
Index

A

Akaike information criterion, 409–412
corrected, 412
generalized, 411–413

all-pole signals, 94
amplitude and phase estimation (APES)

method, 256–259, 303
for gapped data, 259–262
for spatial spectra, 319–326
for two-dimensional signals, 267–269

amplitude spectrum, 253, 258
Capon estimates of, 254–255

angle of arrival, 276
aperture, 276
APES method, see amplitude and phase

estimation method
apodization, 62–67
AR process, see autoregressive process
AR spectral estimation, see autoregressive

spectral estimation
ARMA process, see autoregressive moving

average process
array

aperture of, 276
beamforming resolution, 334, 335

beamspace processing, 337, 338
beamwidth, 290, 336
broadband signals in, 281
coherent signals in, 293, 340
isotropic, 336
L-shaped, 335
narrowband, 281, 283
planar, 276
uniform linear, 283–285

array model, 277–285
autocorrelation function, 122
autocorrelation method, 97
autocovariance sequence

computation using FFT, 58–60
computer generation of, 20
definition of, 5
estimates, 24
estimation variance, 76
extensions, 123–125, 182
for signals with unknown means, 75
for sinusoidal signals, 151, 152
generation from ARMA parameters, 136
mean-square convergence of, 179
of ARMA processes, 93–94
properties, 5–6

443
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autoregressive (AR) process
covariance structure, 93
definition of, 92
stability of, 139

autoregressive moving average (ARMA)
process

covariance structure, 93
definition of, 92
multivariate, 113–122
state–space equations, 114

autoregressive moving-average spectral
estimation, 107–122

least-squares method, 111–113
modified Yule–Walker method, 108–111
multivariate, 117–122

autoregressive spectral estimation, 94–99
autocorrelation method, 97
Burg method, 125–127
covariance method, 94, 97
least-squares method, 96–99
postwindow method, 98
prewindow method, 98
Yule–Walker method, 94

B
backward prediction, 122, 123, 137
bandpass signal, 277
bandwidth

approximate formula, 81
definition of, 71
equivalent, 43, 58, 73, 234

Bartlett method, 52–53
Bartlett window, 31, 45
baseband signal, 278
basis

linearly parameterized, 203–209
null space, 203–209

Bayesian information criterion, 413–417
beamforming, 288–291, 300–302
beamforming method, 307

and CLEAN, 326–331
beamspace processing, 337, 338

beamwidth, 290, 335, 336
BIC rule, 413–417
Blackman window, 45
Blackman–Tukey method, 39–42

computation using FFT, 60–62
nonnegativeness property, 41

block–Hankel matrix, 118
broadband signal, 281
Burg method, 125–127

C
CAPES method, 259
Capon method, 232–242, 302–306

as a matched filter, 270
comparison with APES, 258–259
constrained, 311–319
derivation of, 232–238, 270
for damped sinusoids, 253–256
for DOA estimation, 291–293
for two-dimensional signals, 267–269
relationship to AR methods, 238–242,

246–249
robust, 306–319
spectrum of, 271
stochastic signal, 302–303

Carathéodory parameterization, 311
carrier frequency, 277
Cauchy–Schwartz inequality, 270, 291, 314,

317, 330, 360–361
for functions, 361
for vectors, 360–361

centrosymmetric matrix, 178, 332
Chebyshev inequality, 211
Chebyshev window, 44
chi-squared distribution, 184
Cholesky factor, 134, 358
circular Gaussian distribution, 80, 331, 380,

