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Abstract
Schema-based logic program transformation has proven to be an effective technique for the optimiza-
tion of programs. Some transformation schemas were given in [3]; they pre-compile some widely
used transformation techniques from an input program schema that abstracts a particular family of
programs into an output program schema that abstracts another family of programs.

This report presents the correctness proofs of these transformation schemas, based on a correctness
definition of transformation schemas. A transformation schema is correctiff the templates of its input
and output program schemas are equivalent wrt the specification of the top-level relation defined in
these program schemas, under the applicability conditions of this transformation schema.

1 Introduction

In this introductory section, we give the definitions of the notions that are needed to prove the cor-
rectness of the transformation schemas in [3]. The transformation schemas proved in this report are
pre-compilations of the accumulation strategy [2], of tupling generalization, which is a special case of
structural generalization [4], of a combination of the previous two techniques, and of the first duality law
of the fold operators in functional programming [1]. For a detailed explanation of these transformation
schemas and examples of the definitions below, the reader is invited to consult [3].

Throughout this report, the word program (resp. procedure) is used to mean typed definite program
(resp. procedure). An open program is a program where some of the relations appearing in the clause
bodies are not appearing in any heads of clauses, and these relations are called undefined (or open)
relations. If all the relations appearing in the program are defined, then the program is called a closed
program. A formal specification of a program for a relation r of arity 2 is a first-order formula written in
the format:

VXX VY Y. (X) = [r(X,Y) & 0.(X,Y)]

where X' and Y are the sorts (or: types) of X and V', respectively, Z,.(X) denotes the input condition that
must be fulfilled before the execution of the program, and O,(X,Y) denotes the output condition that
will be fulfilled after the execution. All the definitions are given only for programs in closed frameworks.
So, we first give the definition of frameworks.

Definition 1 (Frameworks)
A framework F is a full first-order logical theory (with identity) with an intended model. An open
framework consists of:

* a (many-sorted) signature of

- both defined and open sort names;
- function declarations, for declaring both defined and open constant and function names;
- relation declarations, for declaring both defined and open relation names;

* aset of first-order axioms each for the (declared) defined and open function and relation names, the

former possibly containing induction schemas;

* a set of theorems.

An open framework F is also denoted by F(II), where II are the open names, or parameters, of F.
The definition of a closed framework is the same as the definition of an open framework, except that a
closed framework has no open names. Therefore, a closed framework is just an extreme case of an open
one, namely where II is empty.

Now, we give the definitions of correctness of a logic program and equivalence of two programs, which
will be used in the equivalence definition of two program schemas.



Definition 2 (Correctness of a Closed Program)
Let P be a closed program for relation r in a closed framework F. We say that P is (totally) correct wrt
its specification S, iff, for any ground term ¢ of X such that Z,(¢) holds, the following condition holds:
Pt or(t,u) iff F = O,(t, u), for every ground term u of V.

If we replace ‘iff” by ‘implies’ in the condition above, then P is said to be partially correct wrt S, , and
if we replace ‘iff” by ‘if’, then P is said to be complete wrt S, .

This kind of correctness is not entirely satisfactory, for two reasons. First, it defines the correctness of
P in terms of the procedures for the relations in its clause bodies, rather than in terms of their specifica-
tions. Second, P must be a closed program, even though it might be desirable to discuss the correctness
of P without having to fully implement it. So, the abstraction achieved through the introduction (and
specification) of the relations in its clause bodies is wasted. This leads us to the notion of steadfastness
(also known as parametric correctness) [5] (also see [4]).

Definition 3 (Steadfastness of an Open Program in a Set of Specifications)
In a closed framework F, let:

e P be an open program for relation r
® q1,...,qm be all the undefined relation names appearing in P
e S1,...,S5n be the specifications of ¢q1,...,qm.

We say that P is steadfast wrt its specification S, in {S1,..., Sy} iff the (closed) program P U Pg is
correct wrt S, where Ps is any closed program such that

e Pg is correct wrt each specification S; (1 < j < m)
e Ps contains no occurrences of the relations defined in P.

The steadfastness definition has the following interesting property, which is actually a high-level
recursive algorithm to check the steadfastness of an open program.

Property 1 In a closed framework F, let:
e P be an open program for relation r of the specification S,
e p1,...,p; be all the defined relation names appearing in P (including  thus)
® q1,...,qm be all the undefined relation names appearing in P
e S1,...,S5n be the specifications of ¢q1,...,qm.

For t > 2, the program P is steadfast wrt S, in {S1,...,Sn} iff every P; (1 < ¢ <) is steadfast wrt the
specification of p; in the set of the specifications of all undefined relations in P;, where P; is a program
for p;, such that P = UZ:1 P;. When ¢ = 1, the definition of steadfastness is directly used, since the only
defined relation is the relation r. Thus, ¢ = 1 is the stopping case of this recursive algorithm.

For program equivalence, we do not require the two programs to have the same models, because this
would not make much sense in some program transformation settings where the transformed program
features relations that were not in the initially given program. That is why our program equivalence
criterion establishes equivalence wrt the specification of a common relation (usually the root of their
call-hierarchies).

Definition 4 (Equivalence of Two Open Programs)
In a closed framework F, let P and ) be two open programs for a relation r. We say that P is equivalent
to @ wrt the specification S, iff the following two conditions hold:

(a) P is steadfast wrt S, in {S1,..., Sm}, where Sq,..., Sy, are the specifications of py,..., pm, which
are all the undefined relation names appearing in P

(b) @ is steadfast wrt S, in {S,...,S}}, where S,..., S} are the specifications of ¢1,.. ., ¢;, which are
all the undefined relation names appearing in Q.

Since the ‘is equivalent to’ relation is symmetric, we also say that P and @ are equivalent wrt S,.



Sometimes, in program transformation settings, there exist some conditions that have to be verified
related to some parts of the initial and/or transformed program in order to have a transformed program
that is equivalent to the initially given program wrt the specification of the top-level relation. Hence the
following definition.

Definition 5 (Conditional Equivalence of Two Open Programs)
In a closed framework F, let P and ) be two open programs for a relation r. We say that P is equivalent
to ) wrt the specification S, under conditions C' iff P is equivalent to Q@ wrt S, provided that ' hold.

Before we define the notions of transformation schema and correctness of transformation schemas, we
have to define the notions of program schema, schema pattern, and particularization.

Definition 6 In a closed framework F, a program schema for a relation r is a pair (T, C), where T is
an open program for r, called the template, and C' is the set of specifications of the open relations of T'
in terms of each other and the input/output conditions of the closed relations of T'. The specifications in
C, called the steadfastness constraints, are such that, in F, T is steadfast wrt its specification S, in C'.

Sometimes, a series of schemas are quite similar, in the sense that they only differ in the number
of arguments of some relations, or in the number of calls to some relations, etc. For this purpose,
rather than having a proliferation of similar schemas, we introduce the notions of schema pattern and
particularization.

Definition 7 A schema paitern is a schema where term, conjunct, and disjunct ellipses are allowed in
the template and in the steadfastness constraints.

For instance, T'X1,...,TX; is a term ellipsis, and /\Z:1 r(TX;, TY;) is a conjunct ellipsis.

Definition 8 A particularization of a schema pattern is a schema obtained by eliminating the ellipses,
i.e., by binding the (mathematical) variables denoting their lower and upper bounds to natural numbers.

Finally, we give the definition of transformation schemas and their correctness definition.

Definition 9 A transformation schema encoding a transformation technique is a 5-tuple (S, S2, 4, O13,
021}, where S; and S; are program schemas (or schema patterns), A is a set of applicability conditions,
which ensure the equivalence of the templates of S; and S5 wrt the specification of the top-level relation,
and Oqy (respectively, O21) is a set of optimizability conditions when Sy (respectively, S1) is the output
program schema (or schema pattern).

If the transformation schema embodies some generalization technique, then it 1s called a generalization
schema. The generalization methods that we pre-compile in our transformation schemas are tupling
generalization, which is a special case of structural generalization where the structure of some parameter
is generalized, and descending generalization, which is a special case of computational generalization
where the general state of computation is generalized in terms of what remains to be done. We also
introduce a new method, called simultaneous tupling-and-descending generalization, which can be thought
of as applying descending generalization to a tupling generalized problem. Transformation schemas that
simulate and extend a basic theorem in functional programming (the first duality law of the fold operators)
for logic programs are called duality schemas.

Definition 10 A transformation schema (S, Sa, A, 012,021} is correct iff the templates of program
schemas (or schema patterns) S; and S, are equivalent wrt the specification of the top-level relation

under A.

In program transformation, for proving the correctness of a transformation schema (S, Sa, A, O12, O21),
we have to prove the equivalence of T; and 75, which are the templates of S; = (71, C1) and Sy = (T3, Ca).
We assume that the template T; of the input program schema S; = (T;, C;) (where ¢ = 1, 2) is steadfast
wrt the specification of the top-level relation, say S,, in Cy; then the correctness of the transformation
schema is proven by establishing the steadfastness of the template T; of the output program schema (or
schema pattern) S; = (T, C;) (where j = 1,2 and j # 1) wrt S, in C; using the applicability conditions
A.

In the remainder of this report, first the tupling generalization schemas are proved to be correct,
in Section 2. In Section 3, the correctness proofs of the descending generalization schemas, which are
a pre-compilation of the accumulation strategy, are given. The correctness proofs of the simultaneous
tupling-and descending generalization schemas are given in Section 4. Before we conclude in Section 6,
we will give the correctness proofs of the duality schemas in Section 5.



2 Proofs of the Tupling Generalization Schemas

Theorem 1 The generalization schema T'G, which is given below, is correct.

TG1 : < DCLR, TG, Aﬂ, Oﬂlz, Oﬂzl > where
A1 ¢ (1) compose is associative
(2) compose has e as the left and right identity element
() VX 1 X. I, (X) Aminimal(X) = O,(Xe)
(D VX : X. T,(X) = [-minimal(X) < nonMinimal( X))
O¢112 : partial evaluation of the conjunction
process(HX, HY ), compose(HY, TY,Y')
results in the introduction of a non-recursive relation
O¢121 : partial evaluation of the conjunction
process(HX, HY ), compose(I,_1,HY, I,)
results in the introduction of a non-recursive relation

where the templates DC'LE and T'G are Logic Program Templates 1 and 2 below:
Logic Program Template 1

r(X,Y) —
minimal(X),
solve(X,Y)
r(X,Y) —
nonMinimal(X),
decompose(X, HX, TX4, ..., TX¢),
r(TXy,TYq), ..., x(TXs, TY¢),
Igp=e,
compose(Ig, TY1,I4),..., compose(Ip_Q, TYp_1, Ip_i),
process(HX, HY), compose(Ip_i, HY, Ip),

compose(Ip, TYp, Ip+1), ..., compose(I,TV¢, It 1),
Y=1TIt41

Logic Program Template 2

r(X,Y) —
r_tupling([X],Y)
r_tupling(Xs,Y) —
Xs =[],
Y=e
r_tupling(Xs,Y) —
Xs = [X|TXs],
minimal(X),
r_tupling(TXs, TY),
solve(X, HY),
compose(HY, TY,Y)
r_tupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X),
decompose(X, HX, TX, ..., TX¢),
minimal(TXq),...,minimal(TX¢),
r_tupling(TXs, TY),
process(HX, HY),



compose(HY, TY,Y)
r_tupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X),
decompose(X, HX, TX, ..., TXg),
minimal(TXy),..., minimal(TXP_i),
(nonMinimal(TXp);...;nonMinimal(TXy)),
r tupling([TXp, ..., TX¢|TXs], TY),
process(HX, HY),
compose(HY, TY,Y)
r_tupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X),
decompose(X, HX, TX, ..., TX¢),
(nonMinimal(TXy);...; nonMinimal(TXP_i)),
minimal(TXp), ..., minimal(TXy),
minimal(Uy),..., minimal(Up_i),
decompose(lN, HX, Uy, .. - Up_1,TXp, .. ., TX¢),
rtupling([TXy, ..., TXp_1,N|TXs], ¥)
r_tupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X),
decompose(X, HX, TX4, ..., TXy),
(nonMinimal(TXy);...; nonMinimal(TXP_i)),
(nonMinimal(TXp);...;nonMinimal(TXy)),
minimal(Uy),...,minimal(Uy),
decompose(N,HX, Uy, ..., Ug),
r_tupling([TX4,..., TXp_1, ¥, TXp, .. ., TX4|TXs], Y)

and the specification S, of relation r is:
VX A VY Y. I.(X) = [n(X,)Y) < O, (X,Y)]

and the specification S, _supiing of relation r_tupling is:

VXs:listof X VY 2 Y., (VX X X € Xs = T.(X)) = [rtupling(Xs, V) &
(Xs=[]AY =¢)
V(Xs=[X1,.. . XA AL 0.(X:,Y)) AL=Y1A AN_,O0.(Li=,Yi, L) AY =1,)]

where O, is the output condition of compose and ¢ > 1.

Proof 1 To prove the correctness of the generalization schema 7T'G1, by Definition 10, we have to prove
that templates DCLR and TG are equivalent wrt S, under the applicability conditions A;;. By Def-
inition 5, the templates DCLR and TG are equivalent wrt S, under the applicability conditions Ay
ifft DCLR is equivalent to TG wrt the specification S, provided that the conditions in A;; hold. By
Definition 4, DC'LR is equivalent to T'G wrt the specification S, iff the following two conditions hold:

(Cl) DCLR is steadfast wrt Sr in§ = {SminimalaSnonMinimalaSsolveaSdecomposeaSprocessaScompose}a
where Sminimala SnonMinimala Ssolvea Sdecomposea Sprocessa Scompose are the SpeCiﬁcatiOHS of minimal,
nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in DC'LR.

(b) TG is also steadfast wrt S, in S.



Note that the sets {S1,...,S,} and {S7,...,S5;} in Definition 4 are equal to § when @ is obtained by
tupling generalization of P.

In program transformation, we assume that the input program, here template DC'LR, is steadfast
wrt S, in S, so condition (a) always holds.

To prove equivalence, we have to prove condition (b). We will use the following property of stead-
fastness: T'G is steadfast wrt .S, in S if Pr_jupiing 18 steadfast wrt Sy _supiing in S, where Pr_syupiing is the
procedure for r_tupling, and P, is steadfast wrt S, in {S; tupiing}, Where P, is the procedure for r.

To prove that Pr_iupiing 15 steadfast wrt S, _supiing in S, we do a constructive forward proof that we
begin with Sy _tupiing and from which we try to obtain Pr_supiing-

If we separate the cases of ¢ > 1 by ¢ =1V ¢ > 2, then S;_tupiing becomes:

VXs:listof X VY 2 Y., (VX X X € Xs = T.(X)) = [rtupling(Xs, V) &
(Xs=[]AY =¢)

\/(XSI[Xl]/\OT(Xl,Yl)/\YlIfl/\Y211)

V(Xs = [X1, Xo, o, X A AL, On(X,Ye) AL =YiA Aoy Oullio, Vi i) AY = 1,)]

where ¢ > 2.
By using applicability conditions (1) and (2):

VXs:listof X VY 2 Y., (VX X X € Xs = T.(X)) = [rtupling(Xs, V) &
(Xs=[]AY =¢)
V(Xs = [X1|TXSIATXs = [|ANO (X1, YD) AV =L ATY =e AO(,TY,Y))
\/(XSI[X1|TXS]/\TXSI[Xz,...,Xq]/\ /\3:107‘()(2,}/2) /\lefl /\YQIIQ/\
1 .0.(Lio, Y, L) ANTY =1, NO(I1,TY,Y))]
where ¢ > 2.
By folding using Sy _supiing, and renaming:

VXs:listof X VY 2 Y., (VX X X € Xs = T.(X)) = [rtupling(Xs, V) &
(Xs=[]AY =¢)
V(Xs = [X|TXs]AO(X, HY) Artupling(TXs, TY)ANO(HY, TY,Y))]

By taking the ‘decompletion’:

clause 1: riupling(Xs,Y) —
Xs=[],Y=e

clause 21 riupling(Xs,Y) —
Xs =[X|TXs],r(X,HY),
rtupling(TXs,TY), compose(HY, TY,Y)

By unfolding clause 2 wrt »(X, HY) using DC LR, and using the assumption that DC'LR is steadfast
wrt S, in S:

clause 3: riupling(Xs,Y) —
Xs = [X|TXs],
minimal(X),
rtupling(TXs, TY),
solve(X, HY ), compose(HY, TY,Y)

clause 4: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
HY = L1, r2upling(TX s, TY ), compose(HY, TY,Y)

By introducing



(minimal(TX1) A ... Aminimal(TX;))V
((minimal(TX1) A ... Aminimal(TX,_1)) A (nonMinimal(TX,) V ...V nonMinimal(TX,)))V
((nonMinimal(TX1) V...V nonMinimal(TX,_1)) A (minimal(TX,) A ... Aminimal(TXy)))V
((nonMinimal(TX1) V...V nonMinimal(TX,_1)) A (nonMinimal(TX,) V ...V nonMinimal(TXy)))
in clause 4, using applicability condition (4):

clause 5: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
H(TX1,TYY), ..., 1(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
HY = L1, r2upling(TX s, TY ), compose(HY, TY,Y)
clause 6 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., r(TX;, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
HY = L1, r2upling(TX s, TY ), compose(HY, TY,Y)

clause 7: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
HY = L1, r2upling(TX s, TY ), compose(HY, TY,Y)
clause 8 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
HY = L1, r2upling(TX s, TY ), compose(HY, TY,Y)

By t times unfolding clause 5 wrt »(T'X1,TY1),...,r(TX;, TY;) using DCLR, and simplifying using
condition (4):



clause 9: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
minimal(TX1), ..., minimal(TXy),
solve(TX1,TY1),...,solve(TX;, TY:),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
HY = L1, r2upling(TX s, TY ), compose(HY, TY,Y)

By using applicability condition (3):

clause 10 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),

Io =€,

compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(I, e Iot1), ... compose(l;, e, Iiy1),

HY = Ly, rdupling(TXs, TY ), compose(HY, TY,Y)
By deleting one of the minimal(TX1), ..., minimal(TX;) atoms in clause 10:

clause 11 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),

Io =€,

compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(I, e Iot1), ... compose(l;, e, Iiy1),

HY = Ly, rdupling(TXs, TY ), compose(HY, TY,Y)
By using applicability condition (2):

clause 121 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),
Io =€,
L=1y,....[,_1 =1, 9,
process(HX, HHY ), compose(I,_1, HHY, I,),
Ip+1 = Ip, ey It_|_1 = It,
HY = Ly, rdupling(TXs, TY ), compose(HY, TY,Y)
By simplification:

clause 13 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
rdupling(TXs, TY),
process(HX, HY ), compose(HY, TY,Y')

By p—1 times unfolding clause 6 wrt r(7X1,7Y1),...,r(TXp_1,TY,_1) using DCLR, and simplifying
using condition (4):



clause 14 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(TX1),...,minimal(TX,_1),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T Xy, TYy)
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = Ly, rdupling(TXs, TY ), compose(HY, TY,Y)

By deleting one of the minimal(TX1), ..., minimal(TX,_1) atoms in clause 14:

clause 15: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T Xy, TYy)
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = Ly, rdupling(TXs, TY ), compose(HY, TY,Y)

By rewriting clause 15 using applicability condition (1):

clause 16 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T Xy, TYy)
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(TY,, TYp41, Ipt1),
compose(Ipy1,TYpyo, Inya), ..., compose(Li_1,TY;, L),
r2upling(TX s, TTY ), compose(I;, TTY, TY),
compose(HY, TY,Y)

By t — p times folding clause 16 using clauses 1 and 2:

clause 17: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
raupling([TX,, ..., TX:|TXs|,TY),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(HY, TY,Y)

By using applicability condition (3):



clause 18 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TXq,€),...,solve(TX,_1,e€),
raupling([TX,, ..., TX:|TXs|,TY),
Io =€,
compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(HY, TY,Y)

By using applicability condition (2):

clause 19: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TXq,€),...,solve(TX,_1,e€),
raupling([TX,, ..., TX:|TXs|,TY),
Io =€,
L=1y,....[,_1 =1, 9,
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(HY, TY,Y)

By simplification:

clause 20 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
raupling([TX,, ..., TX:|TXs|,TY),
process(HX, HY ), compose(HY, TY,Y')

By introducing atoms minimal(Uy), ..., minimal(Up_1) (with new, i.e. existentially quantified, vari-
ables Uy, ..., Up_1) in clause T:

clause 21 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),

minimal(Uy), . .., minimal(Up_1),
r(TX1,TYY), ..., r(TX:, TY?),
IO =&

compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = Ly, rdupling(TXs, TY ), compose(HY, TY,Y)

By using applicability condition (3):

10



clause 22 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = Ly, rdupling(TXs, TY ), compose(HY, TY,Y)

By using applicability condition (2):

clause 23 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),

Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
compose(I,_1,e, K1), compose(Kq,e, Ks), ..., compose(K,_2,e K,_1),

process(HX, HHY ), compose(K,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = Ly, rdupling(TXs, TY ), compose(HY, TY,Y)

By using applicability conditions (1) and (2):

clause 24 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = Ly, rtupling(TXs, TY ), compose(HY, TY,TT),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_2,T1Y)

By introducing new, i.e. existentially quantified, variables Y'Uy,...,YU,_1 in place of some occur-
rences of e:
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clause 25 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
H(TX1,TYY), ..., 1(TX;, TY,),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = Ly, rtupling(TXs, TY ), compose(HY, TY,TT),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_2,T1Y)

