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Optimal Costs
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inf
{

Cost (π) |M1
π−→M2
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min
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}
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Computations in δ-Form (0 < δ < 1
5)

δ-Form
Added tokens have ages within δ of an integer:
• Example (for δ = 0.1): 2.95, 3.99, 1.02, 3.08, etc.

Timed transitions have durations within δ of an integer:
• Example (for δ = 0.1): 2.95−→, 1.02−→, etc

Theorem

IfM1
π−→M2 and 0 < δ < 1

5 then
∃π′:
• π′ in δ-form
• M1

π′−→M2
• Cost (π′) ≤ Cost (π)
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Consequence
OptCost ∈ N (if it exists)

The Cost Threshold Problem
θ ∈ N
Cost (Minit ,Mfin) ≤ θ?

Optimal Cost Problem → Cost Threshold Problem

Check ∃π.Minit
π−→Mfin?

• make all costs in PTPN = 0
• check Cost (Minit ,Mfin) = 0

If negative then OptCost(Minit ,Mfin) =∞.

Otherwise, check Cost (Minit ,Mfin) ≤ θ for θ = 0, 1, 2, . . ..
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The Cost Threshold Problem
θ ∈ N
Cost (Minit ,Mfin) ≤ θ?

“Budget” B
“remaining cost to spend”

Budget never increases in computations

Initially B = θ

MB :

• budget ≤ θ
• # tokens in cost places ≤ θ
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Regions - Discrete Transitions −→Disc
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Transitions - Type A and Type B

−→A := (−→1
⋃
−→2

⋃
−→Disc)

−→B := (−→3
⋃
−→4)

−→ = (−→A
⋃
−→B)
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M1 v M2

“Remove tokens from free places in M2 to obtain M1”
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Monotonicity (wrt. type 1 transitions)
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Monotonicity (wrt. type 2 transitions)
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Monotonicity (wrt. discrete transitions)
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Monotonicity (wrt. type B transitions)

Analogous
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c1 c2
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Pre(U): upward closed? U: upward closed
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Well Quasi-Ordering of v

v is a WQO onMB

if
• X0 ⊆ X1 ⊆ X2 ⊆ · · · ⊆ MB

• Xi upward closed
then
• Xi = Xi+1 for some i
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Minit ( · )∗ Mfin
∗

A B

∗

A

Uk Vk

Computation
V1 := min (Pre∗A(Mfin) ∩MB)

U1 := min (PreB(V1↑))
Vk+1 := min (Pre∗A(Uk↑) ∩MB)

Uk+1 := min (Uk

⋃
PreB(Vk+1↑))

Properties
Sequence terminates by WQO of v onMB

Computing Vk is a reachability problem

• Reduction to the reachability problem for Petri nets with
inhibitor arcs
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Conclusions and Future Work

Decidability of optimal costs problem for priced timed
Petri nets
Technical proof: reduction to reaachability in Petri nets
with inhibitor arcs
Undecidability:
• negative prices
• computing costs modulo reachbility

Future work:
• (Priced) timed push-down systems (QFM’12)
• Timed channel systems
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V =: Pre∗A(Uk↑) ∩MB

X := ∅

∃r ∈ V . r 6∈ X↑? return min (X )

generate new radd r to X

r ∈ V ∧ r 6∈ X↑?

no
yes
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Negative Prices → Undecidability
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Petri Nets with Inhibitor Arcs

q1

q2

Petri net transitions

q1

q2

One “inhibitor arc”

q1

q2

Inhibitor place may
partcipate in other transitions

Reachability Problem

〈qinit , ∅〉
∗−→

〈
qfinal , ∅

〉
?
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PN with Inhibitor Arcs → PTPN

qfinal

qnewfinal
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Single transfer arc.
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