387
circular white noise, 34, 39
CLEAN algorithm, 326–331
coherence spectrum, 67–70
coherent signals, 293, 340
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column space, 342
complex demodulation, 280
complex envelope, 280
complex modulation, 279
complex white noise, 34
concave function, 192
condition number, 212

and AR parameter estimation, 109
and forward–backward approach, 212
definition of, 366

confidence interval, 79
consistent estimator, 373
consistent linear equations, 364–366
constant-modulus signal, 300–302
constrained Capon method, 311–319
continuous spectra, 90
convergence

in probability, 211
mean-square, 179, 180, 211
uniform, 272

corrected Akaike information criterion,
412

correlation coefficient, 15
correlogram method, 24–27
covariance

definition of, 5
matrix, 6

covariance fitting, 303–306, 329
using CLEAN, 328–331

covariance-fitting criterion, 132
covariance function, see autocovariance

sequence
covariance matrix

diagonalization of, 139
eigenvalue decomposition of, 309,

315
persymmetric, 178, 332
properties of, 6

covariance method, 97
covariance sequence, see autocovariance

sequence
covariance-fitting criterion, 132

Cramér–Rao bound, 373–396, 400
for Gaussian distributions, 378–383
for general distributions, 376–378
for line spectra, 383–384
for rational spectra, 384–386
for spatial spectra, 387–396
for unknown model order, 376

cross covariance sequence, 19
cross-spectrum, 13, 19, 67
cyclic minimization, 189–190
cyclic minimizer, 260

D
damped sinusoidal signals, 203–209,

253–256
Daniell method, 55–58
delay operator, 11
Delsarte–Genin Algorithm, 102–106
demodulation, 280
diagonal loading, 312–319
Dirac impulse, 152
direction of arrival, 276
direction-of-arrival estimation, 275–298

beamforming, 288–291
Capon method, 291–293
ESPRIT method, 297–298
Min–Norm method, 297
MUSIC method, 297
nonlinear least-squares method, 294
nonparametric methods, 285–293
parametric methods, 293–298
Pisarenko method, 297
Yule–Walker method, 295

direction vector uncertainty, 306–319
Dirichlet kernel, 33
discrete Fourier transform (DFT), 27

linear transformation interpretation,
77

discrete signals, 2
discrete spectrum, 153
discrete-time Fourier transform (DTFT),

3
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discrete-time system, 11
finite-impulse response (FIR), 18
frequency response, 221
minimum phase, 93, 135
transfer function, 221

displacement operator, 129
displacement rank, 130
Doppler frequency, 334
Durbin’s method, 106, 113

E
efficiency, statistical, 375
eigenvalue, 345

of a matrix product, 347
eigenvalue decomposition, 309, 315, 344–351
eigenvector, 345
EM algorithm, 188–194
energy-spectral density, 3

Capon estimates of, 254–255
of damped sinusoids, 253

ergodic, 179
ESPRIT method

and min–norm, 212, 213
combined with HOYW, 211
for DOA estimation, 297–298
for frequency estimation, 174–175
frequency selective, 194–203
statistical accuracy of, 175

estimate
consistent, 91, 141, 154, 158, 159, 184,

185, 272, 291, 373
statistically efficient, 375
unbiased, 374

Euclidean vector norm, 354
exchange matrix, 362
Expectation-Maximization algorithm, 188–194
expected value, 5
exponentially damped sinusoids, 253–256
extended Rayleigh quotient, 350

F
far field, 276
fast Fourier transform (FFT), 27–29

for two-sided sequences, 21

pruning in, 29
radix-two, 27–29
two-dimensional, 264, 269
zero padding and, 29

Fejer kernel, 32
filter-bank methods, 217–232

and periodogram, 220–222, 242–245
APES, 256–259, 303
for gapped data, 259–262
for two-dimensional signals, 265–266
refined, 222–232
spatial APES, 319–326