By introducing nonMinimal(N) and decompose(N, HX,Uy,...,Up_1,TX,,...,TX}), since
AN X.nonMinimal(N) A decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy)

always holds (because N is existentially quantified):

clause 26 :  riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
nonMinimal(N), decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy),
H(TX1,TYY), ..., r(TXe, TY,),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = Ly, rtupling(TXs, TY ), compose(HY, TY,TT),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_2,T1Y)

By duplicating goal decompose(N, HX,Uv, ..., Up_1,TX,, ..., TXy):

clause 27 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
nonMinimal(N), decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYY), ..., 1(TXe, TY,),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = Ly, rtupling(TXs, TY ), compose(HY, TY,TT),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_2,T1Y)

By folding clause 27 using DC'LR:
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clause 28 :  riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYL), .. 1(T X1, TY,_1), f(N, HY),
r2upling(TX s, TY ), compose(HY, TY,TT),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_2,T1Y)

By folding clause 28 using clauses 1 and 2:

clause 29 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
T(TXl,Tyl), ceey T(TXp_l,T}/p_l),
r2upling([N|TXs], TI),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_2,T1Y)

By p — 1 times folding clause 29 using clauses 1 and 2:

clause 301 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
raupling([TX4,...,TX,-1,N|TXs],Y)

By introducing atoms minimal(Uy), ..., minimal(U;) (with new, i.e. existentially quantified, vari-

ables Uy, ..., Uy) in clause 8:

clause 31 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),

minimal(Uy), . .., minimal(Uy),
r(TX1,TYY), ..., r(TX:, TY?),
IO =&

compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = Ly, rdupling(TXs, TY ), compose(HY, TY,Y)

By using applicability condition (3):
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clause 321 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = Ly, rdupling(TXs, TY ), compose(HY, TY,Y)

By using applicability condition (2):

clause 33 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose([o,TYl,Il), ,compose(I,_o, TY,_1,I,_1),
compose(I,_1,e, K1), compose([xl e, o), ... compose(K,_o,e, K,_1),
process(HX, HHY'), compose([xp_l,HHY, Kp),
compose(Kp e, Kpy1), ..., compose(Ky, e, Kiy1), compose(Kyqq,¢e,1,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = Ly, rdupling(TXs, TY ), compose(HY, TY,Y)

By using applicability conditions (1) and (2):

clause 34 . riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),

Io =€,

compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(I, e Iot1), ... compose(l;, e, Iiy1),
NHY = It_|_1,

compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(K,_o, NHY,TI), compose(TI, K;_1,HY),
r2upling(TX s, TY ), compose(HY, TY,Y)
By introducing new, i.e. existentially quantified, variables YUy, ..., YU, in place of some occurrences
of e:
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clause 35 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(ULY UL, ., e(Us, YU,
H(TX1,TYY), ..., 7(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(IL, YU, I 41),...,compose(Ly, YUy, I111),
NHY = It_|_1,
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(K,_o, NHY,TI), compose(TI, K;_1,HY),
r2upling(TX s, TY ), compose(HY, TY,Y)

By introducing nonMinimal(N) and decompose(N, HX Uy, ..., Uy), since
AN : X .nonMinimal(N) A decompose(N, HX, Uy, ..., U;)

always holds (because N is existentially quantified):

clause 36 :  riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(ULY UL, ., e(Us, YU,
nonMinimal(N), decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., r(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(IL, YU, I 41),...,compose(Ly, YUy, I111),
NHY = It_|_1,
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(K,_o, NHY,TI), compose(TI, K;_1,HY),
r2upling(TX s, TY ), compose(HY, TY,Y)

By duplicating goal decompose(N, HX, Uy, ..., Us):
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clause 37 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(ULY UL, ., e(Us, YU,
nonMinimal(N), decompose(N, HX, Uy, ..., Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 7(TX;, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(IL, YU, I 41),...,compose(Ly, YUy, I111),
NHY = It_|_1,
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(K,_o, NHY,TI), compose(TI, K;_1,HY),
r2upling(TX s, TY ), compose(HY, TY,Y)

By folding clause 37 using DC'LR:

clause 38 :  riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 7(TXe, TY,), (N, NHY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(K,_o, NHY,TI), compose(TI, K;_1,HY),
r2upling(TX s, TY ), compose(HY, TY,Y)

By using applicability condition (1):

clause 39 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 7(TXe, TY,), /(N, NHY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(K,_o,TI,,Y), compose(NHY, T, T1I>),
r2upling(TX s, TY ), compose(Ky_1,TY,TI)

By t — p+ 1 times folding clause 39 using clauses 1 and 2:
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clause 40 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYL), .. 1(TXp—1, TY,_1), f(N, NHY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(K,_o,TI,,Y), compose(NHY, T, T1I>),
raupling([TX,,...,TX|TXs],Th)

By folding clause 40 using clauses 1 and 2:

clause 41 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
T(TXl,Tyl), ceey T(TXp_l,T}/p_l),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp_o,TI,,Y),
raupling([N,TX,,...,TX;|TXs],Th)

By p — 1 times folding clause 41 using clauses 1 and 2:

clause 42 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
raupling([TXy,...,TXp-1, N, TX,, ..., TX4|TXs],Th)

Clauses 1, 3, 13, 20, 30 and 42 are the clauses of Pr_jupiing. Therefore Pr_jupiing is steadfast wrt
Sr_tupling in §.

To prove that P, is steadfast wrt S, in {S;_supiing |, We do a backward proof that we begin with P,

in TG and from which we try to obtain S,.
The procedure P, for v in TG is:

r(X,Y) — riupling([X],Y)
By taking the ‘completion’
VX X VY Y. I.(X) = [n(X,)Y) < ritupling([X],Y)]
By unfolding the ‘completion’ above wrt r tupling([X],Y) using Sy tupiing:
VX XYY Y. L(X) = (X, Y) e IV, LY. O.(X, V)AL =YiAY = 1]
By simplification:
VX XYY Y. T(X)) = [F(X,Y) & O.(X,Y))]

We obtain S,, so P, is steadfast wrt S, in {S; tupiing |-
Therefore, T'G' is also steadfast wrt S, in §. ]

Theorem 2 The generalization schema T'G», which is given below, is correct.
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TG2 : < DCRL, TG, AtZ, Ot212a Ot221 > where
Atz (1) compose is associative
(2) compose has e as the left and right identity element, where e appears in DC'RL
() VX 1 X. I, (X) Aminimal(X) = O,(Xe)
(D VX : X. T,(X) = [-minimal(X) < nonMinimal( X))
Ot912 @ partial evaluation of the conjunction
process(HX, HY ), compose(HY, TY,Y')
results in the introduction of a non-recursive relation
Q1921 : partial evaluation of the conjunction
process(HX, HY ), compose(HY, I,, I,_1)
results in the introduction of a non-recursive relation

where the template T'G is Logic Program Template 2 in Theorem 1 and the template DC'RL is Logic
Program Template 3 below:

Logic Program Template 3

r(X,Y) —
minimal(X),
solve(X,Y)
r(X,Y) —
nonMinimal(X),
decompose(X, HX, TX4, ..., TXg),
r(TXi, TYi), cee r(TXt, TYt),
Ity1=e
compose(TYt, I, 1,1t),. .., compose(TYp, Tpits Ip),
process(HX, HY), compose(HY, Ip, Ip_i),
compose(TYp_i, Ip-1, Ip_2), ...,compose(TY¢,Iq,Ig),
Y=1Ip

and the specification S, of relation r is:
VX A VY Y. I.(X) = [n(X,)Y) < O, (X,Y)]

and the specification S, _supiing of relation r_tupling is:

VXs:listof X VY 2 Y., (VX X X € Xs = T.(X)) = [rtupling(Xs, V) &
(Xs=[]AY =¢)
V(Xs = [X1, .., XA AL O-(Xe,Y)) AL=YiA AL, 0c(Lis, Y, L) AY =1,)]

Proof 2 To prove the correctness of the generalization schema T'G5, by Definition 10, we have to prove
that templates DCRL and TG are equivalent wrt S, under the applicability conditions A;s. By Def-
inition 5, the templates DCRL and TG are equivalent wrt S, under the applicability conditions A4z
ifft DCRL is equivalent to TG wrt the specification S, provided that the conditions in A;» hold. By
Definition 4, DC'RL is equivalent to T'G wrt the specification S, iff the following two conditions hold:

(Cl) DCRL is steadfast wrt Sr in§ = {SminimalaSnonMinimalaSsolveaSdecomposeaSprocessaScompose}a
where Sminimala SnonMinimala Ssolvea Sdecomposea Sprocessa Scompose are the SpeCIﬁcatIOHS of m””mala

nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in DC'RL.

(b) TG is also steadfast wrt S, in S.

Note that the sets {S7,...,Sn} and {S7,...,5;} in Definition 4 are equal to & when () is obtained by
tupling generalization of P.

In program transformation, we assume that the input program, here template DC'RL, is steadfast
wrt S, in S, so condition (a) always holds.
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To prove equivalence, we have to prove condition (b). We will use the following property of stead-
fastness: T'G is steadfast wrt .S, in S if Pr_jupiing 18 steadfast wrt Sy _supiing in S, where Pr_syupiing is the
procedure for r_tupling, and P, is steadfast wrt S, in {S; tupiing}, Where P, is the procedure for r.

To prove that Pr_iupiing 15 steadfast wrt S, _supiing in S, we do a constructive forward proof that we
begin with Sy _tupiing and from which we try to obtain Pr_supiing-

If we separate the cases of ¢ > 1 by ¢ =1V ¢ > 2, then S;_tupiing becomes:

VXs:listof X VY 2 Y., (VX X X € Xs = T.(X)) = [rtupling(Xs, V) &
(Xs=[]AY =¢)

\/(XSI[Xl]/\OT(Xl,Yl)/\YlIfl/\Y211)

V(Xs = [X1, Xo, o, X A AL, On(X0,Y:) AL =YiA ALy Oulio, Vi i) AY = 1,)]

where ¢ > 2.
By using applicability conditions (1) and (2):

VXs:listof X VY 2 Y., (VX X X € Xs = T.(X)) = [rtupling(Xs, V) &

(Xs=[]AY =¢)

V(Xs = [X1|TXs)ATXs = [JA O (X1, Y1) AYs = [LATY = e AOL(L, TY,Y))

\/(XSI[X1|TXS]/\TXSI[Xz,...,Xq]/\ /\3:107‘()(2,}/2) /\lefl /\YQIIQ/\
0L, Y ) ATY =1, NO(L, TY,Y))]

where ¢ > 2.
By folding using Sy _supiing, and renaming:

VXs:listof X VY 2 Y., (VX X X € Xs = T.(X)) = [rtupling(Xs, V) &
(Xs=[]AY =¢)
V(Xs = [X|TXs]AO(X, HY) Artupling(TXs, TY)ANO(HY, TY,Y))]

By taking the ‘decompletion’:

clause 1: riupling(Xs,Y) —
Xs=[],Y=e

clause 21 riupling(Xs,Y) —
Xs =[X|TXs],r(X,HY),
rtupling(TXs,TY), compose(HY, TY,Y)

By unfolding clause 2 wrt »(X, HY) using DC'RL, and using the assumption that DC'RL is steadfast
wrt S, in S:

clause 3: riupling(Xs,Y) —
Xs = [X|TXs],
minimal(X),
rtupling(TXs, TY),
solve(X, HY ), compose(HY, TY,Y)

clause 4: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = Iy, r2upling(TX s, TY ), compose(HY,TY,Y)
By introducing
(minimal(TX1) A ... Aminimal(TX;))V
((minimal(TX1) A ... Aminimal(TX,_1)) A (nonMinimal(TX,) V ...V nonMinimal(TX,)))V
((nonMinimal(TX1) V...V nonMinimal(TX,_1)) A (minimal(TX,) A ... Aminimal(TXy)))V
((nonMinimal(TX1) V...V nonMinimal(TX,_1)) A (nonMinimal(TX,) V ...V nonMinimal(TXy)))
in clause 4, using applicability condition (4):
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clause 5: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
H(TX1,TYY), ..., 1(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = Iy, r2upling(TX s, TY ), compose(HY,TY,Y)
clause 6 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = Iy, r2upling(TX s, TY ), compose(HY,TY,Y)

clause 7: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,TX5),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = Iy, r2upling(TX s, TY ), compose(HY,TY,Y)
clause 8 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,TX5),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., r(TX;, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = Iy, r2upling(TX s, TY ), compose(HY,TY,Y)

By t times unfolding clause 5 wrt »(T'X1,TY1),...,r(TX;,TY;) using DCRL, and simplifying using
condition (4):

clause 9: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
minimal(TX1), ..., minimal(TXy),
solve(TX1,TY1),...,solve(TX;, TY:),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = Iy, r2upling(TX s, TY ), compose(HY,TY,Y)
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By using applicability condition (3):

clause 10 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),

It-l—l =&

compose(e, Liy1,Iy), ..., compose(e, I,11, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1,I,_2), ..., compose(e, I, Ip),

HY = Iy, rtupling(TX s, TY ), compose(HY,TY,Y)
By deleting one of the minimal(TX1), ..., minimal(TX;) atoms in clause 10:

clause 11 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),

It-l—l =&

compose(e, Liy1,Iy), ..., compose(e, I,11, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1,I,_2), ..., compose(e, I, Ip),

HY = Iy, rtupling(TX s, TY ), compose(HY,TY,Y)
By using applicability condition (2):

clause 121 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),
It-l—l =&
It = It_|_1, . .,Ip = Ip+1,
process(HX, HHY ), compose(HHY, I, I,_1),
Ip_o=1I,_4,...., Iy = I,
HY = Iy, rtupling(TX s, TY ), compose(HY,TY,Y)

By simplification:

clause 13 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
rdupling(TXs, TY),
process(HX, HY ), compose(HY, TY,Y')

By p—1 times unfolding clause 6 wrt r(7X1,7Y1),...,r(TXp_1,TY,_1) using DCRL, and simplifying
using condition (4):
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clause 14 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(TX1),...,minimal(TX,_1),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T Xy, TYy)
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HY ), compose(HY, I,, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = Iy, rtupling(TX s, TY ), compose(HY,TY,Y)

By deleting one of the minimal(TX1), ..., minimal(TX,_1) atoms in clause 14:

clause 15: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T Xy, TYy)
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HY ), compose(HY, I,, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = Iy, rtupling(TX s, TY ), compose(HY,TY,Y)

By rewriting clause 15 using applicability conditions (1) and (2):

clause 16 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T Xy, TYy)
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(TY,, TYp41, Ipt1),
compose(Ipy1,TYpyo, Inya), ..., compose(Li_1,TY;, L),
r2upling(TX s, TTY ), compose(I;, TTY, TY),
compose(HY, TY,Y)

By t — p times folding clause 16 using clauses 1 and 2:

clause 17: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
raupling([TX,, ..., TX:|TXs|,TY),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(HY, TY,Y)

By using applicability condition (3):
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clause 18 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TXq,€),...,solve(TX,_1,e€),
raupling([TX,, ..., TX:|TXs|,TY),
Io =€,
compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(HY, TY,Y)

By using applicability condition (2):

clause 19: riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TXq,€),...,solve(TX,_1,e€),
raupling([TX,, ..., TX:|TXs|,TY),
Io =€,
L=1y,....[,_1 =1, 9,
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(HY, TY,Y)

By simplification:

clause 20 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
raupling([TX,, ..., TX:|TXs|,TY),
process(HX, HY ), compose(HY, TY,Y')

By introducing atoms minimal(Uy), ..., minimal(Up_1) (with new, i.e. existentially quantified, vari-
ables Uy, ..., Up_1) in clause T:

clause 21 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),

minimal(Uy), . .., minimal(Up_1),
H(TX1,TYY), ..., 7(TXe, TYy),
Liy1 =¢,

compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HY ), compose(HY, I,, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = Iy, rtupling(TX s, TY ), compose(HY,TY,Y)

By using applicability condition (3):
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clause 22 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = Iy, rtupling(TX s, TY ), compose(HY,TY,Y)

By using applicability condition (2):

clause 23 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1, K1), compose(e, K1, K3), ..., compose(e, Kp_o, Kp_1),
compose(TY,_1,Kp_1,I,_5), ..., compose(TY1, I1, Iy),
HY = Iy, rtupling(TX s, TY ), compose(HY,TY,Y)

By using applicability conditions (1) and (2):

clause 24 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1,I,_2), ..., compose(e, I, Ip),
HY = Iy, rtupling(TX s, TY ), compose(HY,TY,TT),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_2,T1Y)

By introducing new, i.e. existentially quantified, variables Y'Uy,...,YU,_1 in place of some occur-
rences of e:
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clause 25 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
H(TX1,TYY), ..., 1(TX;, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
HY = Iy, rtupling(TX s, TY ), compose(HY,TY,TT),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_2,T1Y)

By introducing nonMinimal(N) and decompose(N, HX,Uy,...,Up_1,TX,,...,TX}), since
AN X.nonMinimal(N) A decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy)

always holds (because N is existentially quantified):

clause 26 :  riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
nonMinimal(N), decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy),
H(TX1,TYY), ..., r(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
HY = Iy, rtupling(TX s, TY ), compose(HY,TY,TT),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_2,T1Y)

By duplicating goal decompose(N, HX,Uv, ..., Up_1,TX,, ..., TXy):

clause 27 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
nonMinimal(N), decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYY), ..., 1(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
HY = Iy, rtupling(TX s, TY ), compose(HY,TY,TT),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_2,T1Y)

By folding clause 27 using DC'RL:
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clause 28 :  riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYL), .. 1(T X1, TY,_1), f(N, HY),
r2upling(TX s, TY ), compose(HY, TY,TT),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_2,T1Y)

By folding clause 28 using clauses 1 and 2:

clause 29 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
T(TXl,Tyl), ceey T(TXp_l,T}/p_l),
r2upling([N|TXs], TI),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_2,T1Y)

By p — 1 times folding clause 29 using clauses 1 and 2:

clause 301 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
raupling([TX4,...,TX,-1,N|TXs],Y)

By introducing atoms minimal(Uy), ..., minimal(U;) (with new, i.e. existentially quantified, vari-

ables Uy, ..., Uy) in clause 8:

clause 31 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,TX5),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),

minimal(Uy), . .., minimal(Uy),
H(TX1,TYY), ..., 1(TXe, TY,),
Liy1 =¢,

compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = Iy, rtupling(TX s, TY ), compose(HY,TY,Y)

By using applicability condition (3):
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clause 321 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,TX5),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = Iy, rtupling(TX s, TY ), compose(HY,TY,Y)

By using applicability condition (2):

clause 33 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),

It+1 =€,

compose(TYt, Liti, It), ..., compose(TY,, I,41, 1),
compose(e, I, Ki41),

compose(e, [\t+1 ,Ky), ..., compose(e, Kpi1, Kp),
process(HX, HHY ), compose(HHY, K, K,_1),
compose(e, Kp_1,K,_»), ..., compose(e, K1, Ky),

compose(e, Ky, p 1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = Iy, rtupling(TX s, TY) compose(HY, TY,Y)

By using applicability conditions (1) and (2):

clause 34 . riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),

It-l—l =&

compose(e, Liy1,Iy), ..., compose(e, I,11, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1,I,_2), ..., compose(e, I, Ip),
NHY = I,

compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(K,_o, NHY,TI), compose(TI, K;_1,HY),

r2upling(TX s, TY ), compose(HY, TY,Y)

By introducing new, i.e. existentially quantified, variables YUy, ..., YU, in place of some occurrences
of e:
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clause 35 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(ULY UL, ., e(Us, YU,
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(Y Uy, Ly, It), . .., compose(Y Uy, Ipp1, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
NHY = I,
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(K,_o, NHY,TI), compose(TI, K;_1,HY),
r2upling(TX s, TY ), compose(HY, TY,Y)

By introducing nonMinimal(N) and decompose(N, HX Uy, ..., Uy), since
AN : X .nonMinimal(N) A decompose(N, HX, Uy, ..., U;)

always holds (because N is existentially quantified):

clause 36 :  riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(ULY UL, ., e(Us, YU,
nonMinimal(N), decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., r(TXe, TY,),
It-l—l =&
compose(Y Uy, Ly, It), . .., compose(Y Uy, Ipp1, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
NHY = I,
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(K,_o, NHY,TI), compose(TI, K;_1,HY),
r2upling(TX s, TY ), compose(HY, TY,Y)

By duplicating goal decompose(N, HX, Uy, ..., Us):
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clause 37 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
r(ULY UL, . (U, YU,
nonMinimal(N), decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., r(TXe, TY,),
It-l—l =&
compose(Y Uy, Ly, It), . .., compose(Y Uy, Ipp1, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
NHY = I,
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(K,_o, NHY,TI), compose(TI, K;_1,HY),
r2upling(TX s, TY ), compose(HY, TY,Y)

By folding clause 37 using DC'RL:

clause 38 :  riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 7(TXe, TY,), (N, NHY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(K,_o, NHY,TI), compose(TI, K;_1,HY),
r2upling(TX s, TY ), compose(HY, TY,Y)

By using applicability condition (1):

clause 39 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 7(TXe, TY,), /(N, NHY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(K,_o,TI,,Y), compose(NHY, T, T1I>),
r2upling(TX s, TY ), compose(Ky_1,TY,TI)

By t — p+ 1 times folding clause 39 using clauses 1 and 2:
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clause 40 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYL), .. 1(TXp—1, TY,_1), f(N, NHY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(K,_o,TI,,Y), compose(NHY, T, T1I>),
raupling([TX,,...,TX|TXs],Th)

By folding clause 40 using clauses 1 and 2:

clause 41 : riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
T(TXl,Tyl), ceey T(TXp_l,T}/p_l),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp_o,TI,,Y),
raupling([N,TX,,...,TX;|TXs],Th)

By p — 1 times folding clause 41 using clauses 1 and 2:

clause 42 1 riupling(Xs,Y) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
raupling([TXy,...,TXp-1, N, TX,, ..., TX4|TXs],Th)

Clauses 1, 3, 13, 20, 30 and 42 are the clauses of Pr_jupiing. Therefore Pr_jupiing is steadfast wrt
Sr_tupling in §.

