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Abstract. Computational database technology spans the two research fields
data-base technology and scientific computing. It involves development of data-
base capabilities that support computational-intensive applications found in sci-
ence and engineering. This includes support for representing and processing of
mathematical models within the database environment without any significant
performance loss compared to conventional implementations.

This paper describes how an existing database management system, AMOS II,
is extended with capabilities to solve the Black–Scholes equation commonly used
in option pricing. The numerical method used is finite differences, and a flexible
database framework that can deal with complex mathematical objects and numer-
ical methods is created. We describe how computational data representations and
operations are adapted to the database management system and the approach is
evaluated with respect to performance, extensibility, and ease of use.

1 Introduction

The numerical solution of partial differential equations (PDEs) is an important area of
scientific computing, since there are so many processes in e.g. engineering, physics,
biology, and even economics, that can be modeled by PDEs, but there are so few PDEs
that are solvable analytically. This kind of applications usually require a very high per-
formance, and a wish to solve PDEs numerically has often been an important force
in the development of high performance hardware, such as the Earth Simulator [1].
Finding a suitable, general environment for numerical computations is also an ongo-
ing concern in the field of scientific computing. Historically, the scientific computing
community developed successful Fortran libraries for numerical linear algebra such as
Linpack [8] and Lapack [9]. With the advent of object-oriented (OO) methods came
better modeling tools for supporting complex data structures. Examples of OO projects
are Cogito [36,35], Overture [10], and Diffpack [11]. OO frameworks have also been
developed and Compose [3] presents a quite general PDE solver design, implemented
on top of Overture. Pantazopoulos [26] presents Finanzia as an OO framework for fi-
nancial modeling. Generally, we find that program packages are either optimized for
speed, often written in C or Fortran, or developed in a high-level language such as Mat-
lab to allow for fast development and more readable code. Most of these solutions miss
out on one or some of the aspects of performance, maintenance, ease of use, and ability
to analyze data.
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The approach of using computational databases for numerical methods in engineer-
ing has been explored by Orsborn [24], where a FEM application has been integrated
with the AMOS database management system (DBMS). The general idea with this ap-
proach is to make database technology with efficient data management and query capa-
bilities accessible to computational-intensive applications. However, this will put new
demands on the DBMS itself including support for new types of mathematical data and
operations. If these requirements can be resolved, future database tools can be used for
developing computational database applications found in advanced scientific and engi-
neering applications and furthermore to extend their functionality with facilities like ad
hoc query capabilities.

In this paper, a problem solving environment for PDEs is created by extending
AMOS II [5] with suitable numerical mechanisms [4]. Specifically, support for finite
difference approximations and methods for solving the resulting linear systems of equa-
tions are developed. We use the framework to develop a financial modeling application.
We solve the Black–Scholes (BS) equation in one and two dimensions. The BS equa-
tion describes how the prices of options and financial instruments vary over a certain
designated time. This application is very important in today financial markets. The is-
sue to construct general software for modeling it has also been addressed by Skavhaug
using Diffpack [32], and by the already mentioned project Finanzia.

We think, however, that a full-fledged computational environment for financial mod-
eling must employ a database for evaluating simulations and for monitoring the market.
We argue that a computational database is the appropriate way to design a useful soft-
ware environment for this kind of applications, in the same way as OO analysis and
design stress the importance of data before algorithms. While the computational prob-
lem chosen has been the BS equation, it should be emphasized that the overall objective
is on providing a framework for scientific computing that is both effective and easy to
use, rather than focusing on some specific equation or type of problem.

2 Database Technology for Computational Applications

Database systems have traditionally been positioned for administrative systems devel-
opment. However, the current trend broadens this perspective to incorporate support for
more advanced and complex data sets and applications. These advanced applications are
often found in science and engineering where many applications involve large data sets
of high complexity. Furthermore, many of these complex data sets originate from some
mathematical model where data are generated by applying mathematical operators and
algorithms of various complexity.

