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Upward Closed Set (UC)
• if              and
• then 

generator

Petri Nets

critical section

Why UC?
• Bad sets of markings are UC 

• checking safety properties = reachability of bad markings
• Uniquely characterized by generator

• simple representation= finite multiset

Upward Closed Sets

m1 2 U m1 v m2

m2 2 U



Petri NetsUpward Closed Sets

v



implies

Petri NetsUpward Closed Sets

v



implies

Petri NetsUpward Closed Sets

v

generator



implies

Petri NetsUpward Closed Sets

generator

v

generator



implies

Petri NetsUpward Closed Sets

generator

v

generator

✓



Model

Ordering

Monotonicity

Backward Reachability

Computing PredecessorsUpward Closed Sets

TransitionsConfigurations

Petri Nets



Model

Ordering

Monotonicity

Backward Reachability

Computing PredecessorsUpward Closed Sets

TransitionsConfigurations

Petri Nets



Petri NetsPredecessors

m3

m1

U



Pre(U) U

Petri NetsPredecessors

m3

m1



Pre(U) U

Petri NetsPredecessors

m2

m3

m1



Pre(U) U

Petri NetsPredecessors

m2

m4 m3

m1



Petri NetsPredecessors

Monotonicity: UC persevered by Pre

9

vv

m1

m3 m4

m2



Petri NetsPredecessors

Monotonicity: UC persevered by Pre

9

vv

Pre(U) Uupward closed?
upward closed

m1

m3 m4

m2



Petri NetsPredecessors

Monotonicity: UC persevered by Pre

9

vv

Pre(U) Uupward closed?
upward closed

m1

m3 m4

m2

m1



Petri NetsPredecessors

Monotonicity: UC persevered by Pre

9

vv

Pre(U) Uupward closed?
upward closed

v

m1

m3

m3

m4

m2

m1



Petri NetsPredecessors

Monotonicity: UC persevered by Pre

9

vv

Pre(U) Uupward closed?
upward closed

v

m1

m3

m2

m3

m4

m2

m1



Petri NetsPredecessors

Monotonicity: UC persevered by Pre

9

vv

Pre(U) Uupward closed?
upward closed

v v

m1

m3

m4

m2m1

m3

m4

m2



Petri NetsPredecessors

Monotonicity: UC persevered by Pre

9

vv

Pre(U) Uupward closed?
upward closed

v v

yes

m1

m3

m4

m2m1

m3

m4

m2



Petri Nets

t2t1

Computing Predecessors

[ [Pret1 =



Petri Nets

t2t1

Computing Predecessors

[ [Pret1 =



Petri Nets

t2t1

Computing Predecessors

[ [Pret1 =

[ [=Pret2



Petri Nets

t2t1

Computing Predecessors

[ [Pret1 =

[ [=Pret2



Petri Nets

t2t1

Computing Predecessors

[ [Pret1 =

[ [=Pret2

[ [Pret1 =



Petri Nets

t2t1

Computing Predecessors

[ [Pret1 =

[ [=Pret2

[ [Pret1 =



Model

Ordering

Monotonicity

Backward Reachability

Computing PredecessorsUpward Closed Sets

TransitionsConfigurations

Petri Nets



Model

Ordering

Monotonicity

Backward Reachability

Computing PredecessorsUpward Closed Sets

TransitionsConfigurations

Petri Nets



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability

t1



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability
t2



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability

v



Petri Nets

t2t1

Backward Reachability

v



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability

t1



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability

t2



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability

v



Petri Nets

t2t1

Backward Reachability

v



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability

t1



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability

t2



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability

v



Petri Nets

t2t1

Backward Reachability

v



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability

v



Petri Nets

t2t1

Backward Reachability

v



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability



Petri Nets

t2t1

Backward Reachability

Pre⇤Pre⇤Pre⇤( )



Petri Nets

/ t2t1

Backward Reachability

initial
markings Pre⇤Pre⇤Pre⇤( )



Petri Nets

/ t2t1

Backward Reachability

initial
markings

System Safe !

Pre⇤Pre⇤Pre⇤( )



Petri Nets

/ t2t1

Backward Reachability

initial
markings

System Safe !

symbolic representation = finite  multisets 

Pre⇤Pre⇤Pre⇤( )



Petri Nets

/ t2t1

Backward Reachability

initial
markings

System Safe !

symbolic representation = finite  multisets 

Pre⇤Pre⇤Pre⇤( )Termination: multisets well quasi-ordered



Petri NetsWell Quasi-Ordering

Well Quasi-Ordering

m0,m1,m2, . . . ,mi, . . . ,mj , . . .

infinite sequence of markings



Petri NetsWell Quasi-Ordering

Well Quasi-Ordering

m0,m1,m2, . . . ,mi, . . . ,mj , . . .

9i < j : mi v mj

infinite sequence of markings



Petri NetsWell Quasi-Ordering

Well Quasi-Ordering

m0,m1,m2, . . . ,mi, . . . ,mj , . . .

9i < j : mi v mj

infinite sequence of markings

v



Petri Nets

t1

Backward ReachabilityTermination

Assume: 
non-termination



Petri Nets

t1

Backward ReachabilityTermination

Assume: 
non-termination

m0



Petri Nets

t1

Backward ReachabilityTermination

Assume: 
non-termination

m0



Petri Nets

t1

Backward ReachabilityTermination

Assume: 
non-termination

m0



Petri Nets

t1

Backward ReachabilityTermination

Assume: 
non-termination

m0

m1

v



Petri Nets

t1

Backward ReachabilityTermination

Assume: 
non-termination

m0

m1

v



Petri Nets

t1

Backward ReachabilityTermination

Assume: 
non-termination

m0

m1

v



Petri Nets

t1

Backward ReachabilityTermination

Assume: 
non-termination

m0

m1

v

m2



Petri Nets

t1

Backward ReachabilityTermination

Assume: 
non-termination

m0

m1

v

v
m2



Petri Nets

t1

Backward ReachabilityTermination

Assume: 
non-termination

m0

m1

v

v
m2

v



Petri Nets

t1

Backward ReachabilityTermination m0

m1

v

m2

v
Assume: 

non-termination

v



Petri Nets

t1

Backward ReachabilityTermination m0

m1

v

m2

v
Assume: 

non-termination

v



Petri Nets

t1

Backward ReachabilityTermination m0

m1

v

m2

v

m3

Assume: 
non-termination

v



Petri Nets

t1

Backward ReachabilityTermination m0

m1

v

m2

v

m3

v

Assume: 
non-termination

v



Petri Nets

t1

Backward ReachabilityTermination m0

m1

v

m2

v

m3

v

Assume: 
non-termination

v

v



Petri Nets

t1

Backward ReachabilityTermination m0

m1

v

m2

v

m3

v

Assume: 
non-termination

v

v
v



Petri Nets

t1

Backward ReachabilityTermination m0

m1

v

m2

v

m3

v

Assume: 
non-termination

v

v
v



Petri Nets

t1

Backward ReachabilityTermination m0

m1

v

m2

v

m3

v

Assume: 
non-termination

contradiction:  
WQO

v

v
v



Petri Nets

/ t2t1

Backward Reachability

initial
markings

System Safe !

symbolic representation = finite  multisets 

Termnination: multisets well quasi-ordered



Petri Nets

/ t2t1

Backward Reachability

initial
markings

System Safe !

symbolic representation = finite  multisets 
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Ordering:
• monotonicity
• computing predecessors
• well quasi-ordering
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t3
• Perform backward reachability 
 analysis from  [p3,p3]
• Reachable from: 

• [p1,p1]?
• [p1,p2]?


