
Appendix D

Answers to Selected Exercises

1.3(a): Z{h−k } = H (1/z ); Z{gk } = H (z )H ∗(1/z ∗)

1.4(a):

φ(ω) = σ 2

(1 + a1e−iω)(1 + a∗
1 eiω)

[
1 + |b1|2 + b1e−iω + b∗

1 eiω]

r(0) = σ 2

1 − |a1|2
{|1 − b1a∗

1 |2 + |b1|2(1 − |a1|2)
}

r(k) = σ 2

1 − |a1|2
{(

1 − b1

a1

) (
1 − b∗

1 a1
)}

(−a1)
k , k ≥ 1

1.9(a): φy(ω) = σ 2
1 |H1(ω)|2 + ρσ1σ2 [H1(ω)H ∗

2 (ω) + H2(ω)H ∗
1 (ω)] + σ 2

2 |H2(ω)|2

2.3: An example is y(t) = {1, 1.1, 1}, whose unbiased ACS estimate is r̂(k) = {1.07, 1.1, 1},
giving φ̂(ω) = 1.07 + 2.2 cos(ω) + 2 cos(2ω).

2.4(b): var{r̂(k)} = σ 4α2(k)(N − k)
[
1 + δk ,0

]
2.9:

(a) E {Y (ωk )Y ∗(ωr )} = σ 2

N

N −1∑
t=0

ei (ωr −ωk )t =
{

σ 2 k = r
0 k �= r

(c) E
{
φ̂(ω)

}
= σ 2 = φ(ω), so φ̂(ω) is an unbiased estimate.
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3.2: Decompose the ARMA system as x(t) = 1
A(z )

e(t) and y(t) = B(z )x(t). Then {x(t)} is an
AR(n) process. To find {rx (k)} from {σ 2, a1 . . . an}, write the Yule–Walker equations as




1 0

a1
. . .

...
. . .

an . . . a1 1







rx (0)

rx (1)
...

rx (n)


 +




0 a1 . . . an
...

... 0
... an 0

...

0 0 . . . 0







r∗
x (0)

r∗
x (1)
...

r∗
x (n)


 =




σ 2

0
...

0




or

A1rx + A2rc
x =

[
σ 2

0

]

which can be solved for {rx (m)}n
m=0. Then find rx (k) for k > n from equation (3.3.4) and rx (k)

for k < 0 from r∗
x (−k). Finally,

ry(k) =
m∑

j=0

m∑
p=0

rx (k + p − j ) bj b
∗
p

3.4: σ 2
b = E

{|eb(t)|2
} = [1 θT

b ]Rn+1

[
1
θ c

b

]
= [1 θ∗

b ]Rc
n+1

[
1
θb

]
giving θb = θf and σ 2

b = σ 2
f .

3.5(a):

RT
2m+1




cm
...

c1

1
d1
...

dm




=




0
...

0
σ 2

s
0
...

0




3.14: c� = ∑n
i=0 ai r̃(� − i ) for 0 ≤ � ≤ p, where r̃(k) = r(k) for k ≥ 1 , r̃(0) = r(0)/2, and

r̃(k) = 0 for k < 0.

3.15(b): First solve for b1, . . . , bm from



cn cn−1 · · · cn−m+1

cn+1 cn · · · cn−m+2
...

...
. . .

...

cn+m−1 cn+m−2 . . . cn







b1

b2
...

bm


 = −




cn+1

cn+2
...

cn+m




Then a1, . . . , an can be obtained from ak = ck + ∑m
i=1 bi ck−i .
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4.2:
(a) E {x(t)} = 0; rx (k) = (α2 + σ 2

α )eiω0k

(b) Let p(ϕ) = ∑∞
k=−∞ ck e−ikϕ be the Fourier series of p(ϕ) for ϕ ∈ [−π, π ]. Then E {x(t)} =

αeiω0 t

2π
c1. Thus, E {x(t)} = 0 if and only if either α = 0 or c1 = 0. In this case, rx (k) is the same

as in part (a).

5.8: The height of the peak of the (unnormalized) Capon spectrum is

1/a∗(ω)R−1a(ω)|ω=ω0 = mα2 + σ 2

m