This work focus on this interdisciplinary research area of database technology and
scientific computing that we term computational database technology earlier discussed
in [24] and [23] that studies how to provide database support for computational-inten-
sive database applications. A central idea is here to provide query-based computations
and analysis of complex models within the DBMS while withholding computational
performance competitive with conventional codes for scientific computing. To support
these computational-intensive applications, a computational database management sys-
tem (CDBMS) must be extensible on all levels [12] [24] that include:
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– Storage and access extensions - it should be possible to create new storage struc-
tures and operations on them. Computational-intensive applications normally in-
volve tailored and optimized data structures such as numerical matrix and vector
representations. These tailored data representations also require specialized indexes
and operators such as indexing of numerical matrices and numerical operations
such as matrix multiplication and decomposition operations.

– Query language extensions - the possibility to create abstract data types and define
operations on them, or overloading existing operations. Furthermore, the storage
and access extensions should be transparently integrated into the query language to
become accessible in query expressions.

– Query processing extensions - changing execution strategies should be an option, so
that the database can choose between different operations. For instance, the most
efficient execution plan for a set of complex arithmetical operations of a matrix
expression. Here, the query processor needs to understand specialized indexes, cost
models and possibly optimization algorithms.

Extensibility, have mainly been promoted for the object-relational class of database
management systems [31] and by the release of the SQL:99 standard. Besides exten-
sibility, also embeddable [29] and main-memory [16] database management systems
are important enabling technologies for supporting computational database systems.
The ability to embed, extend, compose and configure a DBMS into a tailored system
for developing advanced scientific applications can really have the capability to lever-
age development of scientific software as well as scientific data management. Main-
memory database technology is also critical since computational performance must
compete with that of conventional implementations in C or Fortran. Earlier work have
compared differences between secondary and primary memory storage techniques, es-
pecially with regard to speed and results indicates that this approach is feasible [24].
A more thorough discussion on the requirements on computational database systems
is given in [24] and several authors have been discussing the need to develop database
technology to support advanced applications [30] [6] [2] [17] [18].

The AMOS II DBMS [27] [5], used in this work, is an object-relational DBMS
that combines object-oriented modeling with powerful query capabilities. AMOS II is a
fully extensible system, covering all levels of extensibility discussed in the previous sec-
tion, and can be composed and configured for specific needs. The AMOSQL database
language of AMOS II can be extended by transparently integrating foreign functions
implemented in a conventional programming language such as C/C++, Java or Lisp.
Furthermore, AMOS II has a small footprint and can be embeddable into applications
providing access to full DBMS capabilities within conventional applications. The final
characteristic that makes AMOS II most suitable for developing computational database
systems is that it is a main-memory DBMS making it possible to achieve computational
performance on par with corresponding C or Fortran implementations.

3 Financial Derivatives and Finite Differences

As mentioned in the introduction, the Black–Scholes (BS) equation is commonly used
in the financial field to value financial instruments, such as option pricing of financial
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derivatives. These instruments usually depend on the more or less random fluctuation
of an underlying value or asset. It is beyond the scope of this paper to discuss finance
modeling in depth and we refer to standard financial textbooks for more details [21,38].

In Section 3.2, we mention a few numerical methods for the BS equation. In particu-
lar, we recall some basic ideas regarding the finite difference method, and we highlight
some requirements on the software that this method imposes. For a thorough treatment
on finite differences we refer to e.g. [19], and for a good description of how to solve the
BS equation with finite differences we refer to Tavella [34].

3.1 Financial Derivatives and the Black–Scholes Equation

There are many variants of financial derivatives. Among the simplest are Europeran
call and put options. A call option is an agreement between two parties that the option
holder has the right but not the obligation to buy a specified asset for a fixed price at a
future date—i.e., to exercise the option. The asset is often a stock, but may be anything
from gold to cattle. A put option instead gives the right to sell the asset. There are
also American options with the difference that, while a European option can only be
exercised at a specified future date, an American option can be exercised at any time
prior to the expiry date.

Options can be used for mere speculation—if you think that the price of a stock will
increase drastically at the open market, it might be a good idea to buy call options for
this stock. If the stock is worth more at the market than the exercise price, you make
a profit. Otherwise, it is no gain in exercising the option and you have lost worth the
option cost. Another common use of options is to limit various risks for a company,
i.e., hedging. The bottom-line is that it is important to have appropriate models for the
pricing of options, whether you sell or buy them and whatever your purpose is.

