetakenby thetableis O(1) (O(d)
would have beengoodenough).Thereforethe spaceoccu-
piedby afusiontreenodecanbe madelinearin its degree.

We arenow readyto prove Obsenation1, statedn Sec-
tion2.2.

Proof of Observation 1: W.l.o.gwe assumehate < 1/6.

SinceRamarhasshawn thata perfecthashfunctioncan
be constructedn O (rn?w) time without division) [10], we
aredonefor n > w'/e.

If, onthe otherhand,n < w'/<, we constructa static
fusiontreewith degreen!/3. This degreeis possiblesince
€ < 1/6. Theheightof this treeis O(1), the costof con-
structinga nodeis O (n*/?) andthetotal numberof nodes
is O (n?/3). Thus,thetotal constructiorcostfor thetreeis
O (n?). O

4.2 Observation 2:
structure

An adaptive data

In someapplicationswe may assumehatthe input distri-
butionis favourable.Thesekind of assumptionmayleadto
anumberof heuristicalgorithmsanddatastructuresvhose
analysisarebasedon probabilisticmethods.Typically, the
input keys maybe assumedo be generatedsindependent
stochastiozariablesfrom some(known or unknown) distri-
bution; thegoalis to find analgorithmwith agoodexpected
behaiour. For thesepurposesa deterministicalgorithmis
notneeded.

However, insteadof modelinginput as the result of a
stochasticprocess,we may characterizdts propertiesin
termsof ameasue. Attentionis thenmovedfrom the pro-
cessof generatingdatato the propertiesof the dataitself.
In this context, it makessensdo usea deterministicalgo-
rithm; given the value of a certainmeasurehe algorithm
hasa guaranteedost.

We give one exampleof how to adaptour datastruc-
ture accordingto a naturalmeasure An indicationof how
“hard” it is to searctfor akey is how largepartof it mustbe
readin orderto distinguishit from the otherkeys. We say
thatthis partis the key’s distinguishingprefix (In Section
3.3we usedthetermlongestmatchingprefix for essentially
the sameentity.) For w-bit keys, the longestpossibledis-
tinguishingprefix is of lengthw. Typically, if theinputis
nicely distributed, the averagelength of the distinguishing
prefixesis O(logn).

As statedin Obsenation2, we cansearchfasterwhena
key hasa shortdistinguishingprefix.

Proof of Observation 2: We useexactly the samedata
structureasin Corollary2, with the samerestructuringcost
of O(loglogn) perupdate.The only differenceis thatwe
changethe searchalgorithm from the proof of Lemmad4.
Applying anideaof ChenandReif [4], we replacethe bi-
narysearchor thelongestmatching(distinguishing)prefix
by an exponential-and-binargearch. Then, at eachnode
in the exponentialsearchree,the searclcostwill decrease
from O(logw) to O(log b) for a key with a distinguishing
prefix of lengthb. |

4.3 Theorem 2:
long keys

Sorting and searching

Sofar, we have discussedhow to treatw-bit keys onaw-bit
RAM. However, in someapplicationtheinput may consist
of multi-wordkeys. As afurtherapplicationof theexponen-



tial searchtree,we studythe casewheneachkey occupies
L words.

Lemma5 Supposesat key occupiesL words. Further
more, suppose staticdatastructure containingd keyscan
be constructedn O (dL + d*) time and spacesud that it
supportsneighbourqueriesin O(L+S(d)) worst-casdime
Then,there existsa dynamicdata structue storingn keys
with thefollowing costs:
¢ it usesO(nL) space;
e it can be constructedfrom a sorted list in
O(nL) worst-casdimeandspace;
 theworst-casecostof searching for a key (in-
cludingneighbourseach) satisfies

1) =0 (45 () +7 (1)

¢ theamortizedcostof restructuringduring up-
dates(i.e. the amortizedupdate cost when
the costof locating the updatepositionis not
counted)s O(L + loglogn).

Proof: (sketch)We alterthe proofof Lemmal slightly. O

Lemma6 Supposeeact key occupiesl words. Then,
a static data structue containing d keys and support-

ing neighbourqueriesin O (L + min (1 + logn “1og w))

logw?’

canbeconstructedn O(dL + d*) timeandspace

Proof: We storethed keysin a trie of heightL. In the
trie, eachunary nodeis storedin O(1) spacein the obvi-
ousway. For eachnon-unarynode,we representhe setof
outgoingedgesn two ways. First, they arestoredwith con-
stantlookuptime accordingo Obsenation1. Secondthey
arestoredin a datastructuresupportingneighboursearch
accordingto Lemma3 or Lemma4. The sumof the de-
greesof the nun-unarynodesis at most2d — 1 andthe
numberof unarynodesis lessthandL. Hence,it follows
from Lemmas3 and4 andObsenation1 thatthetrie canbe
constructedn O(dL + d*) time andspace.

When searchingor a key we traversethe trie; at each
nodewefind theproperoutgoingedgein constantime. The
traversaleitherendssuccessfullyatthe bottomof thetrie or
ata missingedge. If the missingedgeis at a unarynode,
we candeterminghenearesheighbouimmediatelyother
wisewe find the neighboutby makingalocal searcramong
the outgoingedgesof thelastfoundnode.

The costof traversingthe trie is O(L) andthe costof

alocal searchis O (min (1 + };;gg, log w)) accordingo
Lemmas3 and4.

Proof of Theorem 2: (cf. Section2.2) CombineLemmasb
and6 andproceedasin the proof of Theoreml. |

Coroallary 3 n multi-precisionintegers, ead of length L
words,canbesortedin O(n+/logn + Lnloglogn) time

When using a comparison-basedorting algorithm, each
comparisonwould take ©(L) time and the cost of sort-
ing would be ©(Lnlogn). Hence,for multi-word keys
the asymptoticimprovementover comparison-basedlgo-
rithmsis evenlargerthanfor single-word keys.

5 Comments

Sortingand searchingn deterministiclinear spaceis cer
tainly a fundamentaltopic and we believe that mary re-
searcherbave tried to find new improvedboundssincethe
fusiontreeswerefirst presented.

For small (realistic) word sizes the bound
of O(log wloglogn) is appealingthis shavsthatthecom-
plexity of van EmdeBoastreescanalmostbe matchedin
deterministidinearspace.

It isinterestingo notethatourmainresultrelieson“old”
techniquessuchasfusiontrees,tries,andperfecthashing.
None of the new techniqueglevelopedrecently[1, 2, 11]
areused.
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