To prove that P, is steadfast wrt S, in {S;_supiing |, We do a backward proof that we begin with P,
in TG and from which we try to obtain S,.
The procedure P, for v in TG is:

r(X,Y) — riupling([X],Y)
By taking the ‘completion’
VX X VY Y. I.(X) = [n(X,)Y) < ritupling([X],Y)]
By unfolding the ‘completion’ above wrt r tupling([X],Y) using Sy tupiing:
VX XYY Y. L(X) = (X, Y) e IV, LY. O.(X, V)AL =YiAY = 1]
By simplification:
VX XYY Y. T(X)) = [F(X,Y) & O.(X,Y))]

We obtain S,, so P, is steadfast wrt S, in {S; tupiing |-
Therefore, T'G' is also steadfast wrt S, in §. ]

3 Proofs of the Descending Generalization Schemas

Theorem 3 The generalization schema DG, which is given below, is correct.
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DG1 : < DCLR, DGLR, Adgl, OdgllZ, Odngl > where
Aggr : (1) compose is associative
(2) compose has e as the left identity element,
where e appears in DCLR and DGLR
Ogg112 : - compose has e as the right identity element,
where e appears in DC'LR and DGLR
and Z,(X) A minimal(X) = O, (X e)
- partial evaluation of the conjunction
process(HX, HY ), compose(A,_1, HY, 4,)
results in the introduction of a non-recursive relation

Ogg121 : - partial evaluation of the conjunction
process(HX, HY ), compose(I,_1,HY, I,)
results in the introduction of a non-recursive relation

where the template DC'LR 1s Logic Program Template 1 in Section 2 and the template DG LR 1s Logic
Program Template 4 below:

Logic Program Template 4

r(X,Y) —
r_descending4(X,Y,e)
r_descendingq(X,Y,4) —
minimal(X),
solve(X,S), compose(A,S,Y)
r_descendingq(X,Y,4) —
nonMinimal(X),
decompose(X, HX, TX4, ..., TXg),
compose(4, e, Ag),
r_descendingq(TXq,44,4¢),. .., r_descendingi(TXp_i, Ap_1, AP—2)’
process(HX, HY), compose(Ap_i, HY, Ap),
r descendingq(TXp, Apii, Ap),...,rdescending(TXy, Ay 1, At),
Y=A4g4q
and the specification S, of relation r is:
VX X WY Y. T(X) = [r(X,Y) & O,(X,Y)]
and the specification S, _gescending, of relation r_descending,; is:

VX X VY, A: Y. Z,(X) = [rdescending; (X, Y, A) & 3S: Y. O.(X,5) AO.(4,5,Y)]

Proof 3 To prove the correctness of the generalization schema D1, by Definition 10, we have to prove
that templates DCLR and DGLR are equivalent wrt S, under the applicability conditions Agy1. By
Definition 5, the templates DCLR and DGLR are equivalent wrt S, under the applicability conditions
Aggr iff DOLR s equivalent to DG LR wrt the specification S, provided that the conditions in A4, hold.
By Definition 4, DC'LR is equivalent to DG LR wrt the specification .S, iff the following two conditions
hold:

(Cl) DCLR is steadfast wrt Sr in§ = {SminimalaSnonMinimalaSsolveaSdecomposeaSprocessaScompose}a
where Sminimala SnonMinimala Ssolvea Sprocessa Sdecomposea Scompose are the SpeCiﬁcatiOHS of minimal,
nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in DC'LR.

(b) DGLR is also steadfast wrt S, in S.

Note that the sets {S1,...,S,} and {S7,...,S5;} in Definition 4 are equal to § when @ is obtained by
descending generalization of P.

In program transformation, we assume that the input program, here template DC'LR, is steadfast
wrt S, in S, so condition (a) always holds.
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To prove equivalence, we have to prove condition (b). We will use the following property of stead-
fastness: DGLR is steadfast wrt S, in S if Pr_gescending, 15 steadfast wrt Sy_gescending, 10 S, where
P, _gescending, 1s the procedure for r_descending,, and P, is steadfast wrt S, in {5, _descending, |, Where
P, is the procedure for r.

To prove that Pr_gescending, 15 steadfast wrt Sy_gescending, in S, we do a constructive forward proof
that we begin with Sy_gescending, and from which we try to obtain Pr_gescending, -

By taking the ‘decompletion’ of S _gescending,:

clause 1: r_descending;(X,Y, A) — r(X, S), compose(A, S,Y)

By unfolding clause 1 wrt »(X,S) using DCLR, and using the assumption that DC'LR is steadfast
wrt S, in S:

clause 2. rdescending; (X,Y, A) —
minimal(X),
solve(X, S), compose(A,S,Y)

clause 3: rdescending; (X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TS1), ..., "(TXe, TSy),
Io =€,
compose(Iy, T'S1,I1),...,compose(I,_o, TSp_1, I,—1),
process(HX, HS), compose(I,_1,HS, I,),
compose(I, , TSy, Ipy1), ..., compose(L;, TSy, Liy1),
S = L1, compose(A,S,Y)

By using applicability condition (1) on clause 3:

clause 4: rdescending (X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TS1), ..., "(TXe, TSy),
compose(A, e, Ag),
compose( Ay, T'S1, A1), ..., compose(Ap_o, TSy_1,Ap_1),
process(HX, HS), compose(Ap,_1, HS, Ap),
compose(Ap, TSy, Apt1), . .., compose( Ay, TSy, Aeir),
Y = Ay

By ¢ times folding clause 4 using clause 1:

clause 5: rdescending; (X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
compose(A, e, Ag),
r_descending (T X1, A1, Ao), ..., rdescendingy (T Xp_1,Ap_1, Ap_2),
process(HX, HY ), compose(A,_1, HY, A,),
r_descending (TX,, Apy1, Ap), ..., rdescending (T Xy, Ary1, As),
Y = Ay

Clauses 2 and 5 are the clauses of the P, _gescending,. Therefore Pr_gescending, 15 steadfast wrt
Sr_descendingl in S.

To prove that P, is steadfast wrt S, in {S;_descending }, we do a backward proof that we begin with
P, in DGLR and from which we try to obtain S...

The procedure P, for r in DGLR is:

r(X,Y) — r.descending;(X,Y,e)
By taking the ‘completion’
VX X VY Y. I.(X) = [r(X,Y) < r.descending, (X, Y, €)]
By unfolding the ‘completion’ above wrt r_descending, (X,Y, €) using Sy _descending: :
VX XA VY Y. I(X) = [r(X,Y) & 3S: Y. O.(X,5) AOc(e,5,Y)]
By using applicability condition (2):
VX A VY Y. (X)) = HX,)Y) & 35: Y. 0, (X,S)AS =Y]
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By simplification:
VX A VY Y. I,(X) = #(X,)Y) & O0,(X,Y)]

We obtain S,, so P, is steadfast wrt S, in {S; _descending, |-
Therefore, DG LR is also steadfast wrt .S, in S. ]

Theorem 4 The generalization schema DG», which is given below, is correct.

DG2 : < DCLR, DGRL, Ang, Odg212, Odg221 > where
Aggo (1) compose is associative
(2) compose has e as the left and right identity element,
where e appears in DCLR and DGRL
Oggo12 - L, (X) Aminimal(X) = O0,(X, e)
- partial evaluation of the conjunction
process(HX, HY ), compose(HY, Ay, Ap_1)
results in the introduction of a non-recursive relation
Ogg221 © - partial evaluation of the conjunction
process(HX, HY ), compose(I,_1,HY, I,)
results in the introduction of a non-recursive relation

where the template DC'LR 1s Logic Program Template 1 in Section 2 and the template DG RL is Logic
Program Template b below:

Logic Program Template 5

r(X,Y) —
r_descendings(X,Y, e)
r_descendings(X,Y,4) —
minimal(X),
solve(X,S), compose(S, 4,Y)
r_descendings(X,Y,4) —
nonMinimal(X),
decompose(X, HX, TXq, ..., TX¢),
compose(e, A, At 1),
r descendingy(TXt, At, Ag 1), .., r-descendingy(TXp, Ap, AP+1)’
process(HX, HY), compose(HY, Ap, Ap_i),
r_descendingQ(TXp_i,AP_Q, Ap_i), ...,r descendingo(TXq, Ag, A1),
Y=14p

and the specification S, of relation r is:
VX X VY Y. I.(X) = [n(X,)Y) < 0, (X,Y)]
and the specification S, _gescending, of relation r_descendings is:
VX X VY, A: Y. Z,(X) = [rdescendings(X, Y, A) & 35 : Y. O.(X,5) AO.(S,A4,Y)]

Proof 4 To prove the correctness of the generalization schema Do, by Definition 10, we have to prove
that templates DCLR and DGRL are equivalent wrt S, under the applicability conditions Agy2. By
Definition 5, the templates DCLR and DGRL are equivalent wrt S, under the applicability conditions
Adggo iff DCLR is equivalent to DG RL wrt the specification S, provided that the conditions in Ag42 hold.
By Definition 4, DC'LR is equivalent to DG RL wrt the specification .S, iff the following two conditions
hold:

(Cl) DCLR is steadfast wrt Sr in§ = {SminimalaSnonMinimalaSsolveaSdecomposeaSprocessaScompose}a
where Sminimala SnonMinimala Ssolvea Sprocessa Sdecomposea Scompose are the SpeCiﬁcatiOHS of minimal,
nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in DC'LR.
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(b) DGRL is also steadfast wrt S, in S.

Note that the sets {S1,...,S,} and {S7,...,S5;} in Definition 4 are equal to § when @ is obtained by
descending generalization of P.

In program transformation, we assume that the input program, here template DC'LR, is steadfast
wrt S, in S, so condition (a) always holds.

To prove equivalence, we have to prove condition (b). We will use the following property of stead-
fastness: DGRL is steadfast wrt S, in S if Pr_gescending, 15 steadfast wrt Sr_gescending, 10 S, where
P, _gescending, 18 the procedure for r_descending,, and P, is steadfast wrt S, in {5, _descending, |, Where
P, is the procedure for r.

To prove that Pr_gescending, 15 steadfast wrt Sy_gescending, in S, we do a constructive forward proof
that we begin with S;y_gescending, and from which we try to obtain Pr_gescending,-

By taking the ‘decompletion’ of S _gescendings,:

clause 1: r_descendings(X,Y, A) — r(X, S), compose(S, A,Y)

By unfolding clause 1 wrt »(X,S) using DCLR, and using the assumption that DC'LR is steadfast
wrt S, in S:

clause 2. rdescendings(X,Y, A) —
minimal(X),
solve(X, S), compose(S, A, Y")

clause 3: rdescendings(X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TS1), ..., "(TXe, TSy),
Io =€,
compose(Iy, T'S1,I1),...,compose(I,_o, TSp_1, I,—1),
process(HX, HS), compose(I,_1,HS, I,),
compose(I, , TSy, Ipy1), ..., compose(L;, TSy, Liy1),
S = L1, compose(S, A,Y)

By using applicability condition (1) on clause 3:

clause 4: rdescending>(X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TS1), ..., "(TXe, TSy),
compose(T'Sy, A, Ay), ..., compose(T'Sy, Api1, Ap),
process(HX, HY ), compose(HY, Ap, Ap_1),
compose(T'Sp_1,Ap_1,Ap_2), ..., compose(TS1, A1, Ao),
compose(e, Ag,Y)

By using applicability condition (2) on clause 4:

clause 5: rdescending>(X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TS1), ..., "(TXe, TSy),
compose(T'Sy, A, Ay), ..., compose(T'Sy, Api1, Ap),
process(HX, HY ), compose(HY, Ap, Ap_1),
compose(T'Sp_1,Ap_1,Ap_2), ..., compose(TS1, A1, Ao),
Y = A

By using applicability condition (2) on clause 5 and introducing a new, i.e. existentially quantified,
variable A¢41:

clause 6 : rdescendings(X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TS1), ..., "(TXe, TSy),
compose(e, A, A1),
compose(T'Sy, Aiy1, Ar), ..., compose(T'Sy, Apya, Ap),
process(HX, HY ), compose(HY, Ap, Ap_1),
compose(T'Sp_1,Ap_1,Ap_2), ..., compose(TS1, A1, Ao),
Y = A
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By t times folding clause 6 using clause 1:

clause 7: rdescending>(X,Y, A) —

nonMinimal(X), decompose(X, HX, TXy,...,TXy),
compose(e, A, A1),
r_descending,(T Xy, As, Avyr), ..., r-descending(TX,, Ay, Apt1),
process(HX, HY ), compose(HY, Ap, Ap_1),
r_descending,(TXp_1,Ap_2, Ap_1), ..., rdescending,(T X1, Ag, A1),
Y = A

Clauses 2 and 7 are the clauses of Py _gescending,. Therefore Pr_gescending, 18 steadfast wrt Sy _gescending,

inS.

To prove that P, is steadfast wrt S, in {S;_descending, }, we do a backward proof that we begin with
P, in DGRL and from which we try to obtain S...
The procedure P, for r in DGRL is:

r(X,Y) — r.descending>(X,Y,e)
By taking the ‘completion’
VX X VY Y. I.(X) = [r(X,)Y) < r.descending2(X,Y, €)]
By unfolding the ‘completion’ above wrt r_descending,(X,Y, e) using Sy _descendings:
VX A VY Y. T(X) = [r(X,)Y) & 3S: Y. O.(X,S) ANO(S,e,Y)]
By using applicability condition (2):
VX A VY Y. (X)) = HX,)Y) & 35: Y. 0, (X,S)AS =Y]
By simplification:
VX XYY Y. (X)) = [F(X,Y) & 0,(X,Y)]

We obtain S,, so P, is steadfast wrt S, in {S; _descendings |-
Therefore, DG RL is also steadfast wrt .S, in S. ]

Theorem 5 The generalization schema DGs, which is given below, is correct.

DG3 : < DCRL, DGRL, Adgg, Odg312, Odg321 > where
Aggs (1) compose is associative
(2) compose has e as the right identity element,
where e appears in DCRL and DGRL
Ogg312 : - compose has e as the left identity element,
where e appears in DC'LR and DGRL
and Z,(X) A minimal(X) = O, (X e)
- partial evaluation of the conjunction
process(HX, HY ), compose(HY, Ay, Ap_1)
results in the introduction of a non-recursive relation
Ogg321 : - partial evaluation of the conjunction
process(HX, HY ), compose(HY, I, , I,_1)
results in the introduction of a non-recursive relation

where the template DGRL is Logic Program Template 5 in Theorem 4 and the template DC'RL is Logic
Program Template 3 in Section 2.
The specification S, of relation r is:

VX X VY Y. I.(X) = [n(X,)Y) < 0, (X,Y)]
The specification Sy _gescending, of relation r_descendings is:

VX X VY, A: Y. Z,(X) = [rdescendings(X, Y, A) & 35 : Y. O.(X,5) AO.(S,A4,Y)]
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Proof 5 To prove the correctness of the generalization schema DG's, by Definition 10, we have to prove
that templates DCRL and DGRL are equivalent wrt S, under the applicability conditions Agy3. By
Definition 5, the templates DCRL and DGRL are equivalent wrt S, under the applicability conditions
Aggs it DORL is equivalent to DG RL wrt the specification S, provided that the conditions in 4443 hold.
By Definition 4, DCRL is equivalent to DG RL wrt the specification .S, iff the following two conditions
hold:

(Cl) DCRL is steadfast wrt Sr in§ = {SminimalaSnonMinimalaSsolveaSdecomposeaSprocessaScompose}a
where Sminimala SnonMinimala Ssolvea Sprocessa Sdecomposea Scompose are the SpeCiﬁcatiOHS of minimal,
nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in DC'RL.

(b) DGRL is also steadfast wrt S, in S.

Note that the sets {S1,...,S,} and {S7,...,S5;} in Definition 4 are equal to § when @ is obtained by
descending generalization of P.

In program transformation, we assume that the input program, here template DC'RL, is steadfast
wrt S, in S, so condition (a) always holds.

To prove equivalence, we have to prove condition (b). We will use the following property of stead-
fastness: DGRL is steadfast wrt S, in S if Pr_gescending, 15 steadfast wrt Sr_gescending, 10 S, where
P, _gescending, 18 the procedure for r_descending,, and P, is steadfast wrt S, in {5, _descending, |, Where
P, is the procedure for r.

To prove that Pr_gescending, 15 steadfast wrt Sy_gescending, in S, we do a constructive forward proof
that we begin with S;y_gescending, and from which we try to obtain Pr_gescending,-

By taking the ‘decompletion’ of S _gescendings,:

clause 1: r_descendings(X,Y, A) — r(X, S), compose(S, A,Y)

By unfolding clause 1 wrt »(X,S) using DCRL, and using the assumption that DCRL is steadfast
wrt S, in S:

clause 2. rdescendings(X,Y, A) —
minimal(X),
solve(X, S), compose(S, A, Y")

clause 3: rdescendings(X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TS1), ..., "(TXe, TSy),
It-l—l =€,
compose(T' Sy, Iiy1,1y), . .., compose(T'Sp, Ipy, Ip),
process(HX, HS), compose(HS, I,, I,_1),
compose(T'Sp_1,Ip_1,Iy_2), ..., compose(TS1, I1, Ip),
S = Iy, compose(S, A,Y)

By using applicability condition (1) on clause 3:

clause 4: rdescending>(X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TS1), ..., "(TXe, TSy),
compose(e, A, A1),
compose(T'Sy, Aiy1, Ar), ..., compose(T'Sy, Apya, Ap),
process(HX, HY ), compose(HY, Ap, Ap_1),
compose(T'Sp_1,Ap_1,Ap_2), ..., compose(TS1, A1, Ao),
Y = A

By ¢ times folding clause 4 using clause 1:

clause 5: rdescending>(X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
compose(e, A, A1),
r_descending,(T Xy, As, Avyr), ..., r-descending(TX,, Ay, Apt1),
process(HX, HY ), compose(HY, Ap, Ap_1),
r_descending,(TXp_1,Ap_2, Ap_1), ..., rdescending,(T X1, Ag, A1),
Y = A
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Clauses 2 and b5 are the clauses of P, _gescending,. Therefore Pr_gescending, 18 steadfast wrt Sy _gescending,

inS.

To prove that P, is steadfast wrt S, in {S;_descending, }, we do a backward proof that we begin with
P, in DGRL and from which we try to obtain S...
The procedure P, for r in DGRL is:

r(X,Y) — r.descending>(X,Y,e)
By taking the ‘completion’
VX X VY Y. I.(X) = [r(X,)Y) < r.descending2(X,Y, €)]
By unfolding the ‘completion’ above wrt r_descending,(X,Y, e) using Sy _descendings:
VX A VY Y. T(X) = [r(X,)Y) & 3S: Y. O.(X,S) ANO(S,e,Y)]
By using applicability condition (2):
VX A VY Y. (X)) = HX,)Y) & 35: Y. 0, (X,S)AS =Y]
By simplification:
VX XYY Y. (X)) = [F(X,Y) & 0,(X,Y)]

We obtain S,, so P, is steadfast wrt S, in {S; _descendings |-
Therefore, DG RL is also steadfast wrt .S, in S. ]

Theorem 6 The generalization schema DG4, which is given below, is correct.

DG4 : < DCRL, DGLR, Adg4, Odg412, Odg421 > where
Adga : - compose is associative
- compose has e as the left and right identity element,
where e appears in DCRL and DGLR
Ogga12 - L, (X) Aminimal(X) = O0,(X, e)
- partial evaluation of the conjunction
process(HX, HY ), compose(A,_1, HY, 4,)
results in the introduction of a non-recursive relation
Oggan1 : - partial evaluation of the conjunction
process(HX, HY ), compose(HY, I, , I,_1)
results in the introduction of a non-recursive relation

where the template DC'RL is Logic Program Template 3 in Section 2 and the template DG LR is Logic
Program Template 4 in Theorem 3.
The specification S, of relation r is:

VX X VY Y. I.(X) = [n(X,)Y) < 0, (X,Y)]
The specification Sy _gescending, of relation r_descending, is:
VX X VY, A: Y. Z,(X) = [rdescending; (X, Y, A) & 3S: Y. O.(X,5) AO.(4,5,Y)]

Proof 6 To prove the correctness of the generalization schema DG4, by Definition 10, we have to prove
that templates DCRL and DGLR are equivalent wrt S, under the applicability conditions Agg4. By
Definition 5, the templates DCRL and DGLR are equivalent wrt S, under the applicability conditions
Adgga it DORL is equivalent to DG LR wrt the specification S, provided that the conditions in Ag44 hold.
By Definition 4, DCRL is equivalent to DG LR wrt the specification .S, iff the following two conditions
hold:

(Cl) DCRL is steadfast wrt Sr in§ = {SminimalaSnonMinimalaSsolveaSdecomposeaSprocessaScompose}a
where Sminimala SnonMinimala Ssolvea Sprocessa Sdecomposea Scompose are the SpeCiﬁcatiOHS of minimal,
nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in DC'RL.
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(b) DGLR is also steadfast wrt S, in S.