In order to model financial markets, it is often assumed that the Efficient Market
Hypothesis holds. Its weak form states that no excess returns can be earned by analyzing
historical data, and the only factor that affects stock prices is the introduction of news,
and the market responds immediately to it. Under various assumptions, see e.g. [21,38],
the BS equation for the value V of an option based upon a single stock with price S is
derived:

∂V

∂t
+

1
2
σ2S2 ∂2V

∂S2
+ rS

∂V

∂S
− rV = 0. (1)

This PDE states how the time derivative of the value (∂V/∂t) depends upon the volatil-
ity σ, the interest-free rate r, and on the first and second derivatives of the option value
with respect to the underlying stock, ∂V/∂S and ∂2V/∂S2, respectively. At termina-
tion time, the value of the option as a function of the underlying stock price is known.
For example, a European call option is worth nothing if the actual stock price S is less
than the exercise price V , and it is worth V − S if V > S. The PDE described by (1)
can then be used to compute backwards in time, in order to obtain an estimate of what
the option is worth today.

The model is quite sensitive to the underlying data, and the parameter σ is very hard
to estimate. The partial derivatives of V are important to consider when analyzing the
computations. In financial modeling, they are often referred to as the “Greeks”. They
are delta, gamma, rho, theta and vega (which is not actually a Greek letter):



Computational Database Technology Applied to Option Pricing Via Finite Differences 371

Δ =
∂V

∂S
, Γ =

∂2V

∂S2
, ρ =

∂V

∂r
, Θ =

∂V

∂t
, V =

∂V

∂σ
. (2)

Options may be based upon more than one asset, so called basket options. When
modeling basket options on d underlying assets, BS equation in d dimensions are used.
The value V now depends on the coefficiency matrix σσT , where the individual com-
ponents represent volatilities or connection between different volatilities, as well as on
partial derivatives with respect to each of the underlying assets:

∂V

∂t
+

1
2

d∑

i,j=1

[σσT ]ijSiSj
∂2V

∂Si∂Sj
+

d∑

i=1

rSi
∂V

∂Si
− rV = 0 (3)

The “multi-dimensional” BS equation (3) is difficult to solve when d becomes large.

3.2 Finite Differences

There are many different ways to numerically solve PDEs. Finite elements, finite dif-
ferences, and finite volume methods are well-known general purpose methods. For the
BS equation, Monte-Carlo methods are often used, particularly when the number of
dimensions grow large. Another standard method is based upon trees; see e.g. Hull for
an introduction to so-called lattice methods [21]. Finite elements are applied to the BS
equation in [32]. A thorough description on finite differences for the BS equation is
found in Tavella [34].

Ideally, a CDBMS for the BS equation should support a variety of numerical meth-
ods. To start with, we have chosen to use finite differences, because it is a fairly simple
method to implement and because it is generally applicable. In this section, we recall
the basics of finite differences. We also discuss how to solve the resulting linear system
of equations by means of iterative methods.

When using the finite difference method, a solution to a certain equation is approxi-
mated over a number of discrete points, generally referred to as a grid or mesh, which
might be in any number of dimensions depending on the equation. For some problems
it is useful to have non-uniform grids, with individual points more densely placed in
areas that require higher precision.

In the finite difference method, all partial derivates in the PDE are approximated by
finite difference operators. As an example, the partial derivative ∂u/∂t is defined as
follows:

∂u

∂t
(x, t) = lim

δt→0

u(x, t + δt) − u(x, t)
δt

(4)

The discretization is now made by setting δt to a small but nonzero number:

∂u

∂t
(x, t) ≈ u(x, t + δt) − u(x, t)

δt
(5)

It is this step, which involves a number of small differences that are not infinitesimal,
that is referred to as a finite difference. The example given above makes a forward step
in time and is for this reason called a forward difference, often denoted D+,tu(x, t).
Similarly,

∂u

∂t
(x, t) ≈ D−,tu(x, y) =

u(x, t) − u(x, t − δt)
δt

, (6)
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is referred to as a backward step. These approximations are of first order, which means
that the error is proportional to the time step δt. A more accurate approximation is

∂u

∂t
(x, t) ≈ D0,tu(x, y) =

u(x, t + δt) − u(x, t − δt)
2δt

, (7)

which is a second order approximation. Combinations of these and other finite differ-
ences are used for approximating other partial derivatives. For example,

∂2u

∂x2
(x, t) ≈ D+,xD−,xu(x, t) (8)

which is also a second order approximation.
For our application, we have chosen the following interior discretization of the BS

equation. In one dimension,

D+,tV (S, t) +
1
2
σ2S2D+,SD−,S

1
2

(V (S, t) + V (S, t + δt)) +

rSD0,S
1
2

(V (S, t) + V (S, t + δt)) − rV (S, t) =
1
2

(V (S, t) + V (S, t + δt)) , (9)

with obvious generalizations to higher dimensions, see Tavella [34]. Tavella also pre-
sents the boundary conditions that we use.