Fisher information matrix, 378
flatness, spectral, 138
forward prediction, 122, 123, 136
forward–backward approach, 175–178
frequency, 2, 3, 8

angular, 3
conversion, 3
resolution, 33
scaling, 16
spatial, 284

frequency band, 195
frequency estimation, 153–178

ESPRIT method, 174–175
forward–backward approach, 175–178
frequency-selective ESPRIT, 194–203
FRES-ESPRIT, 194–203
high-order Yule–Walker method, 162–166
Min–Norm method, 171–173
modified MUSIC method, 170
MUSIC method, 166–169
nonlinear least squares, 157–162
Pisarenko method, 169
spurious estimates, 170
two-dimensional, 203–209

frequency-selective method, 194–203
Frobenius norm, 355, 365, 367

G
GAPES method, 259–262
gapped data, 259–262
Gaussian distribution

circular, 380, 387
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Gaussian random variable
circular, 80
Cramér–Rao bound for, 378–383
moment property, 35

generalized Akaike information criterion, 411
generalized inverse, 365
Gohberg–Semencul formula, 128–130
grating lobes, 337

H
Hadamard matrix product, 358, 392
Hamming window, 45
Hankel matrix, 362

block, 118
Hanning window, 45
Heisenberg uncertainty principle, 72
Hermitian matrix, 344, 348–351
Hermitian square root, 358
hypothesis testing, 183

I
idempotent, 294, 354
impulse response, 20, 72, 220, 224–226,

277
in-phase component, 280
inconsistent linear equations, 366–370
information matrix, 378
interior-point methods, 135
inverse covariances, 249

J
Jensen’s inequality, 192, 395

K
Kaiser window, 44, 45
kernel, 343
Kronecker delta, 4
Kronecker product, 265, 266
Kullback–Leibler information metric,

405–406

L
Lagrange multiplier, 308–309, 315
leading submatrix, 357

least squares, 20, 109, 171, 302, 303, 320, 329
spectral approximation, 18
with quadratic constraints, 308

least-squares method, 94, 96–99, 238, 255,
257, 259, 260, 263, 267, 268

least-squares solution, 367
Levinson–Durbin Algorithm, 100–101

split, 102–106
likelihood function, 192, 375, 376, 378, 398
line spectrum, 153
linear equations

consistent, 364–366
inconsistent, 366–370
least-squares solution, 367
minimum–norm solution, 365
systems of, 364–370
total-least-squares solution, 369

linear prediction, 96, 122, 123, 125,
136–138

linear predictive modeling, 96
linearly parameterized basis, 203–209
low-pass signal, 278

M
MA covariance parameterization, 133
MA parameter estimation, 131–135
MA process, see moving average process
majorization, 190–191
majorizing function, 190
matrix

centrosymmetric, 178, 332
Cholesky factor, 358
condition, 212, 366
eigenvalue decomposition, 344–351
exchange, 362
fraction, 143
Frobenius norm, 355, 365, 367
Hankel, 362
idempotent, 294, 354
inversion lemma, 363
Moore–Penrose pseudoinverse, 365
orthogonal, 345
partition, 359, 363
persymmetric, 178, 332
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matrix (continued )
positive (semi)definite, 357–361
QR decomposition, 368
rank, 343
rank deficient, 343
semiunitary, 345, 349
singular value decomposition, 118, 164,

351–356
square root, 333, 358
Toeplitz, 362
trace, 346
unitary, 164, 174, 212, 345, 348,

351, 360, 368
Vandermonde, 361

matrix fraction description, 143
matrix inversion lemma, 258, 363
maximum a posteriori detection, 402–405
maximum likelihood estimate, 79, 157, 375,

382, 393, 398
of covariance matrix, 331–333

maximum likelihood estimation, 398–402
regularity conditions, 400

maximum likelihood method, 192
MDL principle, 416
mean-square convergence, 179
mean squared error, 30
Min–norm

and ESPRIT, 213
Min–Norm method

and ESPRIT, 212
for DOA estimation, 297
for frequency estimation, 171–173
root, 172
spectral, 171

minimization
cyclic, 189–190
majorization, 190–191
quadratic, 371–372
relaxation algorithms, 190

minimum description length, 416
minimum–norm constraint, 298–300
minimum–norm solution, 365
minimum phase, 93, 135
missing data, 259–262

model order selection, 375–376, 397–419
AIC rule, 409–412
BIC rule, 413–417
corrected AIC rule, 412
generalized AIC rule, 412–413
generalized information criterion,