Note that the sets {S1,..., Sy} and {S], ..., 5} in Definition 4 are equal to § to § when @ is obtained
by descending generalization of P.

In program transformation, we assume that the input program, here template DC'RL, is steadfast
wrt S, in S, so condition (a) always holds.

To prove equivalence, we have to prove condition (b). We will use the following property of stead-
fastness: DGLR is steadfast wrt S, in S if Pr_gescending, 15 steadfast wrt Sy_gescending, 10 S, where
P, _gescending, 1s the procedure for r_descending,, and P, is steadfast wrt S, in {5, _descending, |, Where
P, is the procedure for r.

To prove that Pr_gescending, 15 steadfast wrt Sy_gescending, in S, we do a constructive forward proof
that we begin with Sy_gescending, and from which we try to obtain Pr_gescending, -

By taking the ‘decompletion’ of S _gescending,:

clause 1: r_descending;(X,Y, A) — r(X, S), compose(A, S,Y)

By unfolding clause 1 wrt »(X,S) using DCRL, and using the assumption that DC'LR is steadfast
wrt S, in S:

clause 2. rdescending; (X,Y, A) —
minimal(X),
solve(X, S), compose(A,S,Y)

clause 3: rdescending; (X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TS1), ..., "(TXe, TSy),
It-l—l =€,
compose(T' Sy, Iiy1,1y), . .., compose(T'Sp, Ipy, Ip),
process(HX, HS), compose(HS, I,, I,_1),
compose(T'Sp_1,Ip_1,Iy_2), ..., compose(TS1, I1, Ip),
S = Iy, compose(A,S,Y)

By using applicability condition (1) on clause 3:

clause 4: rdescending (X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TS1), ..., "(TXe, TSy),
compose(A, TS, A1), ..., compose(Ap_2,TSp_1,A4p-1),
process(HX, HS), compose(Ap,_1, HS, Ap),
compose(Ap, TSy, Apt1), . .., compose( Ay, TSy, Aeir),
compose(Aiy1,€,Y)

By using applicability condition (2) on clause 4:

clause 5: rdescending; (X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TS1), ..., "(TXe, TSy),
compose(A, TS, A1), ..., compose(Ap_2,TSp_1,A4p-1),
process(HX, HS), compose(Ap,_1, HS, Ap),
compose(Ap, TSy, Apt1), . .., compose( Ay, TSy, Aeir),
Y = Ay

By using applicability condition (2) on clause 5 and introducing a new, i.e. existentially quantified,
variable Ag:

clause 6 : rdescending; (X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TS1), ..., "(TXe, TSy),
compose(A, e, Ag),
compose( Ay, T'S1, A1), ..., compose(Ap_o, TSy_1,Ap_1),
process(HX, HS), compose(Ap,_1, HS, Ap),
compose(Ap, TSy, Apt1), . .., compose( Ay, TSy, Aeir),
Y = Ay
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By t times folding clause 6 using clause 1:

clause 7: rdescending; (X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
compose(A, e, Ag),
r_descending (T X1, A1, Ao), ..., rdescendingy (T Xp_1,Ap_1, Ap_2),
process(HX, HY ), compose(A,_1, HY, A,),
r_descending (TX,, Apy1, Ap), ..., rdescending (T Xy, Ary1, As),
Y = Ay
Clauses 2 and 7 are the clauses of the P, _gescending,. Therefore Pr_gescending, 15 steadfast wrt
Sr_descendingl in S.
To prove that P, is steadfast wrt S, in {S;_descending }, we do a backward proof that we begin with
P, in DGLR and from which we try to obtain S...
The procedure P, for r in DGLR is:

r(X,Y) — r.descending;(X,Y,e)
By taking the ‘completion’
VX X VY Y. I.(X) = [r(X,Y) < r.descending, (X, Y, €)]
By unfolding the ‘completion’ above wrt r_descending, (X,Y, €) using Sy _descending: :
VX XA VY Y. I(X) = [r(X,Y) & 3S: Y. O.(X,5) AOc(e,5,Y)]
By using applicability condition (2):
VX A VY Y. (X)) = HX,)Y) & 35: Y. 0, (X,S)AS =Y]
By simplification:
VX XYY Y. (X)) = [F(X,Y) & 0,(X,Y)]

We obtain S,, so P, is steadfast wrt S, in {S; _descending, |-
Therefore, DG LR is also steadfast wrt .S, in S. ]

4 Proofs of the Simultaneous Tupling-and-Descending
Generalization Schemas

Theorem 7 The generalization schema 7' DG4, which is given below, is correct.

TDG1 : < DCLR, TDGLR, Atdla OtdllZ; OtdlZl > where
Arar (1) compose is associative
(2) compose has e as the left and right identity element
() VX 1 X. T, (X) Aminimal(X) = O,(Xe)
(D VX : X. T,(X) = [-minimal(X) & nonMinimal( X))
Ot4112 : partial evaluation of the conjunction
process(HX, HY ), compose(A, HY, NewA)
results in the introduction of a non-recursive relation
Ot4121 : partial evaluation of the conjunction
process(HX, HY ), compose(I,_1, HY, I,)
results in the introduction of a non-recursive relation

where the template DCLR is Logic Program Template 1 in Section 2 and the template TDGLR is Logic
Program Template 6 below:
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Logic Program Template 6

r(X,Y) —
rtdq ([X],Y,e)
rtdq(Xs,Y,A) —
Xs =[],
Y=A
rtdq(Xs,Y,A) —
Xs = [X|TXs],
minimal(X),
solve(X, HY),
compose(A, HY, Newh),
r_td4(TXs, Y, Newh)
rtdq(Xs,Y,A) —
Xs = [X|TXs],
nonMinimal(X),
decompose(X, HX, TX4, ..., TXg),
minimal(TX{),...,minimal(TX¢),
process(HX, HY), compose(4, HY, Newd),
r_td4(TXs, Y, Newh)
rtdq(Xs,Y,A) —
Xs = [X|TXs],
nonMinimal(X),
decompose(X, HX, TX4, ..., TXg),
minimal(TXy),..., minimal(TXP_i),
(nonMinimal(TXp);...;nonMinimal(TXy)),
process(HX, HY), compose(4, HY, Newd),
r tdy([TXp, ..., TX¢|TXs], Y, NewA)
rtdq(Xs,Y,A) —
Xs = [X|TXs],
nonMinimal(X),
decompose(X, HX, TX4, ..., TXg),
(nonMinimal(TXq);...; nonMinimal(TXP_i)),
minimal(TXp), ..., minimal(TXy),
minimal(Uy),.. .,minimal(Up_i),
decompose(lN, HX, Uy, .. - Up_1,TXp, .., TX¢),
rtdy([TXy,..., TXp_1,N|TXs], ¥, 4)
rtdq(Xs,Y,A) —
Xs = [X|TXs],
nonMinimal(X),
decompose(X, HX, TXq, ..., TX¢),
(nonMinimal(TXq);...; nonMinimal(TXP_i)),
(nonMinimal(TXp);...;nonMinimal(TXy)),
minimal(Uy),...,minimal(Uy),
decompose(N,HX, Uy, ..., Ug),
rtdg([TXy, ..., TXp_ 1,0, TXp, ..., TK¢|TXs], Y, 8)
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and the specification S, of relation r is:
VX A VY Y. I.(X) = [n(X,)Y) < O, (X,Y)]
and the specification Sy_44,:

VXs:listof Y VY, A Y., (VX X X €Xs =T, (X)) = [rddi(Xs, Y, A) & (Xs=[]A\Y = A)
\/(XSI [Xl,Xz,...,Xq]/\ /\3:1 OT(XZ,}/Z) /\Il IY1/\ /\;]:2 OC(Ii—la}/iaIi
NO(A Iy Iy ) NY = Iyqq)]

Proof 7 To prove the correctness of the generalization schema T DG, by Definition 10, we have to prove
that templates DC'LR and T DG LR are equivalent wrt S, under the applicability conditions A;4;. By
Definition 5, the templates DC' LR and T DG LR are equivalent wrt S, under the applicability conditions
A1 iff DCLR is equivalent to TDGLR wrt the specification S, provided that the conditions in A:q
hold. By Definition 4, DCLR 18 equivalent to TDGLR wrt the specification S, iff the following two
conditions hold:

(Cl) DCLR is steadfast wrt Sr in§ = {SminimalaSnonMinimalaSsolveaSdecomposeaSprocessaScompose}a
where Sminimala SnonMinimala Ssolvea Sdecomposea Sprocessa Scompose are the SpeCIﬁcatIOHS of m””mala

nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in DC'LR.

(b) TDGLR is also steadfast wrt S, in S.

Note that the sets {S1,...,S,} and {S7,...,S5;} in Definition 4 are equal to § when @ is obtained by
simultaneous tupling-and-descending generalization of P.

In program transformation, we assume that the input program, here template DC'LR, is steadfast
wrt S, in S, so condition (a) always holds.

To prove equivalence, we have to prove condition (b). We will use the following property of steadfast-
ness: TDGLR is steadfast wrt S, in 8 if Pr_;4, 1s steadfast wrt Sy_4q4, in &, where P,_;4, 1s the procedure
for r1dy, and P. is steadfast wrt S, in {S, ¢4, }, where P, is the procedure for r.

To prove that P._4, is steadfast wrt S, 14, in S, we do a constructive forward proof that we begin
with Sy_+4, and from which we try to obtain Pr_;4, .

If we separate the cases of ¢ > 1 by ¢ =1V ¢ > 2, then S, _;4, becomes:

VXs:listof XVY Y. (VX X X € Xs = T.(X)) = [rtdi(Xs, YV, A) &
(Xs=[]AY =4)

\/(XSI[Xl]/\OT(Xl,Yl)/\YlIflAOC(A,Il,Iz)/\YIIQ)

V(Xs = [X1,Xo, .., XgJA AL O0.(X,Ys) ANL=Y1A AL, O0:.(Li21, Y, L) A
Oc(A, g, Lgg1) NY = Igy1)]

where ¢ > 2.
By using applicability conditions (1) and (2):

VXs:listof XVY Y. (VX X X € Xs = T.(X)) = [rtdi(Xs, YV, A) &
(Xs=[]AY =4)
V(Xs = [X1|TXS]ATXs = [JANO (X1, Y)AVI =L ATY = ANO (A, I, NAYANOJ(NA,TY,Y))
\/(XSI[X1|TXS]/\TXSI[X2 .,Xq]/\ /\3:107‘()(2,}/2) /\lefl /\YQIIQ/\
;]:3 0.(Li-1,Y5, L) ANTY =, NO (A LNAYANO(NATY,Y))]
where ¢ > 2.
By folding using Sy _+4,, and renaming:

VXs:listof XVY Y. (VX X X € Xs = T.(X)) = [rtdi(Xs, YV, A) &
(Xs=[]AY =4)
V(Xs = [X|TXs] A O (X, HY) A Ou(A, HY, NA) Artdi(TXs, Y, NA))]
By taking the ‘decompletion’:
clause 1: ri1di(Xs, Y, A) —
Xs=[],Y=4
clause 2: ri1di(Xs, Y, A) —
Xs =[X|TXs],r(X,HY),
compose(A, HY, NA),r td;(TXs, Y, NA)
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By unfolding clause 2 wrt »(X, HY) using DC LR, and using the assumption that DC'LR is steadfast
wrt S, in S:

clause 3: ri1di(Xs, Y, A) —
Xs = [X|TXs],
minimal(X),
solve(X, HY '), compose(A, HY, N A),
rtdy(TXs,Y,NA)

clause 4: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TYY), ..., r(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
HY = L1, compose(A, HY, N 4),
rtdy(TXs,Y,NA)

By introducing
(minimal(TX1) A ... Aminimal(TX;))V
((minimal(TX1) A ... Aminimal(TX,_1)) A (nonMinimal(TX,) V ...V nonMinimal(TX,)))V
((nonMinimal(TX1) V...V nonMinimal(TX,_1)) A (minimal(TX,) A ... Aminimal(TXy)))V
((nonMinimal(TX1) V...V nonMinimal(TX,_1)) A (nonMinimal(TX,) V ...V nonMinimal(TXy)))
in clause 4, using applicability condition (4):

clause 5: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
HY = L1, compose(A, HY, N 4),
rtdy(TXs,Y,NA)

clause 6: ridi(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
HY = L1, compose(A, HY, N 4),
rtdy(TXs,Y,NA)
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clause 7: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
HY = L1, compose(A, HY, N 4),
rtdy(TXs,Y,NA)

clause 8 1 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
HY = L1, compose(A, HY, N 4),
rtdy(TXs,Y,NA)

By t times unfolding clause 5 wrt »(T'X1,TY1),...,r(TX;, TY;) using DCLR, and simplifying using
condition (4):

clause 9: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
minimal(TX1), ..., minimal(TXy),
solve(TX1,TY1),...,solve(TX;, TY:),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
HY = L1, compose(A, HY, N 4),
rtdy(TXs,Y,NA)

By using applicability condition (3):

clause 10: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),

Io =€,

compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(I, e Iot1), ... compose(l;, e, Iiy1),

HY = I41, compose(A, HY, N A),
ri1di(TXs,Y,NA)

By deleting one of the minimal(TX1), ..., minimal(TX;) atoms in clause 10:
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clause 11: r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),

Io =€,

compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(I, e Iot1), ... compose(l;, e, Iiy1),

HY = I41, compose(A, HY, N A),
ri1di(TXs,Y,NA)

By using applicability condition (2):

clause 121 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),
Io =€,
L=1y,....[,_1 =1, 9,
process(HX, HHY ), compose(I,_1, HHY, I,),
Ip+1 = Ip, ey It_|_1 = It,
HY = I41, compose(A, HY, N A),
ri1di(TXs,Y,NA)

By simplification:

clause 13: r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
process(HX, HY ), compose(A, HY, N 4),
ri1di(TXs,Y,NA)

By p—1 times unfolding clause 6 wrt r(7X1,7Y1),...,r(TXp_1,TY,_1) using DCLR, and simplifying
using condition (4):

clause 14: r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(TX1),...,minimal(TX,_1),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T Xy, TYy)
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = I41, compose(A, HY, N A),
ri1di(TXs,Y,NA)

By deleting one of the minimal(TX1), ..., minimal(TX,_1) atoms in clause 14:
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clause 15: r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T Xy, TYy)
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = I41, compose(A, HY, N A),
ri1di(TXs,Y,NA)

By rewriting clause 15 using applicability condition (1):

clause 161 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T Xy, TYy)
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(A, HY, N 4),
compose(TY,, TYp41, Ipt1),
compose(Ipy1,TYpyo, Inya), ..., compose(Li_1,TY;, L),
compose(N A, I, NN A4),
ri1di(TXs, Y, NNA)

By t — p times folding clause 16 using clauses 1 and 2:

clause 17: r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(A, HY, N 4),
r2di ([TX,, ..., TX|TXs],Y, NA)

By using applicability condition (3):

clause 181 r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TXq,€),...,solve(TX,_1,e€),
Io =€,
compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(A, HY, N 4),
r2di ([TX,, ..., TX|TXs],Y, NA)

By using applicability condition (2):
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clause 19: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TXq,€),...,solve(TX,_1,e€),
Io =€,
L=1y,....[,_1 =1, 9,
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(A, HY, N 4),
r2di ([TX,, ..., TX|TXs],Y, NA)

By simplification:

clause 201 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
process(HX, HY ), compose(A, HY, N 4),
r2di ([TX,, ..., TX|TXs],Y, N A)

By introducing atoms minimal(Uy), ..., minimal(Up_1) (with new, i.e. existentially quantified, vari-
ables Uy, ..., Up_1) in clause T:

clause 21 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),

minimal(Uy), . .., minimal(Up_1),
r(TX1,TYY), ..., r(TX:, TY?),
IO =&

compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = I41, compose(A, HY, N A),

ri1di(TXs,Y,NA)

By using applicability condition (3):

clause 221 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 1(TXe, TY,),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = I41, compose(A, HY, N A),
ri1di(TXs,Y,NA)

By using applicability condition (2):
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clause 231 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),

Io =€,
compose([o,TYl,Il), ,compose(I,_o, TY,_1,I,_1),
compose(I,_ 1,e,Al),compose(hl,e,hz) ., compose(K,_o e, K,_1),

process(HX, HHY'), compose([xp_l,HHY, L),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = I41, compose(A, HY, N A),
ri1di(TXs,Y,NA)

By using applicability conditions (1) and (2):

clause 241 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 1(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA),
Io =€,
compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = T4, compose(NA, HY, NN 4),
ri1di(TXs, Y, NNA)

By introducing new, i.e. existentially quantified, variables Y'Uy,...,YU,_1 in place of some occur-
rences of e:

clause 25: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
H(TX1,TYY), ..., r(TX;, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = T4, compose(NA, HY, NN 4),
ri1di(TXs, Y, NNA)

By introducing nonMinimal(N) and decompose(N, HX,Uy,...,Up_1,TX,,...,TX}), since
AN X.nonMinimal(N) A decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy)

always holds (because N is existentially quantified):
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clause 26 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
nonMinimal(N), decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy),
H(TX1,TYY), ..., r(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = T4, compose(NA, HY, NN 4),
ri1di(TXs, Y, NNA)

By duplicating goal decompose(N, HX,Uv, ..., Up_1,TX,, ..., TXy):

clause 27: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
nonMinimal(N), decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYY), ..., 1(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = T4, compose(NA, HY, NN 4),
ri1di(TXs, Y, NNA)

By folding clause 27 using DC'LR:

clause 28 : r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYL), . 1(T X1, TY,_ 1), f(N, HY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA), compose(NA, HY, NNA),
ri1di(TXs, Y, NNA)

By folding clause 28 using clauses 1 and 2:
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clause 29: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
T(TXl,Tyl), ceey T(TXp_l,T}/p_l),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA),
ridi([N|TXs],Y,NA)

By p — 1 times folding clause 29 using clauses 1 and 2:

clause 30 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
radi ([TX1, ..., TXp_1, N|TXs],Y, A)

By introducing atoms minimal(Uy), ..., minimal(U;) (with new, i.e. existentially quantified, vari-

ables Uy, ..., Uy) in clause 8:

clause 31 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),

minimal(Uy), . .., minimal(Uy),
r(TX1,TYY), ..., r(TX:, TY?),
IO =&

compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = I41, compose(A, HY, N A),

ri1di(TXs,Y,NA)

By using applicability condition (3):

clause 321 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = I41, compose(A, HY, N A),
ri1di(TXs,Y,NA)

By using applicability condition (2):
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clause 331 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose([o,TYl,Il), ,compose(I,_o, TY,_1,I,_1),
compose(I,_1,e, K1), compose([xl e, o), ... compose(K,_o,e, K,_1),
process(HX, HHY'), compose([xp 1, HHY, Ap)
compose(Kp e, Kpy1), ..., compose(Ky, e, Kiy1), compose(Kyqq,¢e,1,),
compose(I,, TY,, Ip+1), .., compose(Iy, TYy, Ly1),
HY = I41, compose(A, HY, N A),
ri1di(TXs,Y,NA)

By using applicability conditions (1) and (2):

clause 34 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),

Io =€,

compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(I, e Iot1), ... compose(l;, e, Iiy1),
NHY = It_|_1,

compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(A, Kp_o, NA), compose(NA, NHY, N A1),
compose(N A1, Ki_1, NAg),rtd(TXs,Y, NAy)

By introducing new, i.e. existentially quantified, variables YUy, ..., YU, in place of some occurrences
of e:

clause 35: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(ULY UL, ., e(Us, YU,
H(TX1,TYY), ..., 7(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(IL, YU, I 41),...,compose(Ly, YUy, I111),
NHY = It_|_1,
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(A, Kp_o, NA), compose(NA, NHY, N A1),
compose(N A1, Ki_1, NAg),rtd(TXs,Y, NAy)

By introducing nonMinimal(N) and decompose(N, HX Uy, ..., Uy), since

AN : X .nonMinimal(N) A decompose(N, HX, Uy, ..., U;)
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always holds (because N is existentially quantified):

clause 36 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(ULY UL, ., e(Us, YU,
nonMinimal(N), decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., r(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(IL, YU, I 41),...,compose(Ly, YUy, I111),
NHY = It_|_1,
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(A, Kp_o, NA), compose(NA, NHY, N A1),
compose(N A1, Ki_1, NAg),rtd(TXs,Y, NAy)

By duplicating goal decompose(N, HX, Uy, ..., Us):

clause 37: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(ULY UL, ., e(Us, YU,
nonMinimal(N), decompose(N, HX, Uy, ..., Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 1(TX;, TYy),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(IL, YU, I 41),...,compose(Ly, YUy, I111),
NHY = It_|_1,
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(A, Kp_o, NA), compose(NA, NHY, N A1),
compose(N A1, Ki_1, NAg),rtd(TXs,Y, NAy)

By folding clause 37 using DC'LR:

clause 38 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 7(TXe, TY,), /(N, NHY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(A, Kp_o, NA), compose(NA, NHY, N A1),
compose(N A1, Ki_1, NAg),rtd(TXs,Y, NAy)

By t — p+ 1 times folding clause 38 using clauses 1 and 2:
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clause 39 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYL), .. 1(TXp—1, TY,_1), f(N, NHY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA), compose(NA, NHY, N A1),
rtdi([TX,, ..., TX|TX5s],Y, NAy)

By folding clause 39 using clauses 1 and 2:

clause 401 r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
T(TXl,Tyl), ceey T(TXp_l,T}/p_l),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA),
r2di ([N, TX,, ..., TX,|TXs],Y,NA)

By p — 1 times folding clause 40 using clauses 1 and 2:

clause 411 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
radi ([TX1, ..., TXpo1, N,TX,, ..., TX|TX5s],Y, A)

Clauses 1, 3, 13, 20, 30 and 41 are the clauses of P._4,. Therefore P,_;4, 1s steadfast wrt S,_44, in S.

To prove that P. is steadfast wrt S, in {S,_44, }, we do a backward proof that we begin with P, in
TDGLR and from which we try to obtain S, .
The procedure P, for v in TDGLR is:

r(X,Y)— ridi([X],Y,e)
By taking the ‘completion’
VX X VY Y. T.(X) = [»(X,Y) & ritdi([X],Y, e)]
By unfolding the ‘completion” above wrt r_td;([X], Y, e) using Sy_14,:
VX XYY Y. (X)) = [f(X,Y) e IV, LY. OJ(X,Y)AL =V AO(e, 1Y)

By using applicability condition (2):

VX A VY Y. (X)) = X, V) IV, L: Y. O(X,)Y1)AL =1 AY =1]
By simplification:
VX XA VY Y. I,(X) = [r(X,Y) & 0.(X,Y)]

We obtain S,, so P, is steadfast wrt S, in {S, ¢4, }.
Therefore, TDGLR is also steadfast wrt S, in S. ]
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Theorem 8 The generalization schema T DG», which is given below, is correct.

TDG2 : < DCLR, TDGRL, AtdZ Otd212; Otd221 > where
Ataz (1) compose is associative
(2) compose has e as the left and right identity element
3 VX 1 X. I, (X) Aminimal(X) = O,(Xe)
(D VX : X. T,(X) = [-minimal(X) & nonMinimal( X))
Ot4212 : partial evaluation of the conjunction
process(HX, HY ), compose(HY, A, NewA)
results in the introduction of a non-recursive relation
Ot4221 : partial evaluation of the conjunction
process(HX, HY ), compose(I,_1, HY, I,)
results in the introduction of a non-recursive relation

where the template DCLR is Logic Program Template 1 in Section 2 and the template TDGRL is Logic
Program Template 7 below.

Logic Program Template 7

r(X,Y) —
r_tds([X], Y, e)
r_tdo(Xs, Y, A) —
Xs =
Y=A
r_tdo(Xs, Y, A) —
Xs = [X|TXs],
minimal(X),
r_tdo(TXs, Newh, &),
solve(X, HY),
compose(HY, Newh, Y)
r_tdo(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X),
decompose(X, HX, TX4, ..., TXg),
minimal(TX{),...,minimal(TX¢),
r_tdo(TXs, Newh, &),
process(HX, HY), compose(HY, Newh,Y)
r_tdo(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X),
decompose(X, HX, TXq, ..., TX¢),
minimal(TXy),..., minimal(TXP_i),
(nonMinimal(TXp);...;nonMinimal(TXy)),
r tdy([TXp, ..., TX¢|TXs], NewA, &),
process(HX, HY), compose(HY, Newh,Y)
r_tdo(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X),
decompose(X, HX, TXq, ..., TX¢),
(nonMinimal(TXq);...; nonMinimal(TXP_i)),
minimal(TXp),...,minimal(TXy),
minimal(Uy),.. .,minimal(Up_i),
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decompose(lN, HX, Uy, .. - Up_1,TXp, .., TXt),
r_tdy([TXy, ..., TXp_ 1, N|TXs], ¥,4)
r_tdo(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X),
decompose(X, HX, TX4, ..., TXg),
(nonMinimal(TXq);...; nonMinimal(TXP_i)),
(nonMinimal(TXp);...;nonMinimal(TXy)),
minimal(Uy),...,minimal(Uy),
decompose(ll, HX, U4, ..., Ug),
rtdy([TXy, ..., TXp_ 1, N, TXp, ..., TX¢|TXs], Y, 8)
and the specification S, of relation r is:
VX XYY Y. T(X) = [F(X,Y) & 0.(X,Y))]

and the specification of r_tds, namely Sy _+4,, 1s:

VXs:listof Y VY, A Y., (VX X X €Xs =T, (X)) = [riddi(Xs, Y, A) & (Xs=[]A\Y = A)
V(Xs=[X1, X0, .., XA AL O(X,Ys) ANL=Y1A N_, 0.1, L;
ANOc(Iy, A Igp1) NY = Igya)]

Proof 8 To prove the correctness of the generalization schema T DGy, by Definition 10, we have to prove
that templates DC'LR and TDGRL are equivalent wrt S, under the applicability conditions A;42. By
Definition 5, the templates DC' LR and T DG RL are equivalent wrt S, under the applicability conditions
Aige iff DCLR is equivalent to TDGRL wrt the specification S, provided that the conditions in A;go
hold. By Definition 4, DCLR 18 equivalent to TDGRL wrt the specification S, iff the following two
conditions hold:

(Cl) DCLR is steadfast wrt Sr in§ = {SminimalaSnonMinimalaSsolveaSdecomposeaSprocessaScompose}a
where Sminimala SnonMinimala Ssolvea Sdecomposea Sprocessa Scompose are the SpeCiﬁcatiOHS of minimal,
nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in DC'LR.

(b) TDGRL is also steadfast wrt S, in S.

Note that the sets {S1,...,S,} and {S7,...,S5;} in Definition 4 are equal to § when @ is obtained by
simultaneous tupling-and-descending generalization of P.

In program transformation, we assume that the input program, here template DC'LR, is steadfast
wrt S, in S, so condition (a) always holds.

To prove equivalence, we have to prove condition (b). We will use the following property of steadfast-
ness: TDGRL is steadfast wrt S, in 8 if Pr_;4, 1s steadfast wrt Sy_4q4, in &, where P,_;4, 1s the procedure
for r1ds, and P. is steadfast wrt S, in {S,_¢4,}, where P, is the procedure for r.

To prove that P._4, is steadfast wrt S, 14, in S, we do a constructive forward proof that we begin
with Sy _+4, and from which we try to obtain Pr_;4,.

If we separate the cases of ¢ > 1 by ¢ =1V ¢ > 2, then S, _;4, becomes:

VXs:listof X VY Y. (VX X X € Xs = T.(X)) = [rtd:(Xs, Y, A) &
(Xs=[]AY =4)

\/(XSI[Xl]/\OT(Xl,Yl)/\YlIflAOC(Il,A,Iz)/\YIIQ)

V(Xs = [X1,Xo, .., XgJA AL O0.(X,Ys) ANL=Y1A AL, O0:.(Li21, Y, L) A
Oc(ly, Ay Igg1) NY = Igy1)]

where ¢ > 2.
By using applicability conditions (1) and (2):

VXs:listof X VY Y. (VX X X € Xs = T.(X)) = [rtd:(Xs, Y, A) &
(Xs=[]AY = 4)
V(Xs = [X1|TXs]ATXs = [[AOp(X1, Y1) AYy = LATY = ANOL(TY, A, NA) A Ou(I1, NA,Y))
\/(XSI[X1|TXS]/\TXSI[X2 .,Xq]/\ /\3:107‘()(2,}/2) /\lefl /\YQIIQ/\
U 0L, Y I;) ATY = I, AOL(TY, A, NA) A Ou(I1, NA,Y))]

1=3
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where ¢ > 2.
By folding using Sy _+4,, and renaming:

VXs:listof X VY Y. (VX X X € Xs = T.(X)) = [rtd:(Xs, Y, A) &
(Xs=[]AY = 4)
V(Xs = [X|TXs] A O (X, HY) Artdo(TXs, NA, A) A Oo(HY, NA,Y))]

By taking the ‘decompletion’:

clause 1: ri1dy(Xs, Y, A) —
Xs=[],Y=4
clause 21 ridy(Xs, Y, A) —
Xs =[X|TXs],r(X,HY),
rtds(TXs, NA, A), compose(HY, NA,Y)

By unfolding clause 2 wrt »(X, HY) using DC LR, and using the assumption that DC'LR is steadfast
wrt S, in S:

clause 3: ridy(Xs, Y, A) —
Xs = [X|TXs],
minimal(X),
solve(X, HY),
rtds(TXs, NA, A), compose(HY, NA,Y)

clause 4: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TYY), ..., r(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
BY = Ly,
rtds(TXs, NA, A), compose(HY, NA,Y)

By introducing
(minimal(TX1) A ... Aminimal(TX;))V
((minimal(TX1) A ... Aminimal(TX,_1)) A (nonMinimal(TX,) V ...V nonMinimal(TX,)))V
((nonMinimal(TX1) V...V nonMinimal(TX,_1)) A (minimal(TX,) A ... Aminimal(TXy)))V
((nonMinimal(TX1) V...V nonMinimal(TX,_1)) A (nonMinimal(TX,) V ...V nonMinimal(TXy)))
in clause 4, using applicability condition (4):

clause 5: ridy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
BY = Ly,
rtds(TXs, NA, A), compose(HY, NA,Y)
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clause 6: ridy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
BY = Ly,
rtds(TXs, NA, A), compose(HY, NA,Y)

clause 7: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
BY = Ly,
rtds(TXs, NA, A), compose(HY, NA,Y)

clause 8 1 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
BY = Ly,
rtds(TXs, NA, A), compose(HY, NA,Y)

By t times unfolding clause 5 wrt »(T'X1,TY1),...,r(TX;, TY;) using DCLR, and simplifying using
condition (4):

clause 9: ridy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
minimal(TX1), ..., minimal(TXy),
solve(TX1,TY1),...,solve(TX;, TY:),
Io =€,
compose(ly, TY1,I1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY), compose(I,_1, HHY, I,),
compose(L, TYp, In11), ..., compose(I;, TY:, Ii11),
BY = Ly,
rtds(TXs, NA, A), compose(HY, NA,Y)

By using applicability condition (3):
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clause 10: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),

IO =€,

compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(I, e Iot1), ... compose(l;, e, Iiy1),
BY = Ly,

rido(TXs, NA, A), compose(HY, NA,Y)
By deleting one of the minimal(TX1), ..., minimal(TX;) atoms in clause 10:

clause 11: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),

Io =€,

compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(I, e Iot1), ... compose(l;, e, Iiy1),
BY = Ly,

rido(TXs, NA, A), compose(HY, NA,Y)
By using applicability condition (2):

clause 121 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),
Io =€,
L=1y,....[,_1 =1, 9,
process(HX, HHY ), compose(I,_1, HHY, I,),
Ip+1 = Ip, ey It_|_1 = It,
BY = Ly,
rido(TXs, NA, A), compose(HY, NA,Y)

By simplification:

clause 13: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
rido(TXs, NA, A),
process(HX, HY ), compose(HY, NA,Y')

By p—1 times unfolding clause 6 wrt r(7X1,7Y1),...,r(TXp_1,TY,_1) using DCLR, and simplifying
using condition (4):
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clause 14 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(TX1),...,minimal(TX,_1),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T X0, TY,),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
BY = Ly,
rido(TXs, NA, A), compose(HY, NA,Y)

By deleting one of the minimal(TX1), ..., minimal(TX,_1) atoms in clause 14:

clause 15: r1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., r(TX(, TY,),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
BY = Ly,
rido(TXs, NA, A), compose(HY, NA,Y)

By rewriting clause 15 using applicability condition (1):

clause 161 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., r(TX(, TY,),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
HY =I,,compose(HY, NA,Y),
compose(TY,, I,11, NA),
compose(TYpq1, Ipyo, Iny1), ..., compose(TY;_1, L, L_1),
compose(TY;, NNA, I),
ridy(TXs, NNA,A)

By t — p times folding clause 16 using clauses 1 and 2:
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clause 17: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
oY =1,
rado([TX,, ..., TX:|TXs], NA, A), compose(HY, NAY)

By using applicability condition (3):

clause 18 1 r1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TXq,€),...,solve(TX,_1,e€),

Io =€,

compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
oy =1,

rado([TX,, ..., TX:|TXs], NA, A), compose(HY, NAY)
By using applicability condition (2):

clause 19: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TXq,€),...,solve(TX,_1,e€),
Io =€,
L=1y,....[,_1 =1, 9,
process(HX, HHY ), compose(I,_1, HHY, I,),
oy =1,
rado([TX,, ..., TX:|TXs], NA, A), compose(HY, NAY)

By simplification:

clause 201 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
rtdo([TX,, ..., TX|TXs], NA, A),
process(HX, HY ), compose(HY, NA,Y')

By introducing atoms minimal(Uy), ..., minimal(Up_1) (with new, i.e. existentially quantified, vari-
ables Uy, ..., Up_1) in clause T:
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clause 21 1 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),

minimal(Uy), . .., minimal(Up_1),
r(TX1,TYY), ..., r(TX:, TY?),
IO =&

compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
BY = Ly,

rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability condition (3):

clause 221 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
BY = Ly,
rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability condition (2):

clause 231 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),

Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
compose(I,_1,e, K1), compose(Kq,e, Ks), ..., compose(K,_2,e K,_1),

process(HX, HHY ), compose(K,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
BY = Ly,

rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability conditions (1) and (2):
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clause 241 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(K,_o, NAY),
Io =€,
compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = I11,compose(HY, NN A, N 4),
ridy(TXs, NNA,A)

By introducing new, i.e. existentially quantified, variables Y'Uy,...,YU,_1 in place of some occur-
rences of e:
clause 25 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],

nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),

minimal(Uy), . .., minimal(Up_1),

T(Ul,YUl), ey T(Up_l, YUp_l),

H(TX1,TYY), ..., 1(TX;, TY,),

compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(K,_o, NAY),

Io =€,

compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = I11,compose(HY, NN A, N 4),

ridy(TXs, NNA,A)

By introducing nonMinimal(N) and decompose(N, HX,Uy,...,Up_1,TX,,...,TX}), since
AN X.nonMinimal(N) A decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy)

always holds (because N is existentially quantified):

clause 26 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
nonMinimal(N), decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
H(TX1,TYY), ..., 1(TX;, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(K,_o, NAY),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = I11,compose(HY, NN A, N 4),
ridy(TXs, NNA,A)

By duplicating goal decompose(N, HX,Uv, ..., Up_1,TX,, ..., TXy):
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clause 27: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
nonMinimal(N), decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
H(TX1,TYY), ..., r(TX;, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(K,_o, NAY),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
HY = I11,compose(HY, NN A, N 4),
ridy(TXs, NNA,A)

By folding clause 27 using DC'LR:

clause 28 : r1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
minimal(Uy), . .., minimal(Up_1),
H(TX1,TYL), . 1(T X1, TY,_ 1), f(N, HY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_o, NAY), compose(HY, NNA NA),
ridy(TXs, NNA,A)

By folding clause 28 using clauses 1 and 2:

clause 29 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
minimal(Uy), . .., minimal(Up_1),
H(TX1,TYL), . 1(T X1, TY,_ 1), f(N, HY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(K,_o, NAY),
ri1dy([N|TXs], NA, A)

By p — 1 times folding clause 29 using clauses 1 and 2:

clause 301 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
rtdo([TX1, ..., TXp_1, N|TXs],Y, A)

By introducing atoms minimal(Uy), ..., minimal(U;) (with new, i.e. existentially quantified, vari-

ables Uy, ..., Uy) in clause 8:
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clause 31 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),

minimal(Uy), . .., minimal(Uy),
r(TX1,TYY), ..., r(TX:, TY?),
IO =&

compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
BY = Ly,

rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability condition (3):

clause 321 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),
BY = Ly,
rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability condition (2):

clause 331 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),

Io =€,

compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),

compose(I,_1,e, K1), compose(Kq,e, Ks), ..., compose(K,_2,e K,_1),
process(HX, HHY ), compose(K,_1, HHY, K,),

compose(Kp e, Kpy1), ..., compose(Ky, e, Kiy1), compose(Kyqq,¢e,1,),
compose(L, TYp, I,11), ..., compose(Ly, TY:, Liy1),

BY = Ly,

rido(TXs, NA, A), compose(HY, NA,Y)
By using applicability conditions (1) and (2):
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clause 34 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),

Io =€,

compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(I, e Iot1), ... compose(l;, e, Iiy1),
NHY = It_|_1,

compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(Ki_1, NA, N A1), compose(NHY, N Ay, N As),
compose(Kp_o, NAy, V), r1do(TXs, NA A)

By introducing new, i.e. existentially quantified, variables YUy, ..., YU, in place of some occurrences
of e:

clause 35: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(ULY UL, ., e(Us, YU,
H(TX1,TYY), ..., 7(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(IL, YU, I 41),...,compose(Ly, YUy, I111),
NHY = It_|_1,
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(Ki_1, NA, N A1), compose(NHY, N Ay, N As),
compose(Kp_o, NAy, V), r1do(TXs, NA A)

By introducing nonMinimal(N) and decompose(N, HX Uy, ..., Uy), since
AN : X .nonMinimal(N) A decompose(N, HX, Uy, ..., U;)

always holds (because N is existentially quantified):
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clause 36 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
nonMinimal(N), decompose(N, HX, Uy, ..., Uy),
r(ULY UL, ..U, YU,
H(TX1,TYY), ..., 7(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(IL, YU, I 41),...,compose(Ly, YUy, I111),
NHY = It_|_1,
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(Ki_1, NA, N A1), compose(NHY, N Ay, N As),
compose(Kp_o, NAy, V), r1do(TXs, NA A)

By duplicating goal decompose(N, HX, Uy, ..., Us):

clause 37: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
nonMinimal(N), decompose(N, HX, Uy, ..., Uy),
decompose(N, HX, Uy, ..., Uy),
r(ULY UL, . (U, YU,
H(TX1,TYY), ..., 7(TXe, TY,),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
Io =€,
compose(Iy, YU, 1), ..., compose(Lp_2,YU,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
compose(IL, YU, I 41),...,compose(Ly, YUy, I111),
NHY = It_|_1,
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(Ki_1, NA, N A1), compose(NHY, N Ay, N As),
compose(Kp_o, NAy, V), r1do(TXs, NA A)

By folding clause 37 using DC'LR:

clause 38 1 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 7(TXe, TY,), /(N, NHY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(Ki_1, NA, N A1), compose(NHY, N Ay, N As),
compose(Kp_o, NAy, V), r1do(TXs, NA A)

By t — p+ 1 times folding clause 38 using clauses 1 and 2:
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clause 39 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYL), .. 1(TXp—1, TY,_1), f(N, NHY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(NHY, N Ay, N As),
compose(Kp_o, NAs, Y ), r2do([TX,, ..., TX:|TXs]), NA;, A)

By folding clause 39 using clauses 1 and 2:

clause 401 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
T(TXl,Tyl), ceey T(TXp_l,T}/p_l),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp_o, NA3 Y ), r2ds([N, TX,, ..., TX:|TXs], NAy, A)

By p — 1 times folding clause 40 using clauses 1 and 2:

clause 41 1 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
rado([TX1, ..., TXpo1, N,TX,, ..., TX|TX5s],Y, A)

Clauses 1, 3, 13, 20, 30 and 41 are the clauses of P._4,. Therefore P,_;4, 1s steadfast wrt S,_44, in S.

To prove that P. is steadfast wrt S, in {S,_t4,}, we do a backward proof that we begin with P, in
TDGRL and from which we try to obtain S, .

The procedure P, for v in TDGRL is:

r(X,Y)— ridy([X],Y,e)
By taking the ‘completion’

VX X VY Y. (X)) = [r(X,Y) & ritd2([X],Y, €)]

By unfolding the ‘completion” above wrt r_td2([X], Y, €) using Sy_14,:

VX XYY Y. (X)) = [f(X,Y) e IV, LY. OJ(X, V)AL = Vi AO(I,e,Y)]
By using applicability condition (2):

VX XYY Y. L(X) = (X, Y) e IV, LY. O.(X, V)AL =YiAY = 1]
By simplification:
VX XVY Y. L(X)) = [r(X,Y) © O.(X,Y)]

We obtain S,, so P, is steadfast wrt S, in {S, ¢4, }.
Therefore, TDGRL is also steadfast wrt S, in §. ]

Theorem 9 The generalization schema T DGy, which is given below, is correct.
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TDGg : < DCRL, TDGRL, Atdg Otd312; Otd321 > where

Aras (1) compose is associative
(2) compose has e as the left and right identity element
(3) Z.(X) Aminimal(X) = O,(X,e)
(1) 7, (X) = [-minimal(X) < nonMinimal(X)]
Ot4312 : partial evaluation of the conjunction

process(HX, HY ), compose(HY, A, NewA)

results in the introduction of a non-recursive relation
Ot4321 : partial evaluation of the conjunction

process(HX, HY ), compose(HY, I,, I,_1)

results in the introduction of a non-recursive relation

where the template of DC'RL 1s Logic Program Template 3 in Section 2 and the template TDGRL is
Logic Program Template 7 in Theorem 8.
The specification S, of relation r is:

VX A VY Y. I.(X) = [n(X,)Y) < O, (X,Y)]
The specification of r_tda, namely Sy _¢4,, 1s:

VXs:listof Y VY, A Y., (VX X X €Xs =T, (X)) = [riddi(Xs, Y, A) & (Xs=[]A\Y = A)
V(Xs=[X1, X0, .., XA AL O(X,Ys) ANL=Y1A N_, 0.1, L;
NO(Lg, A L) NY = Igy)]

Proof 9 To prove the correctness of the generalization schema T D3, by Definition 10, we have to prove
that templates DC'RL and TDGRL are equivalent wrt S, under the applicability conditions A;43. By
Definition 5, the templates DC'RL and T DG RL are equivalent wrt S, under the applicability conditions
Asgs iff DCRL is equivalent to TDGRIL wrt the specification S, provided that the conditions in A4z
hold. By Definition 4, DCRL 18 equivalent to TDGRL wrt the specification S, iff the following two
conditions hold:

(Cl) DCRL is steadfast wrt Sr in§ = {SminimalaSnonMinimalaSsolveaSdecomposeaSprocessaScompose}a
where Sminimala SnonMinimala Ssolvea Sdecomposea Sprocessa Scompose are the SpeCiﬁcatiOHS of minimal,
nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in DC'RL.