411
Kullback–Leibler metric, 405–406
maximum a posteriori, 402–405
MDL rule, 416
multimodel, 418

modified MUSIC method, 170, 203–209
modified Yule–Walker method, 108–111
modulation, 279
Moore–Penrose pseudoinverse, 304, 365
moving-average noise, 211
moving-average parameter estimation,

131–135
moving-average process

covariance structure, 93
definition of, 92
parameter estimation, 131–135
reflection coefficients of, 140

moving-average spectral estimation, 106–107,
131–135

multimodel order selection, 418
multiple signal classification, see MUSIC

method
multivariate systems, 113–122
MUSIC method

for DOA estimation, 297
modified, 170, 340
root, 169
spectral, 168
subspace-fitting interpretation, 339

N
narrowband, 283
nilpotent matrix, 130
NLS method, see nonlinear least squares

method
noise

complex white, 34
noise gain, 312–314
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nonlinear least-squares method
for direction estimation, 294–295
for frequency estimation, 157–162

nonsingular, 343
normal equations, 95
null space, 167, 343
null-space basis, 203–209
Nyquist sampling theorem

spatial, 285
temporal, 9

O
order selection, see model order selection
orthogonal complement, 353
orthogonal matrix, 345
orthogonal projection, 168, 198, 199,

354
overdetermined linear equations, 109, 364,

366–370

P
Padé approximation, 142
parameter estimation

maximum likelihood, 398–402
PARCOR coefficient, 101
Parseval’s theorem, 4, 132
partial autocorrelation sequence, 122
partial correlation coefficients, 101
partitioned matrix, 359, 363
periodogram

and frequency estimation, 159
bias analysis of, 30–34
definition of, 24
FFT computation of, 27–29
for two-dimensional signals, 263–264
properties of, 30–39
variance analysis of, 34–39
windowed, 50

periodogram method, 24
periodogram-based methods

Bartlett, 52–53
Daniell, 55–58
refined, 52–58
Welch, 53–55

persymmetric matrix, 178, 332
Pisarenko method

ARMA model derivation of, 210
for DOA estimation, 297
for frequency estimation, 166, 169
relation to MUSIC, 169

planar wave, 276, 283
positive (semi)definite matrices, 357–361
postwindow method, 98
power spectral density

and linear systems, 12
continuous, 90
definition of, 6, 7
properties of, 9
rational, 91

prediction
backward, 122
forward, 136
linear, 96, 123, 125, 136–138, 386

prediction error, 96, 386
prewindow method, 98
principal submatrix, 357
probability density function, 72, 79, 375,

378
projection matrix, 198, 199
projection operator, 354

Q
QR decomposition, 368
quadratic minimization, 371–372
quadratic program, 135
quadrature component, 280

R
random signals, 2
range space, 167, 342
rank, 199
rank-deficient, 343
rank of a matrix, 343
rank of a matrix product, 343
rational spectra, 91
Rayleigh quotient, 349

extended, 350
rectangular window, 45
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reflection coefficient, 101
properties of, 140

region of convergence, 92
RELAX algorithm, 190
relaxation algorithms, 190
resolution

and time-bandwidth product, 72
and window design, 42–44
and zero padding, 29
for filter-bank methods, 218
for parametric methods, 162, 214
frequency, 33
limit, 33
of beamforming method, 290, 334
of Blackman–Tukey method, 41
of Capon method, 236, 240, 249
of common windows, 45
of Daniell method, 57
of periodogram, 23, 33
of periodogram–based methods, 88
spatial, 290, 334–337
superresolution, 145, 146, 154