(b) TDGRL is also steadfast wrt S, in S.

Note that the sets {S1,...,S,} and {S7,...,S5;} in Definition 4 are equal to § when @ is obtained by
simultaneous tupling-and-descending generalization of P.

In program transformation, we assume that the input program, here template DC'RL, is steadfast
wrt S, in S, so condition (a) always holds.

To prove equivalence, we have to prove condition (b). We will use the following property of steadfast-
ness: TDGRL is steadfast wrt S, in 8 if Pr_;4, 1s steadfast wrt Sy_4q4, in &, where P,_;4, 1s the procedure
for r1ds, and P. is steadfast wrt S, in {S,_¢4,}, where P, is the procedure for r.

To prove that P._4, is steadfast wrt S, 14, in S, we do a constructive forward proof that we begin
with Sy _+4, and from which we try to obtain Pr_;4,.

If we separate the cases of ¢ > 1 by ¢ =1V ¢ > 2, then S, _;4, becomes:

VXs:listof X VY Y. (VX X X € Xs = T.(X)) = [rtd:(Xs, Y, A) &
(Xs=[]AY =4)

\/(XSI[Xl]/\OT(Xl,Yl)/\YlIflAOC(Il,A,Iz)/\YIIQ)

V(Xs = [X1,Xo, .., XgJA AL O0.(X,Ys) ANL=Y1A AL, O0:.(Li21, Y, L) A
Oc(ly, Ay Igg1) NY = Igy1)]

where ¢ > 2.
By using applicability conditions (1) and (2):

VXs:listof X VY Y. (VX X X € Xs = T.(X)) = [rtd:(Xs, Y, A) &
(Xs=[]AY = 4)
V(Xs = [X1|TXs]ATXs = [[AOp(X1, Y1) AYy = LATY = ANOL(TY, A, NA) A Ou(I1, NA,Y))
\/(XSI[X1|TXS]/\TXSI[X2 .,Xq]/\ /\3:107‘()(2,}/2) /\lefl /\YQIIQ/\
U 0L, Y I;) ATY = I, AOL(TY, A, NA) A Ou(I1, NA,Y))]

1=3
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where ¢ > 2.
By folding using Sy _+4,, and renaming:

VXs:listof X VY Y. (VX X X € Xs = T.(X)) = [rtd:(Xs, Y, A) &
(Xs=[]AY = 4)
V(Xs = [X|TXs] A O (X, HY) Artdo(TXs, NA, A) A Oo(HY, NA,Y))]

By taking the ‘decompletion’:

clause 1: ri1dy(Xs, Y, A) —
Xs=[],Y=4
clause 21 ridy(Xs, Y, A) —
Xs =[X|TXs],r(X,HY),
rtds(TXs, NA, A), compose(HY, NA,Y)

By unfolding clause 2 wrt »(X, HY) using DC'RL, and using the assumption that DC'RL is steadfast
wrt S, in S:

clause 3: ridy(Xs, Y, A) —
Xs = [X|TXs],
minimal(X),
solve(X, HY),
rtds(TXs, NA, A), compose(HY, NA,Y)

clause 4: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TYY), ..., r(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = I,
rtds(TXs, NA, A), compose(HY, NA,Y)

By introducing
(minimal(TX1) A ... Aminimal(TX;))V
((minimal(TX1) A ... Aminimal(TX,_1)) A (nonMinimal(TX,) V ...V nonMinimal(TX,)))V
((nonMinimal(TX1) V...V nonMinimal(TX,_1)) A (minimal(TX,) A ... Aminimal(TXy)))V
((nonMinimal(TX1) V...V nonMinimal(TX,_1)) A (nonMinimal(TX,) V ...V nonMinimal(TXy)))
in clause 4, using applicability condition (4):

clause 5: ridy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = I,
rtds(TXs, NA, A), compose(HY, NA,Y)
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clause 6: ridy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = I,
rtds(TXs, NA, A), compose(HY, NA,Y)

clause 7: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = I,
rtds(TXs, NA, A), compose(HY, NA,Y)

clause 8 1 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = I,
rtds(TXs, NA, A), compose(HY, NA,Y)

By t times unfolding clause 5 wrt »(T'X1,TY1),...,r(TX;,TY;) using DCRL, and simplifying using
condition (4):

clause 9: ridy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
minimal(TX1), ..., minimal(TXy),
solve(TX1,TY1),...,solve(TX;, TY:),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = I,
rtds(TXs, NA, A), compose(HY, NA,Y)

By using applicability condition (3):
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clause 10: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),

It+1 =€,

compose(e, Liy1,Iy), ..., compose(e, I,11, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1,I,_2), ..., compose(e, I, Ip),
HY = I,

rido(TXs, NA, A), compose(HY, NA,Y)
By deleting one of the minimal(TX1), ..., minimal(TX;) atoms in clause 10:

clause 11: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),

It-l—l =&

compose(e, Liy1,Iy), ..., compose(e, I,11, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1,I,_2), ..., compose(e, I, Ip),
HY = I,

rido(TXs, NA, A), compose(HY, NA,Y)
By using applicability condition (2):

clause 121 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),
It-l—l =&
It = It_|_1, . .,Ip = Ip+1,
process(HX, HHY ), compose(HHY, I, I,_1),
Ip_o=1I,_4,...., Iy = I,
HY = I,
rido(TXs, NA, A), compose(HY, NA,Y)

By simplification:

clause 13: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
rido(TXs, NA, A),
process(HX, HY ), compose(HY, NA,Y')

By p—1 times unfolding clause 6 wrt r(7X1,7Y1),...,r(TXp_1,TY,_1) using DCRL, and simplifying
using condition (4):
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clause 14 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(TX1),...,minimal(TX,_1),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T X0, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,
rido(TXs, NA, A), compose(HY, NA,Y)

By deleting one of the minimal(TX1), ..., minimal(TX,_1) atoms in clause 14:

clause 15: r1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., r(TX(, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,
rido(TXs, NA, A), compose(HY, NA,Y)

By rewriting clause 15 using applicability conditions (1) and (2):

clause 161 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., r(TX(, TY,),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
HY =I,,compose(HY, NA,Y),
compose(TY,, I,11, NA),
compose(TYpq1, Ipyo, Iny1), ..., compose(TY;_1, L, L_1),
compose(TY;, NNA, I),
ridy(TXs, NNA,A)

By t — p times folding clause 16 using clauses 1 and 2:

71



clause 17: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
oY =1,
rado([TX,, ..., TX:|TXs], NA, A), compose(HY, NAY)

By using applicability condition (3):

clause 18 1 r1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TXq,€),...,solve(TX,_1,e€),

Io =€,

compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY, I,),
oy =1,

rado([TX,, ..., TX:|TXs], NA, A), compose(HY, NAY)
By using applicability condition (2):

clause 19: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TXq,€),...,solve(TX,_1,e€),
Io =€,
L=1y,....[,_1 =1, 9,
process(HX, HHY ), compose(I,_1, HHY, I,),
oy =1,
rado([TX,, ..., TX:|TXs], NA, A), compose(HY, NAY)

By simplification:

clause 201 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
rtdo([TX,, ..., TX|TXs], NA, A),
process(HX, HY ), compose(HY, NA,Y')

By introducing atoms minimal(Uy), ..., minimal(Up_1) (with new, i.e. existentially quantified, vari-
ables Uy, ..., Up_1) in clause T:
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clause 21 1 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),

minimal(Uy), . .., minimal(Up_1),
H(TX1,TYY), ..., 7(TXe, TYy),
Liy1 =¢,

compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,

rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability condition (3):

clause 221 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,
rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability condition (2):

clause 231 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),

compose(e, I,_1, K1), compose(e, K1, K3), ..., compose(e, Kp_o, Kp_1),
compose(TY,_1,Kp_1,I,_5), ..., compose(TY1, I1, Iy),
HY = I,

rido(TXs, NA, A), compose(HY, NA,Y)
By using applicability conditions (1) and (2):
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clause 241 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1,I,_2), ..., compose(e, I, Ip),
HY = Iy, rtd2(TXs, NA, A), compose(HY, NA, NN A),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_o, NNAY)

By introducing new, i.e. existentially quantified, variables Y'Uy,...,YU,_1 in place of some occur-
rences of e:
clause 25 : ri1dy(Xs, Y, A) —

Xs = [X|TXs],

nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),

minimal(Uy), . .., minimal(Up_1),

T(Ul,YUl), ey T(Up_l, YUp_l),

H(TX1,TYY), ..., 1(TX;, TY,),

It-l—l =&

compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
HY = Iy, rtd2(TXs, NA, A), compose(HY, NA, NN A),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_o, NNAY)

By introducing nonMinimal(N) and decompose(N, HX,Uy,...,Up_1,TX,,...,TX}), since

AN X.nonMinimal(N) A decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy)

always holds (because N is existentially quantified):

clause 26 :

rids(Xs, Y, A) —

Xs = [X|TXs],

nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),

minimal(TX,), ..., minimal(TX,),

minimal(Uy), . .., minimal(Up_1),

T(Ul,YUl), ey T(Up_l, YUp_l),

nonMinimal(N), decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy),
H(TX1,TYY), ..., r(TXe, TY,),

It-l—l =&

compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),

process(HX, HHY ), compose(HHY, I, I,_1),

compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),

HY = Iy, rtd2(TXs, NA, A), compose(HY, NA, NN A),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_o, NNAY)

By duplicating goal decompose(N, HX,Uv, ..., Up_1,TX,, ..., TXy):
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clause 27: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
nonMinimal(N), decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYY), ..., 1(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
HY = Iy, rtd2(TXs, NA, A), compose(HY, NA, NN A),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_o, NNAY)

By folding clause 27 using DC'RL:

clause 28 : r1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYL), .. 1(T X1, TY,_1), f(N, HY),
r1do(TXs, NA, A), compose(HY, NA, NN 4),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_o, NNAY)

By folding clause 28 using clauses 1 and 2:

clause 29 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
T(TXl,Tyl), ceey T(TXp_l,T}/p_l),
ri1do([N|TXs], NN A, A),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(Kp,_o, NNAY)

By p — 1 times folding clause 29 using clauses 1 and 2:

clause 301 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
rtdo([TX1, ..., TXp_1, N|TXs],Y, A)

By introducing atoms minimal(Uy), ..., minimal(U;) (with new, i.e. existentially quantified, vari-

ables Uy, ..., Uy) in clause 8:
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clause 31 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
minimal(Uy), . .., minimal(Uy),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,
rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability condition (3):

clause 321 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),

minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
Liy1 =¢,

compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,

rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability condition (2):

clause 331 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),

minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),

It+1 =€,

compose(TYt, Liti, It), ..., compose(TY,, I,41, 1),
compose(e, I, Ki41),

compose(e, [\t+1 ,Ky), ..., compose(e, Kpi1, Kp),
process(HX, HHY ), compose(HHY, K, K,_1),
compose(e, Kp_1,K,_»), ..., compose(e, K1, Ky),
compose(e, Ao, p 1),

compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,

rido(TXs, NA, A), compose(HY, NA,Y)
By using applicability conditions (1) and (2):
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clause 34 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),

minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),

It-l—l =&

compose(e, Liy1,Iy), ..., compose(e, I,11, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1,I,_2), ..., compose(e, I, Ip),
NHY = I,

compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
rido(TXs, NA, A), compose(K;_1, NA, N A1),

compose(NHY, N Ay, NA,), compose(K,_o, NA2,Y)

By introducing new, i.e. existentially quantified, variables YUy, ..., YU, in place of some occurrences
of e:

clause 35: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),

minimal(Uy), . .., minimal(Uy),
r(U,YUy), ..., r(Uy, YU),
Liy1 =¢,

compose(Y Uy, Ly, It), . .., compose(Y Uy, Ipp1, 1),

process(HX, HHY ), compose(HHY, I, I,_1),

compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),

NHY = I,

compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
rido(TXs, NA, A), compose(K;_1, NA, N A1),

compose(NHY, N Ay, NA,), compose(K,_o, NA2,Y)

By introducing nonMinimal(N) and decompose(N, HX Uy, ..., Uy), since
AN : X .nonMinimal(N) A decompose(N, HX, Uy, ..., U;)

always holds (because N is existentially quantified):
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clause 36 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
nonMinimal(N), decompose(N, HX, Uy, ..., Uy),

minimal(Uy), . .., minimal(Uy),
r(U,YUy), ..., r(Uy, YU),
Liy1 =¢,

compose(Y Uy, Ly, It), . .., compose(Y Uy, Ipp1, 1),

process(HX, HHY ), compose(HHY, I, I,_1),

compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),

NHY = I,

compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
rido(TXs, NA, A), compose(K;_1, NA, N A1),

compose(NHY, N Ay, NA,), compose(K,_o, NA2,Y)

By duplicating goal decompose(N, HX, Uy, ..., Us):

clause 37: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
nonMinimal(N), decompose(N, HX, Uy, ..., Uy),
decompose(N, HX, Uy, ..., Uy),

minimal(Uy), . .., minimal(Uy),
r(U,YUy), ..., r(Uy, YU),
Liy1 =¢,

compose(Y Uy, Ly, It), . .., compose(Y Uy, Ipp1, 1),

process(HX, HHY ), compose(HHY, I, I,_1),

compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),

NHY = I,

compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
rido(TXs, NA, A), compose(K;_1, NA, N A1),

compose(NHY, N Ay, NA,), compose(K,_o, NA2,Y)

By folding clause 37 using DC'RL:

clause 38 1 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,), f(N, NHY),
decompose(N, HX, Uy, ..., Uy),
minimal(Uy), . .., minimal(Uy),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
rido(TXs, NA, A), compose(K;_1, NA, N A1),
compose(NHY, N Ay, NA,), compose(K,_o, NA2,Y)

By t — p+ 1 times folding clause 38 using clauses 1 and 2:
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clause 39 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYL), . 1(TXp—1, TY,_ 1), f(N, NHY),
decompose(N, HX, Uy, ..., Uy),
minimal(Uy), . .., minimal(Uy),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
rtdo([TX,, ..., TX|TXs], NA1, A),
compose(NHY, N Ay, NA,), compose(K,_o, NA2,Y)

By folding clause 39 using clauses 1 and 2:

clause 401 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
T(TXl,Tyl), ceey T(TXp_l,T}/p_l),
decompose(N, HX, Uy, ..., Uy),
minimal(Uy), . .., minimal(Uy),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
r2do([N, TX,, ..., TX,JTXs], N Ay, A),
compose(K,_o, NA3)Y)

By p — 1 times folding clause 40 using clauses 1 and 2:

clause 41 1 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
decompose(N, HX, Uy, ..., Uy),
minimal(Uy), . .., minimal(Uy),
rado([TX1, ..., TXpo1, N,TX,, ..., TX|TX5s],Y, A)

Clauses 1, 3, 13, 20, 30 and 41 are the clauses of P._4,. Therefore P,_;4, 1s steadfast wrt S,_44, in S.

To prove that P. is steadfast wrt S, in {S,_t4,}, we do a backward proof that we begin with P, in
TDGRL and from which we try to obtain S, .
The procedure P, for v in TDGRL is:

r(X,Y)— ridy([X],Y,e)

By taking the ‘completion’
VX X VY Y. (X)) = [r(X,Y) & ritd2([X],Y, €)]

By unfolding the ‘completion” above wrt r_td2([X], Y, €) using Sy_14,:

VX XYY Y. (X)) = [f(X,Y) e IV, LY. OJ(X, V)AL = Vi AO(I,e,Y)]
By using applicability condition (2):

VX XYY Y. L(X) = (X, Y) e IV, LY. O.(X, V)AL =YiAY = 1]
By simplification:
VX XYY Y. T(X)) = [F(X,Y) & O.(X,Y))]

We obtain S,, so P, is steadfast wrt S, in {S, ¢4, }.
Therefore, TDGRL is also steadfast wrt S, in §. []
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Theorem 10 The generalization schema T DGy, which is given below, is correct.

TDG4 : < DCRL, TDGLR, Atd4a Otd412; Otd421 > where
Ataa (1) compose is associative
(2) compose has e as the left and right identity element
3 VX 1 X. I, (X) Aminimal(X) = O,(Xe)
(D VX : X. T,(X) = [-minimal(X) & nonMinimal( X))
Ot4412 : partial evaluation of the conjunction
process(HX, HY ), compose(A, HY, NewA)
results in the introduction of a non-recursive relation
Ot4421 : partial evaluation of the conjunction
process(HX, HY ), compose(HY, I,, I,_1)
results in the introduction of a non-recursive relation

where the template DCRL is Logic Program Template 3 in Section 2 and the template TDGLR is Logic
Program Template 6 in Theorem 7.
The specification S, of relation r is:

VX XYY Y. T(X) = [(X,Y) & 0.(X,Y))]

The specification Sy _¢4,:

VXs:listof Y VY, A Y., (VX X X €Xs =T, (X)) = [rddi(Xs, Y, A) & (Xs=[]A\Y = A)
\/(st [XlaXZa"'an]/\ /\;]:1 OT(XZa}/Z) /\Il :Yl/\ /\;']:2 Oc(Ii—la}/iaIi
NO(A, Ig, Tgp1) NY = Igq1)]

Proof 10 To prove the correctness of the generalization schema T'DGy, by Definition 10, we have to prove
that templates DC'RL and TDG LR are equivalent wrt S, under the applicability conditions A;44. By
Definition 5, the templates DC'RL and TDGLR are equivalent wrt S, under the applicability conditions
Agq ifft DCRL is equivalent to T DGLR wrt the specification S, provided that the conditions in A;gq
hold. By Definition 4, DCRL 18 equivalent to TDGLR wrt the specification S, iff the following two
conditions hold:

(Cl) DCRL is steadfast wrt Sr in§ = {SminimalaSnonMinimalaSsolveaSdecomposeaSprocessaScompose}a
where Sminimala SnonMinimala Ssolvea Sdecomposea Sprocessa Scompose are the SpeCiﬁcatiOHS of minimal,
nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in DC'RL.

(b) TDGLR is also steadfast wrt S, in S.

Note that the sets {S1,..., S} and {S7,...,5;} in Definition 4 are equal to § when @ is obtained by
simultaneous tupling-and-descending generalization of P.

In program transformation, we assume that the input program, here template DC'RL, is steadfast
wrt S, in S, so condition (a) always holds.

To prove equivalence, we have to prove condition (b). We will use the following property of steadfast-
ness: TDGLR is steadfast wrt S, in 8 if Pr_;4, 1s steadfast wrt Sy_4q4, in &, where P,_;4, 1s the procedure
for r1dy, and P. is steadfast wrt S, in {S, ¢4, }, where P, is the procedure for r.

To prove that P._4, is steadfast wrt S, 14, in S, we do a constructive forward proof that we begin
with Sy_+4, and from which we try to obtain Pr_;4, .

If we separate the cases of ¢ > 1 by ¢ =1V ¢ > 2, then S, _;4, becomes:

VXs:listof XVY Y. (VX X X € Xs = T.(X)) = [rtdi(Xs, YV, A) &
(Xs=[]AY = A4)

\/(XSI[Xl]/\OT(Xl,Yl)/\YlIflAOC(A,Il,Iz)/\YIIQ)
V(Xs=[X1,Xs,.. ., XA A O0(X0Y) AL=Y1A AN_,0.(Li-1,Y, L) A
Oc(A, g, Lgg1) NY = Igy1)]

where ¢ > 2.
By using applicability conditions (1) and (2):
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VXs:listof XVY Y. (VX X X € Xs = T.(X)) = [rtdi(Xs, YV, A) &
(Xs=[]AY = 4)
V(Xs = [X1|TXs]ATXs = [[AOp(X1, Y1) AYy = LATY = ANOu(A, 1, NA) A O(NA,TY,Y))
\/(XSI[X1|TXS]/\TXSI[X2 .,Xq]/\ /\3:107‘()(2,}/2) /\lefl /\YQIIQ/\
U O(Lo1,Yi ) ATY = I, AOJ(A, I}, NA)AO(NA,TY,Y))]

where ¢ > 2.
By folding using Sy _+4,, and renaming:

VXs:listof XVY Y. (VX X X € Xs = T.(X)) = [rtdi(Xs, YV, A) &
(Xs=[]AY = 4)
V(Xs = [X|TXs] A O, (X, HY) A OL(A, HY, NA) A r4dy(TX s, Y, N A))]

By taking the ‘decompletion’:

clause 1: ri1di(Xs, Y, A) —
Xs=[],Y=4
clause 2: ri1di(Xs, Y, A) —
Xs =[X|TXs],r(X,HY),
compose(A, HY, NA),r td;(TXs, Y, NA)

By unfolding clause 2 wrt »(X, HY) using DC'RL, and using the assumption that DC'RL is steadfast
wrt S, in S:

clause 3: ri1di(Xs, Y, A) —
Xs = [X|TXs],
minimal(X),
solve(X, HY),
compose(A, HY, NA),r td;(TXs, Y, NA)

clause 4: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = I,
compose(A, HY, NA),r td;(TXs, Y, NA)

By introducing
(minimal(TX1) A ... Aminimal(TX;))V
((minimal(TX1) A ... Aminimal(TX,_1)) A (nonMinimal(TX,) V ...V nonMinimal(TX,)))V
((nonMinimal(TX1) V...V nonMinimal(TX,_1)) A (minimal(TX,) A ... Aminimal(TXy)))V
((nonMinimal(TX1) V...V nonMinimal(TX,_1)) A (nonMinimal(TX,) V ...V nonMinimal(TXy)))
in clause 4, using applicability condition (4):

clause 5: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = I,
compose(A, HY, NA),r td;(TXs, Y, NA)
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clause 6: ridi(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = I,
compose(A, HY, NA),r td;(TXs, Y, NA)

clause 7: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = I,
compose(A, HY, NA),r td;(TXs, Y, NA)

clause 8 1 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = I,
compose(A, HY, NA),r td;(TXs, Y, NA)

By t times unfolding clause 5 wrt »(T'X1,TY1),...,r(TX;,TY;) using DCRL, and simplifying using
condition (4):

clause 9: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
minimal(TX1), ..., minimal(TXy),
solve(TX1,TY1),...,solve(TX;, TY:),
It-l—l =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, I),
process(HX, HHY ), compose(HHY, I,, I,_1),
compose(TY,_1,I,_1,I,_5), ..., compose(TY1, I, Iy),
HY = I,
compose(A, HY, NA),r td;(TXs, Y, NA)

By using applicability condition (3):
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clause 10: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),

It+1 =€,

compose(e, Liy1,Iy), ..., compose(e, I,11, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1,I,_2), ..., compose(e, I, Ip),
HY = I,

compose(A, HY, NA),r td;(TXs, Y, NA)
By deleting one of the minimal(TX1), ..., minimal(TX;) atoms in clause 10:

clause 11: r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),

It-l—l =&

compose(e, Liy1,Iy), ..., compose(e, I,11, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1,I,_2), ..., compose(e, I, Ip),
HY = I,

compose(A, HY, NA),r td;(TXs, Y, NA)
By using applicability condition (2):

clause 121 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
solve(TXy,e),...,solve(TXy,e),
It-l—l =&
It = It_|_1, . .,Ip = Ip+1,
process(HX, HHY ), compose(HHY, I, I,_1),
Ip_o=1I,_4,...., Iy = I,
HY = I,
compose(A, HY, NA),r td;(TXs, Y, NA)

By simplification:

clause 13: r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
process(HX, HY ), compose(A, HY, N 4),
ri1di(TXs,Y,NA)

By p—1 times unfolding clause 6 wrt r(7X1,7Y1),...,r(TXp_1,TY,_1) using DCRL, and simplifying
using condition (4):
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clause 14: r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(TX1),...,minimal(TX,_1),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T X0, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,
compose(A, HY, NA),r td;(TXs, Y, NA)

By deleting one of the minimal(TX1), ..., minimal(TX,_1) atoms in clause 14:

clause 15: r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., r(TX(, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,
compose(A, HY, NA),r td;(TXs, Y, NA)

By rewriting clause 15 using applicability conditions (1) and (2):

clause 161 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
H(TXp, TY,), ..., (T X;, TYy)
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(A, HY, N 4),
compose(TY,, TYp41, Ipt1),
compose(Ipy1,TYpyo, Inya), ..., compose(Li_1,TY;, L),
compose(N A, I, NN A4),
ri1di(TXs, Y, NNA)

By t — p times folding clause 16 using clauses 1 and 2:
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clause 17: r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TX1,TY1), ..., solve(TXp_1,TY,_1),
Io =€,
compose(ly, TY1, 1), ..., compose(I,_o, TY,_1,I,_1),
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(A, HY, N 4),
r2di ([TX,, ..., TX|TXs],Y, NA)

By using applicability condition (3):

clause 181 r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TXq,€),...,solve(TX,_1,e€),
Io =€,
compose(ly, e, Ir), ..., compose(I,_s e I,_1),
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(A, HY, N 4),
r2di ([TX,, ..., TX|TXs],Y, NA)

By using applicability condition (2):

clause 19: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
solve(TXq,€),...,solve(TX,_1,e€),
Io =€,
L=1y,....[,_1 =1, 9,
process(HX, HHY ), compose(I,_1, HHY,I,), HY = I,,
compose(A, HY, N 4),
r2di ([TX,, ..., TX|TXs],Y, NA)

By simplification:

clause 201 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
process(HX, HY ), compose(A, HY, N 4),
r2di ([TX,, ..., TX|TXs],Y, N A)

By introducing atoms minimal(Uy), ..., minimal(Up_1) (with new, i.e. existentially quantified, vari-
ables Uy, ..., Up_1) in clause T:
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clause 21 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),

minimal(Uy), . .., minimal(Up_1),
H(TX1,TYY), ..., 7(TXe, TYy),
Liy1 =¢,

compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,

compose(A, HY, NA),r td;(TXs, Y, NA)

By using applicability condition (3):

clause 221 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,
compose(A, HY, NA),r td;(TXs, Y, NA)

By using applicability condition (2):

clause 231 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),

compose(e, I,_1, K1), compose(e, K1, K3), ..., compose(e, Kp_o, Kp_1),
compose(TY,_1,Kp_1,I,_5), ..., compose(TY1, I1, Iy),
HY = I,

compose(A, HY, NA),r td;(TXs, Y, NA)
By using applicability conditions (1) and (2):
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clause 241 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
r(Ur,e),...,r(Up—1,€),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1,I,_2), ..., compose(e, I, Ip),
HY = I,
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA), compose(NA, HY, NNA),
ri1di(TXs, Y, NNA)

By introducing new, i.e. existentially quantified, variables Y'Uy,...,YU,_1 in place of some occur-
rences of e:
clause 25: ri1di(Xs, Y, A) —
Xs = [X|TXs],

nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),

minimal(Uy), . .., minimal(Up_1),

T(Ul,YUl), ey T(Up_l, YUp_l),

H(TX1,TYY), ..., 1(TX;, TY,),

It-l—l =&

compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
HY = I,

compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA), compose(NA, HY, NNA),
ri1di(TXs, Y, NNA)

By introducing nonMinimal(N) and decompose(N, HX,Uy,...,Up_1,TX,,...,TX}), since
AN X.nonMinimal(N) A decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy)

always holds (because N is existentially quantified):

clause 26 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
nonMinimal(N), decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy),
H(TX1,TYY), ..., r(TXe, TY,),
It+1 =€,
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
HY = I,
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA), compose(NA, HY, NNA),
ri1di(TXs, Y, NNA)

By duplicating goal decompose(N, HX,Uv, ..., Up_1,TX,, ..., TXy):
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clause 27: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
T(Ul,YUl), ey T(Up_l, YUp_l),
nonMinimal(N), decompose(N, HX,Uv, ..., Up_1,TXp, ..., TXy),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYY), ..., 1(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
HY = I,
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA), compose(NA, HY, NNA),
ri1di(TXs, Y, NNA)

By folding clause 27 using DC'RL:

clause 28 : r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYL), .. 1(T X1, TY,_1), f(N, HY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA), compose(NA, HY, NNA),
ri1di(TXs, Y, NNA)

By folding clause 28 using clauses 1 and 2:

clause 29: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
T(TXl,Tyl), ceey T(TXp_l,T}/p_l),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA),
ridi([N|TXs],Y,NA)

By p — 1 times folding clause 29 using clauses 1 and 2:

clause 30 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
radi ([TX1, ..., TXp_1, N|TXs],Y, A)

By introducing atoms minimal(Uy), ..., minimal(U;) (with new, i.e. existentially quantified, vari-
ables Uy, ..., Uy) in clause 8:
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clause 31 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),

minimal(Uy), . .., minimal(Uy),
H(TX1,TYY), ..., 1(TXe, TY,),
Liy1 =¢,

compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,

compose(A, HY, NA),r td;(TXs, Y, NA)

By using applicability condition (3):

clause 321 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(TYy, Ly, It), . .., compose(TY,, Ipya, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,
compose(A, HY, NA),r td;(TXs, Y, NA)

By using applicability condition (2):

clause 331 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),

It+1 =€,

compose(TYt, Liti, It), ..., compose(TY,, I,41, 1),
compose(e, I, Ki41),

compose(e, [\t+1 ,Ky), ..., compose(e, Kpi1, Kp),
process(HX, HHY ), compose(HHY, K, K,_1),
compose(e, Kp_1,K,_»), ..., compose(e, K1, Ky),
compose(e, Ao, p 1),

compose(TY,_1,I,_1,I,_2), ..., compose(TY1, I1, Iy),
HY = I,

compose(A, HY, NA),r td;(TXs, Y, NA)
By using applicability conditions (1) and (2):
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clause 34 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(Ur,e),...,r(Use),
H(TX1,TYY), ..., 7(TXe, TY,),

compose(e, Liy1,Iy), ..., compose(e, I,11, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(e, I,_1,I,_2), ..., compose(e, I, Ip),
NHY = I,

compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(A, Kp_o, NAy), compose(NA, NHY , N A,),

compose(N Aa, Ky—1, NA),r1d1(TXs,Y,NA)

By introducing new, i.e. existentially quantified, variables YUy, ..., YU, in place of some occurrences
of e:

clause 35: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(ULY UL, ., e(Us, YU,
H(TX1,TYY), ..., 7(TXe, TY,),
It-l—l =&
compose(Y Uy, Ly, It), . .., compose(Y Uy, Ipp1, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
NHY = I,
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(A, Kp_o, NAy), compose(NA, NHY , N A,),
compose(N Aa, Ky—1, NA),r1d1(TXs,Y,NA)

By introducing nonMinimal(N) and decompose(N, HX Uy, ..., Uy), since
AN : X .nonMinimal(N) A decompose(N, HX, Uy, ..., U;)
always holds (because N is existentially quantified):

clause 36 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(ULY UL, ., e(Us, YU,
nonMinimal(N), decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., r(TXe, TY,),
It-l—l =&
compose(Y Uy, Ly, It), . .., compose(Y Uy, Ipp1, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
NHY = I,
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(A, Kp_o, NAy), compose(NA, NHY , N A,),
compose(N Aa, Ky—1, NA),r1d1(TXs,Y,NA)
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By duplicating goal decompose(N, HX, Uy, ..., Us):

clause 37: ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
r(ULY UL, ., e(Us, YU,
nonMinimal(N), decompose(N, HX, Uy, ..., Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 1(TX;, TYy),
It-l—l =&
compose(Y Uy, Ly, It), . .., compose(Y Uy, Ipp1, 1),
process(HX, HHY ), compose(HHY, I, I,_1),
compose(Y Up_1,I,_1,I,_3),...,compose(Y U, L1, ),
NHY = I,
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(A, Kp_o, NAy), compose(NA, NHY , N A,),
compose(N Aa, Ky—1, NA),r1d1(TXs,Y,NA)

By folding clause 37 using DC'RL:

clause 38 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 7(TXe, TY,), /(N, NHY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(TY, , TY,41, K,), compose( Ky, TY 10, Kpt1), . .., compose(Ky_o, TYy, Ky_1),
compose(A, Kp_o, NAy), compose(NA, NHY , N A,),
compose(N Aa, Ky—1, NA),r1d1(TXs,Y,NA)

By t — p+ 1 times folding clause 38 using clauses 1 and 2:

clause 39 : ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYL), .. 1(TXp—1, TY,_1), f(N, NHY),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NAy), compose(NA, NHY , N A,),
rtdi ([TX,p, ..., TX|TX5s],Y, N As)

By folding clause 39 using clauses 1 and 2:
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clause 401 r1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
T(TXl,Tyl), ceey T(TXp_l,T}/p_l),
compose(TY1,TY>, K1), compose(K1,TY3, K1), ..., compose(Kp_3,TY,_1, Kp_s),
compose(A, Kp_o, NA7),
r2di ([N, TX,,...,TX,TXs],Y, NA,)

By p — 1 times folding clause 40 using clauses 1 and 2:

clause 411 ri1di(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
radi ([TX1, ..., TXpo1, N,TX,, ..., TX|TX5s],Y, A)

Clauses 1, 3, 13, 20, 30 and 41 are the clauses of P._4,. Therefore P,_;4, 1s steadfast wrt S,_44, in S.

To prove that P. is steadfast wrt S, in {S,_44, }, we do a backward proof that we begin with P, in
TDGLR and from which we try to obtain S, .
The procedure P, for v in TDGLR is:

r(X,Y)— ridi([X],Y,e)

By taking the ‘completion’
VX X VY Y. T.(X) = [»(X,Y) & ritdi([X],Y, e)]
By unfolding the ‘completion” above wrt r_td;([X], Y, e) using Sy_14,:
VX XYY V. LX) = [F(X,Y) e I, LY. OfX,Y)AL =Yy AOde, 1,Y)]
By using applicability condition (2):

VX A VY Y. (X)) = X, V) IV, L: Y. O(X,)Y1)AL =1 AY =1]
By simplification:
VX XA VY Y. I,(X) = [r(X,Y) & 0.(X,Y)]

We obtain S,, so P, is steadfast wrt S, in {S, ¢4, }.
Therefore, TDGLR is also steadfast wrt S, in S. ]

5 Proofs of the Duality Schemas

Theorem 11 The duality schema Dg., which is given below, is correct.

Ddc : < DCLR, DCRL, Addc, Oddch, Odchl> where
Agae = (1) compose is associative
(2) compose has e as the left and right identity element,
where e appears in DCLR and DCRL
Ogde12 - partial evaluation of the conjunction
process(HX, HY ), compose(HY, I,, I,_1)
results in the introduction of a non-recursive relation
Ogde21 : - partial evaluation of the conjunction
process(HX, HY ), compose(I,_1,HY, I,)
results in the introduction of a non-recursive relation
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where the template DC'LR 1s Logic Program Template 1 in Section 2 and the template DC'RL is Logic
Program Template 3 in Section 3.
The specification S, of both a DC'LR program and a DCRL program for relation r is:

VXX VY Y. (X) = [r(X,Y) & 0.(X,Y)]

Proof 11 To prove the correctness of the duality schema Dg., by Definition 10, we have to prove that
templates DCLR and DC'RL are equivalent wrt S, under the applicability conditions Agz4.. By Defini-
tion 5, the templates DC'LR and DCRL are equivalent wrt S, under the applicability conditions Agq.
ifft DC'LR is equivalent to DCRL wrt the specification S, provided that the conditions in A44. hold. By
Definition 4, DCLR is equivalent to DC' RL wrt the specification S, iff the following two conditions hold:

(Cl) DCLR is steadfast wrt Sr in§ = {SminimalaSnonMinimalaSsolveaSdecomposeaSprocessaScompose}a
where Sminimala SnonMinimala Ssolvea Sprocessa Sdecomposea Scompose are the SpeCiﬁcatiOHS of minimal,
nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in DC'LR.

(b) DCRL is also steadfast wrt S, in S.

Note that the sets {S1,...,S,} and {S7,...,S5;} in Definition 4 are equal to § when @ is obtained by
duality transformation of P.

In program transformation, we assume that the input program, here template DC'LR, is steadfast
wrt S, in S, so condition (a) always holds.

To prove equivalence, we have to prove condition (b). We will use Definition 3: DCRL is steadfast
wrt S, in § iff DCRLU Ps is correct wrt S,., where Pg is any closed program such that Pg is correct wrt
each specification in & and Pg contains no occurrences of the relation r.

To prove that DC'RL 1s steadfast wrt 5, in &, we do a constructive forward proof that we begin with
S, and from which we try to obtain the open program DCRL.

By taking the ‘decompletion’ of S, :

clause 1: r(X)Y) —r(X)Y)

By unfolding clause 1 wrt the atom r(X,Y) on the right-hand side of — using DC'LR, and using the
assumption that DC'LR 1s steadfast wrt S, in §:

clause 2: r(X)Y) —
minimal(X),
solve(X,Y)

clause 3: r(X)Y)—
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TYY), ..., (TX:, TY,),
Io =€,
compose(Iy, TY1, 1), ..., compose(l,_o, TY,_1,I,_1),
process(HX, HY ), compose(I,_1,HY, I,,),
compose(L, TYp, Io11), ..., compose(I;, TYy, Ii11),
Y=ILu

By using applicability condition (1) on clause 3:

clause 4: r(X)Y) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TYY), ..., (TX:, TY,),
compose(TY;_1, TV, Ai_1),
compose(TY;_o, As_1,As_5), ..., compose(TY,, Api11, Ap),
process(HX, HY ), compose(HY, Ay, Ap_1),
compose(TY,_1,Ap_1,Ap_2), ..., compose(TY1, A1, Ap),
compose(e, Ag,Y)

By using applicability conditions (1) and (2) on clause 4:
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clause 5: r(X)Y) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TYY), ..., (TX:, TY,),
compose(TYy, e, Ar),
compose(TY;_1, A¢, A1), ..., compose(TY,, Apy1, Ap),
process(HX, HY ), compose(HY, Ay, Ap_1),
compose(TY,_1,Ap_1,Ap_2), ..., compose(TY1, A1, Ap),
Y = A

By introducing a new, i.e. existentially quantified, variable A;4q:

clause 6: r(X)Y)—
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
H(TX1,TYY), ..., (TX:, TY,),
At-l—l =&
compose(TY;, Aip1, Ay), ..., compose(TY,, Apy1, Ap),
process(HX, HY ), compose(HY, Ay, Ap_1),
compose(TY,_1,Ap_1,Ap_2), ..., compose(TY1, A1, Ap),
Y = A

Clauses 2 and 6 are the clauses of DCRL.
Therefore DC'RL is steadfast wrt S, in S. ]

Theorem 12 The duality schema Dg,, which is given below, is correct.

Ddg : < DGLR, DGRL, Addg, Oddng, Oddg21> where
Agqg : (1) compose is associative
(2) compose has e as the left and right identity element,
Ogag12: - L, (X) Aminimal(X) = O0,(X, e)
- partial evaluation of the conjunction
process(HX, HY ), compose(HY, A,  Ap_1)
results in the introduction of a non-recursive relation
Ogqgo1: - L, (X) A minimal(X) = O0,(X, e)
- partial evaluation of the conjunction
process(HX, HY ), compose(Ap,_1, HY, A,)
results in the introduction of a non-recursive relation

and the templates DGLR and DG RL are Logic Program Templates 4 and 5 in Section 3.
The specification S, of both a DG LR program and a DG RL program for relation r is:

VX X VY Y. I.(X) = [n(X,)Y) < 0, (X,Y)]
The specification Sy _gescending, of relation r_descending, is:
VX X VY, A: Y. Z,(X) = [rdescending; (X, Y, A) & 3S: Y. O.(X,5) AO.(4,5,Y)]
The specification Sy _gescending, of relation r_descendings is:
VX X VY, A: Y. Z,(X) = [rdescendings(X, Y, A) & 35 : Y. O.(X,5) AO.(S,A4,Y)]

Proof 12 To prove the correctness of the duality schema Dg,, by Definition 10, we have to prove that
templates DGLR and DGRL are equivalent wrt S, under the applicability conditions Agqy. By Defini-
tion 5, the templates DGLR and DGRL are equivalent wrt S, under the applicability conditions Agqy
iff DGLR is equivalent to DG RL wrt the specification .S, provided that the conditions in Az44 hold. By
Definition 4, DGLR is equivalent to DG RL wrt the specification S, iff the following two conditions hold:

(Cl) DGLR is steadfast wrt Sr in§ = {SminimalaSnonMinimalaSsolveaSdecomposeaSprocessaScompose}a
where Sminimala SnonMinimala Ssolvea Sprocessa Sdecomposea Scompose are the SpeCiﬁcatiOHS of minimal,
nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in DGLR.

(b) DGRL is also steadfast wrt S, in S.
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Note that the sets {S1,...,S,} and {S7,...,S5;} in Definition 4 are equal to § when @ is obtained by
duality transformation of P.

In program transformation, we assume that the input program, here template DG LR, is steadfast
wrt S, in S, so condition (a) always holds.

To prove equivalence, we have to prove condition (b). We will use the following property of stead-
fastness: DGRL is steadfast wrt S, in S if Pr_gescending, 15 steadfast wrt Sr_gescending, 10 S, where
P, _gescending, 18 the procedure for r_descending,, and P, is steadfast wrt S, in {5, _descending, |, Where
P, is the procedure for r.