Riccati equation, 116
Rihaczek distribution, 16
robust Capon method, 312–319
root MUSIC

for DOA estimation, 297
for frequency estimation, 169

row space, 342

S
sample covariance, 24, 25, 53, 58, 75–77,

80, 83
sample covariance matrix

ML estimates of, 331–333
sampling

Nyquist sampling theorem, 9
spatial, 276, 285, 286
temporal, 3

semiparametric estimation, 326
semidefinite quadratic program, 135
semiunitary matrix, 345, 349
sidelobe, 34, 44, 45
signal modeling, 92

similarity transformation, 116, 175, 346
singular value decomposition (SVD), 118,

164, 304, 351–356
sinusoidal signals

amplitude estimation, 153
ARMA model, 155
covariance-matrix model, 156
damped, 203–209, 253–256
frequency estimation, 153–178
models of, 150, 155–157
nonlinear regression model, 155
phase estimation, 153
two-dimensional, 262–269

skew-symmetric vector, 362
Slepian sequences, 225–226

two-dimensional, 265–266
smoothed periodogram, 231
smoothing filter, 137
spatial filter, 287, 290
spatial frequency, 284
spatial sampling, 285, 286
spatial spectral-estimation problem,

275
spectral analysis

high-resolution, 154
nonparametric, 2
parametric, 2
semi-parametric, 326
superresolution, 154

spectral density
energy, 3
power, 5

spectral estimation
definition of, 1, 13

spectral factorization, 92, 132, 170
spectral flatness, 138
spectral-line analysis, 153
spectral LS criterion, 131
spectral MUSIC

for DOA estimation, 297
for frequency estimation, 168

spectrum
coherency, 13–15
continuous, 90
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cross, 19
discrete, 153
rational, 91

split Levinson algorithm, 102
square root of a matrix, 333, 358
stability

for AR models, 139
of AR estimates, 94
of Padé approximation, 142
of Yule–Walker estimates, 98, 139

state-space equations
for ARMA process, 114
minimality, 117
nonuniqueness of, 116

statistically efficient estimator, 375
steering-vector uncertainty, 306–319
structure indices, 114
subarrays, 298
submatrix

leading, 357
principal, 357

subspace
and state-space representations, 114,

117–122
noise, 168
signal, 168

superresolution, 145, 154
symmetric matrix, 344
symmetric vector, 362
synthetic aperture, 334
systems of linear equations, 364–370

T
taper, 50
Taylor series expansion, 373
time width

definition of, 71
equivalent, 43, 53, 58, 73

time-bandwidth product, 42–44, 70–75
time-frequency distributions, 16
Toeplitz matrix, 362
total least squares, 109, 165, 171, 175, 369
trace of a matrix, 346
trace of a matrix product, 346

transfer function, 11
two-dimensional sinusoidal signals,

203–209
two-dimensional spectral analysis

APES method, 267–269
Capon method, 267–269
periodogram, 263–264
refined filter-bank method, 265–266

two-sided sequences, 21

U
unbiased estimate, 374
uncertainty principle, 71
uniform linear array, 283–285

beamforming resolution, 334
spatial APES, 319–326

unitary matrix, 164, 174, 212, 345, 348,
351, 360, 368

V
Vandermonde matrix, 361
vector

skew-symmetric, 362
symmetric, 362

vectorization, 265, 268

W
wave field, 275

planar, 276
Welch method, 53–55
white noise

complex, 34
real, 39

whitening filter, 151
Wiener–Hopf equation, 20
window function

Bartlett, 45
Chebyshev, 44
common, 44–45
data and frequency-dependent, 62
design of, 42
Hamming, 45
Hanning, 45
Kaiser, 44
leakage, 34
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window function (continued )
main lobe, 33
rectangular, 45
resolution, 33
resolution–variance tradeoffs, 42–44
sidelobes, 33

Y
Yule–Walker equations, 95
Yule–Walker method

for AR processes, 94

for DOA estimation, 295
for frequency estimation, 162–166
modified, 108–111
overdetermined, 109
stability property, 98

Z
zero padding, 28–29
zeroes

extraneous, 299, 300
in ARMA model, 92, 112