To prove that Pr_gescending, 15 steadfast wrt Sy_gescending, in S, we do a constructive forward proof
that we begin with S;y_gescending, and from which we try to obtain Pr_gescending,-

By taking the ‘decompletion’ of S _gescendings,:

clause 1: r_descendings(X,Y, A) — r(X, S), compose(S, A,Y)

By unfolding clause 1 wrt »(X,S) using DGLR, and using the assumption that DG LR is steadfast
wrt S, in S:

clause 21 r_descendings(X,Y, A) — r_descending1(X, S, e), compose(S, A,Y")

By unfolding clause 2 wrt r_descending: (X, S, e) using DGLR, and using the assumption that P, gescending,
is steadfast wrt Sy _descending, 1N S, since Pr_gescending, Must be steadfast wrt Sy _gescending, in S for DGLR
to be steadfast wrt S, in S:

clause 3: rdescendings(X,Y, A) —
minimal(X),
solve(X,S"), compose(e, S, S), compose(S, A, Y)
clause 4: rdescending>(X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
compose(e, e, Ap),
r_descending (T X1, A1, Ao), ..., rdescendingy (T Xp_1,Ap_1, Ap_2),
process(HX, HS), compose(Ap,_1, HS, Ap),
r_descending (TX,, Apy1, Ap), ..., rdescending (T Xy, Ary1, As),
S = A1, compose(S, A)Y)

By using applicability condition (2) on clause 3:

clause 5: rdescending>(X,Y, A) —
minimal(X),

solve(X,5"),S = S, compose(S, A,Y)
By simplification:

clause 6 : rdescendings(X,Y, A) —
minimal(X),

solve(X, S), compose(S, A, Y")

By ¢ times unfolding clause 4 wrt the atoms
r.descending (T X1, A1, Ao), ..., rdescending (TX,-1, Ap_1, Ap_2),
r.descending (TX,, Apt1,4p), ..., rdescending (T Xy, Avyr, Av)
using the ‘decompletion’ of S, _gcscending, (vefer to Proofs 3 and 6):

clause 7: rdescending>(X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
compose(e, e, Ap),
r(TXl,TSl), ey T(TXp_l, TSp_l),
compose( Ay, T'S1, A1), ..., compose(Ap_o, TSy_1,Ap_1),
process(HX, HS), compose(Ap,_1, HS, Ap),
H(TXp, TSy),- ... (T X0, TS,),
compose(Ap, TSy, Apt1), . .., compose( Ay, TSy, Aeir),
S = A1, compose(S, A)Y)

By using applicability condition (1) on clause 7:
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clause 8 1 rdescending>(X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
compose(e, I,Y), compose(e, Ay, I),
r(TXl,TSl), ey T(TXp_l, TSp_l),
compose(T'S1, A1, Ao), ..., compose(TSp_1, Ap_1, Ap_2),
process(HX, HS), compose(HS, Ap, Ap_1),
H(TXp, TSy),- ... (T X0, TSe),
compose(T' Sy, Apt1,4p), ..., compose(T'S;, A, Ay)

By using applicability condition (2):

clause 9: rdescendings(X,Y, A) —
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
Y = AOa
r(TXl,TSl), ey T(TXp_l, TSp_l),
compose(T'S1, A1, Ao), ..., compose(TSp_1, Ap_1, Ap_2),
process(HX, HS), compose(HS, Ap, Ap_1),
H(TXp, TSy),- ... (T X0, TSe),
compose(T' Sy, Apt1,4,), ..., compose(TSy, Avyr, Av),
compose(e, A, Ary1)

By t times folding clause 9 using clause 1:

clause 10: rdescendings(X,Y, A) —
nonMinimal(X), decompose(X, HX, TX1,...,TX),
compose(e, A, Art1),
rdescendings(TXy, As, Avyr), ..., rdescending(TX,, Ay, Apt1),
process(HX, HY ), compose(HY, Ap, Ap_1),
rdescendings(TXp_1, Ap_o, Ap_1), ..., r-descending,(T X1, Ag, A1),
Y = A

Clauses 2 and 10 are the clauses of Pr_gescending,. Therefore Pr_gescending, 18 steadfast wrt Sy _gescendings,

inS.

To prove that P, is steadfast wrt S, in {S;_descending, }, we do a backward proof that we begin with
P, in DGRL and from which we try to obtain S...
The procedure P, for r in DGRL is:

r(X,Y) — r.descending>(X,Y,e)
By taking the ‘completion’
VX X VY Y. I.(X) = [r(X,)Y) < r.descending2(X,Y, €)]
By unfolding the ‘completion’ above wrt r_descending,(X,Y, e) using Sy _descendings:
VX A VY Y. T(X) = [r(X,)Y) & 3S: Y. O.(X,S) ANO(S,e,Y)]
By using applicability condition (2):
VX A VY Y. (X)) = HX,)Y) & 35: Y. 0, (X,S)AS =Y]
By simplification:
VX XYY Y. (X)) = [F(X,Y) & 0,(X,Y)]

We obtain S,, so P, is steadfast wrt S, in {S; _descendings |-
Therefore, DG RL is also steadfast wrt .S, in S. ]

Theorem 13 The duality schema D;4,, which is given below, is correct.

Dtdg : < TDGLR, TDGRL, Adtdg, Odtdng, Odtdg21> where
Agiag (1) compose is associative
(2) compose has e as the left and right identity element,
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where e appears in TDGLR and TDGRL

Ogtagiz: - VX 1 X L.(X) Aminimal(X) = O,(X, e)

- partial evaluation of the conjunction

process(HX, HY ), compose(HY, NewA, F)

results in the introduction of a non-recursive relation
Ogtagn1: - VX 1 X L.(X) Aminimal(X) = O,(X, e)

- partial evaluation of the conjunction

process(HX, HY'), compose(A, HY, NewA)

results in the introduction of a non-recursive relation

where the templates TDGLR and TDGRL are Logic Program Templates 6 and 7 in Section 4.
The specification S, of relation r is:

VX A VY Y. I.(X) = [n(X,)Y) < O, (X,Y)]
The specification of r_tdy, namely Sy _¢4,, 1s:

VXs:listof Y VY, A Y., (VX X X €Xs =T, (X)) = [rddi(Xs, Y, A) & (Xs=[]A\Y = A)
\/(XSI [Xl,Xz,...,Xq]/\ /\3:1 OT(XZ,}/Z) /\Il IY1/\ /\;]:2 OC(Ii—la}/iaIi
NO(A Iy Iy ) NY = Iyqq)]

The specification of r_tda, namely Sy _¢4,, 1s:

VXs:listof Y VY, A Y., (VX X X €Xs =T, (X)) = [riddi(Xs, Y, A) & (Xs=[]A\Y = A)
\/(XSI [Xl,Xz,...,Xq]/\ /\3:1 OT(XZ,}/Z) /\Il IY1/\ /\;]:2 OC(Ii—la}/iaIi
NO Iy, A Lyp1) NY = Iyqq)]

Proof 13 To prove the correctness of the duality schema D;4,, by Definition 10, we have to prove
that templates TDGLR and TDGRL are equivalent wrt S, under the applicability conditions Agsqy. By
Definition 5, the templates TTDG LR and T DGRL are equivalent wrt S, under the applicability conditions
Adgrag iff TDGLR is equivalent to T'DGRL wrt the specification S, provided that the conditions in Agay
hold. By Definition 4, TDGLR is equivalent to TDGRL wrt the specification S, iff the following two
conditions hold:

(Cl) TDGLR is steadfast wrt Sr in$§ = {Sminimala SnonMinimala Ssolvea Sdecomposea Sprocessa Scompose}a
where Sminimala SnonMinimala Ssolvea Sprocessa Sdecomposea Scompose are the SpeCiﬁcatiOHS of minimal,
nonMinimal, solve, decompose, process, compose, which are all the undefined relation names ap-
pearing in TDGLR.

(b) TDGRL is also steadfast wrt S, in S.

Note that the sets {S1,...,S,} and {S7,...,S5;} in Definition 4 are equal to § when @ is obtained by
duality transformation of P.

In program transformation, we assume that the input program, here template TDGLR, 1s steadfast
wrt S, in S, so condition (a) always holds.

To prove equivalence, we have to prove condition (b). We will use the following property of steadfast-
ness: TDGRL is steadfast wrt S, in 8 if Pr_;4, 1s steadfast wrt Sy_4q4, in &, where P,_;4, 1s the procedure
for r1ds, and P. is steadfast wrt S, in {S,_¢4,}, where P, is the procedure for r.

To prove that P._4, is steadfast wrt S, 14, in S, we do a constructive forward proof that we begin
with Sy _+4, and from which we try to obtain Pr_;4,.

If we separate the cases of ¢ > 1 by ¢ =1V ¢ > 2, then S, _;4, becomes:

VXs:listof X VY Y. (VX X X € Xs = T.(X)) = [rtd:(Xs, Y, A) &

(Xs=[]AY = A4)

\/(XSI[Xl]/\OT(Xl,Yl)/\YlIflAOC(Il,A,Iz)/\YIIQ)

V(Xs = [X1,Xo, .., XgJA AL O0.(X0Ys) AL=Y1A AL, O0:.(Liz1, Y L) NO(Iy, A Iyp1) NY = Iqq)]

where ¢ > 2.
By using applicability conditions (1) and (2):

VXs:listof X VY Y. (VX X X € Xs = T.(X)) = [rtd:(Xs, Y, A) &
(Xs=[]AY = 4)
V(Xs = [X1|TXs]ATXs = [[AOp(X1, Y1) AYy = LATY = ANOL(TY, A, NA) A Ou(I1, NA,Y))
\/(XSI[X1|TXS]/\TXSI[X2 .,Xq]/\ /\3:107‘()(2,}/2) /\lefl /\YQIIQ/\
U 0L, Y I;) ATY = I, AOL(TY, A, NA) A Ou(I1, NA,Y))]

1=3

97



where ¢ > 2.
By folding using Sy _+4,, and renaming:

VXs:listof X VY Y. (VX X X € Xs = T.(X)) = [rtd:(Xs, Y, A) &
(Xs=[]AY = 4)
V(Xs = [X|TXs] A O (X, HY) Artdo(TXs, NA, A) A Oo(HY, NA,Y))]

By taking the ‘decompletion’:

clause 1: ri1dy(Xs, Y, A) —
Xs=[],Y=4
clause 21 ridy(Xs, Y, A) —
Xs =[X|TXs],r(X,HY),
rtds(TXs, NA, A), compose(HY, NA,Y)

By unfolding clause 2 wrt (X, HY') using TDG LR, and using the assumption that DC'LR is steadfast
wrt S, in S:

clause 3: ridy(Xs, Y, A) —
Xs = [X|TXs],r2d1([X], HY, e),
rtds(TXs, NA, A), compose(HY, NA,Y)

By unfolding clause 3 wrt r_tdy([X], HY,e) using TDGLR, and using the assumption that P, _4, is
steadfast wrt Sy_tq, In S, since P,_¢q, must be steadfast wrt S, ¢4, in § for TDG LR to be steadfast wrt
S, In S:

clause 4: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
Xs' = [X|TX], TXs =[],
minimal(X), solve(X, HY'),
compose(e, HY' NA"), r2d1(TXs' HY, NA’),
rtds(TXs, NA, A), compose(HY, NA,Y)
clause 5: ridy(Xs, Y, A) —
Xs = [X|TXs],
Xs' = [X|TX], TXs =[],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1), ..., minimal(TXy),
process(HX, HY"), compose(e, HY', N A"),
rady(TXs' ,HY, NA),
rtds(TXs, NA, A), compose(HY, NA,Y)
clause 6: ridy(Xs, Y, A) —
Xs = [X|TXs],
Xs' = [X|TX], TXs =[],
nonMinimal(X), decompose(X, HX, TXy,...,TXy),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
process(HX, HY"), compose(e, HY', N A"),
rtdi([TXp, ..., TX|TX '], HY, NA"),
rtds(TXs, NA, A), compose(HY, NA,Y)
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clause T :

clause 8 :

rids(Xs, Y, A) —

Xs = [X|TXs],

Xs' = [X|TX], TXs =[],

nonMinimal(X), decompose(X, HX, TXy,...,TXy),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),

minimal(Uy), . .., minimal(U,_1),

decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
rtdi([TXy, ..., TXp_1, N|TXs'], HY,e),

rtds(TXs, NA, A), compose(HY, NA,Y)

rids(Xs, Y, A) —

Xs = [X|TXs],

Xs' = [X|TX], TXs =[],

nonMinimal(X), decompose(X, HX, TXy,...,TXy),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Us),

decompose(N, HX, Uy, ..., Uy),

rtdi([TX1, .., TXpo1, N,TX,, ..., TX|TXS'), HY,¢),
rtds(TXs, NA, A), compose(HY, NA,Y)

By unfolding clause 4 wrt r2d1(TXs', HY, NA") using TDGLR, and using the assumption that P, _q,
is steadfast wrt Sy ¢4, in S:

clause 9 :

rids(Xs, Y, A) —

Xs = [X|TXs],

Xs' = [X|TX], TXs =[],
minimal(X), solve(X, HY'),

compose(e, HY', N A"),

TXs' =[], HY = NA’,

rtds(TXs, NA, A), compose(HY, NA,Y)

By using applicability condition (2):

clause 10 :

rids(Xs, Y, A) —

Xs = [X|TXs],

Xs' = [X|TX5), TXs =[],
minimal(X), solve(X, HY"'),

HY' = NA',

TXs' =[], HY = NA’,

rido(TXs, NA, A), compose(HY, NA,Y)

By simplification:

clause 11 :

rids(Xs, Y, A) —

Xs = [X|TXs],
minimal(X), solve(X, HY'),
rido(TXs, NA, A), compose(HY, NA,Y)

By unfolding clause 5 wrt r2d1(TXs', HY, NA") using TDGLR, and using the assumption that P, _q,
is steadfast wrt Sy ¢4, in S:

clause 12 :

rids(Xs, Y, A) —

Xs = [X|TXs],

X' = [X|TX), TXs =[],

nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),

process(HX, HY"), compose(e, HY', N A"),

TXs' =[], HY = NA’,

rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability condition (2):
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clause 13: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
X' = [X|TX), TXs =[],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
process(HX, HY'), HY' = NA',
TXs' =[], HY = NA’,
rido(TXs, NA, A), compose(HY, NA,Y)

By simplification:

clause 14 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1), ..., minimal(TXy),
rido(TXs, NA, A),
process(HX, HY ), compose(HY, NA,Y')

By t times unfolding clause 6 wrt
radi([TXp, ..., TX¢|TXs'|,HY, NA"), ... ,r2d ([T X;|TXs"), HY, N A;_1)

using the “decompletion” of Sy 44, in Section 4:

clause 15: r1dy(Xs, Y, A) —
Xs = [X|TXs],
X' = [X|TX), TXs =[],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
process(HX, HY"), compose(e, HY', N A"),
H(TXp, TY,), ..., (T X, TY,),
compose(NA', TY, , NA,), ..., compose(NA;_1,TY;, NA,;),
ridi(TXs', HY, N A;),
rido(TXs, NA, A), compose(HY, NA,Y)

By unfolding clause 15 wrt rtdy(TXs', HY, NA;) using TDGLR, and using the assumption that
Py 44, 1s steadfast wrt S,_+4, in S:

clause 161 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
Xs' = [X|TX5), TXs =[],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
process(HX, HY"), compose(e, HY', N A"),
H(TXp, TY,), ..., (T X0, TY,),
compose(NA', TY, , NA,), ..., compose(NA;_1,TY;, NA,;),
TXs' =[],HY = NA,,
rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability conditions (1) and (2), and simplification:

clause 17: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
process(HX, HY ), compose(HY, I,,Y),
H(TXp, TY,), ..., r(TX0, TY,),
compose(TY,, Iny1, 1), ..., compose(TY;, NA L),
ridy(TXs, NA, A)

By t times folding clause 17 using clauses 1 and 2:
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clause 18 1 r1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
minimal(TX1),...,minimal(TX,_1),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
rtdo([TX,, ..., TX|TXs], NA, A),
process(HX, HY ), compose(HY, NA,Y')

By p times unfolding clause 7 wrt
radi([TXy,...,TXp_1, NITXs',HY,NA"),...,r4di([N|TXs'|,HY, NA,_1)

using the “decompletion” of Sy 44, in Section 4:

clause 19: ri1dy(Xs, Y, A) —
Xs = [X|TXs],
X' = [X|TX), TXs =[],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYL), ..., 1(TXp—1, TY,_1), "(N, Y N),
compose(e, TY1, N Ay),
compose(N A1, TYy, NAs), ..., compose(NAp_o, TY,_1, NAp,_1),
compose(NA,_1, YN, NA,),
ridi(TXs',HY, NA,),
rido(TXs, NA, A), compose(HY, NA,Y)

By unfolding clause 19 wrt rtdi(T'Xs', HY, NA,) using TDGLR, and using the assumption that
Py 44, 1s steadfast wrt S,_+4, in S:

clause 201 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
Xs' = [X|TX5), TXs =[],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYL), .. 1(T X1, TY,_1), "(N, Y N),
compose(e, TY1, N Ay),
compose(N A1, TYy, NAs), ..., compose(NAp_o, TY,_1, NAp,_1),
compose(NA,_1, YN, NA,),
TXs =[],HY = NA,,
rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability conditions (1) and (2), and simplification:

clause 21 1 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
H(TX1,TYL), .. 1(T X1, TY,_1), "(N, Y N),
compose(TY1,1,Y),
compose(TYs, I, I), ..., compose(TY,_1, Ip, I,_1),
compose(Y N, NA, I,),
ridy(TXs, NA, A)

By p times folding clause 21 using clauses 1 and 2:
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clause 221 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
minimal(TX,), ..., minimal(TX,),
minimal(Uy), . .., minimal(Up_1),
decompose(N, HX, Ur, ..., Up_1,TX,, ..., TXy),
rtdo([TX1, ..., TXp_1, N|TXs],Y, A)

By t 4+ 1 times unfolding clause 8 wrt
radi([TXy,...,TXp_1,N,TX,, ..., TX;|TXs'|, HY, NA"), ..., radi([TX{|TXs'], HY, N A;)

using the “decompletion” of Sy 44, in Section 4:

clause 231 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
Xs' = [X|TX5), TXs =[],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 7(TXe, TY,), H(N, Y N),
compose(e, TY1, N Ay),
compose(N A1, TYy, NAs), ..., compose(NAp_o, TY,_1, NAp,_1),
compose(NA,_1, YN, NA,),
compose(NA, TY,, NAps1), ..., compose(N Ay, TY:, NAii1),
T_tdl (TXS/, HY, NAH_l),
rido(TXs, NA, A), compose(HY, NA,Y)

By unfolding clause 23 wrt rtdy(TXs', HY, N A1) using TDGLR, and using the assumption that
Py 44, 1s steadfast wrt S,_+4, in S:

clause 241 ri1dy(Xs, Y, A) —
Xs = [X|TXs],
X' = [X|TX), TXs =[],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 7(TXe, TY,), H(N, Y N),
compose(e, TY1, N Ay),
compose(N A1, TYy, NAs), ..., compose(NAp_o, TY,_1, NAp,_1),
compose(NA,_1, YN, NA,),
compose(NA, TY,, NAps1), ..., compose(N Ay, TY:, NAii1),
TXS/ = H,HY = NAt+1,
rido(TXs, NA, A), compose(HY, NA,Y)

By using applicability conditions (1) and (2), and simplification:
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clause 25 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
H(TX1,TYY), ..., 7(TXe, TY,), H(N, Y N),
compose(TY1,1,Y),
compose(TYs, I, I), ..., compose(TY,_1, Ip, I,_1),
compose(Y N, I,q1, 1),
compose(TY,, Into, Int1), ..., compose(TY;_1, Ii11, L),
compose(TYy, NA, I111),
ridy(TXs, NA, A)

By t 4+ 1 times folding clause 25 using clauses 1 and 2:

clause 26 : ri1dy(Xs, Y, A) —
Xs = [X|TXs],
nonMinimal(X), decompose(X, HX, TX1,...,TX),
(nonMinimal(TX1);...;nonMinimal(TX,_1)),
(nonMinimal(TX,); . ..;nonMinimal(TXy)),
minimal(Uy), . .., minimal(Uy),
decompose(N, HX, Uy, ..., Uy),
rado([TX1, ..., TXpo1, N,TX,, ..., TX|TX5s],Y, A)

Clauses 1, 11, 14, 18, 22 and 26 are the clauses of P, _+4,. Therefore P4, is steadfast wrt Sy_4q4, in
S.

To prove that P. is steadfast wrt S, in {S,_t4,}, we do a backward proof that we begin with P, in
TDGRL and from which we try to obtain S, .
The procedure P, for v in TDGRL is:

r(X,Y)— ridy([X],Y,e)
By taking the ‘completion’
VX X VY Y. (X)) = [r(X,Y) & ritd2([X],Y, €)]

By unfolding the ‘completion” above wrt r_td2([X], Y, €) using Sy_14,:

VX XYY Y LX) = [r(X,Y)e IV, LY. O(X, V)AL =Y AO(L,e,Y)]

By using applicability condition (2):

VX A VY Y. (X)) = X, V) IV, L: Y. O(X,)Y1)AL =1 AY =1]
By simplification:
VX XA VY Y. I,(X) = [r(X,Y) & 0.(X,Y)]
We obtain S,, so P, is steadfast wrt S, in {S, ¢4, }.
Therefore, TDGRL is also steadfast wrt S, in §. ]
6 Conclusion

In this report, we have proven the correctness of the 13 transformation schemas in [3]. The transformation
schemas and their schema patterns can be given as the graph in Figure 1 below, where the schema patterns
are the nodes of the graph, and the transformation schemas are the edges. The arrow indicates in what
way the transformation schema is proved (i.e., the arrow is printed from the assumed input program
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Figure 1: A Graph to Represent the Correctness Proofs of Transformation Schemas

schema pattern to the output program schema pattern in the proof of the corresponding transformation
schema). Each of these transformation schemas can of course be proven in the other direction, since these
transformation schemas are applicable in both directions.

Therefore, the transformation schemas proved in this report are a successful pre-compilation of the
corresponding transformation techniques.
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