A seen above, finite differences may be applied in both space and time, leading to
a discrete approximation of the PDE in every interior space point. This approximation
is often referred to as a stencil. If the time discretization is a forward difference, the
values at each time level can be calculated from the values at the previous level—i.e.,
the method is explicit. With a backward difference, the values at a new time level are
dependent on each other. The method is implicit, which implies that a sparse linear
system of equations must be solved at each time level. The implications for a general-
purpose software that should support finite differences, is that there should be an easy
interface to construct different finite difference stencils, and it should be possible to use
them both in explicit and implicit settings. However, since (9) is implicit, we have here
focussed on this case.

In order to solve linear systems of equations, we can basically choose between di-
rect methods and iterative methods. Iterative methods are often advantageous for sparse
systems. We have chosen to implement the generalized minimal residual (GMRES) it-
erative method, which is a well-known and robust method for this application. There are
also several sparse matrix formats to choose from, such as the Compressed Sparse Row
(CRS) format and the Ellpack-Eispack format [28]. Initially, we have chosen to support
the Ellpack-Eispack format. Even though it is less flexible than CRS, it is appropriate
for our application.

4 Implementation

Constructing a suitable database environment for a finite difference solver requires that
the suitable numerical methods described are implemented. While these different parts
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have all been referred to as extensions, they are regarded as a whole, and all contribute
to the solution.

An important part of modelling has been to construct a general storage format for
sparse matrices that commonly occur in finite difference computations. The general
framework for the matrix extension is first described followed by a description of the
scientific computing extension.

4.1 The Matrix Extension

In order to extend the database query language with matrix and vector functionality,
a foreign data source must be created that creates numerical objects and methods that
can be used with them. Such an extension has been written in C, thereby enabling the
external code to use the same physical storage as the database.

The most important points that the extended query language can do is listed in [24],
notably the following:

– Make queries involving matrix types in combination with other types of heteroge-
nous data.

– Express more complex matrix operations in terms of simpler ones.
– Understand domain-specific operators and thereby choose algorithms based on cost

measures. This is important in conjunction with solving the BS equation where
different solvers for equation systems will be considered based on matrix size and
dimension of the problem.

– Enables specific algorithms to be written for specific combinations of matrices and
vectors.

As a basis for the matrix extension used in this package, a new version of the same
basic representation that is described in [24] has been used. It builds upon the object
hierarchy shown in Fig. 1. Part of this hierarchy has been implemented previously by
Orsborn [24].

While a full-fledged implementation should contain all different matrix types, the
implementation focuses on the core types that are needed for most PDE solvers - sparse
matrices and dense vectors. The row type has been implemented due to its similarity
with the column type, and dense matrices have been included as a proof of concept
(partly of how different algorithms can be chosen for different types of matrices).

The matrix package also distinguishes what sort of numerical representation is used,
by keeping the types imatrix, dmatrix and fmatrix, where i, d and f stands
for int, double and float, respectively. It should be noted that in the implementation
described here, only the double type is supported.

The basic operations that the query language must be able to perform on the ma-
trices include the following matrix and vector operations: (this is a combination of a
subset of the operations required by sparse matrix kits as described in [33], with vector
operations)

– sparse matrix times dense vector
– sparse matrix plus sparse matrix
– sparse matrix minus sparse matrix
– sparse times constant
– sparse matrix times diagonal matrix (C = AD) and vice versa (C = DA)



374 J. Åkerlund, K. Åhlander and K. Orsborn

   
Matrix

Column RowSquare

Symmetric Triangular

Upper
Triangular

Lower
Triangular

Fig. 1. Type taxonomy for the matrix package

– vector plus vector
– vector minus vector
– vector times constant
– cross product
– dot product
– Euclidean norm

As can be seen from the above, the polymorphism employed in the database allow
users to choose many kinds of different operations depending on the chosen formats.

4.2 The Scientific Computing Extension

The scientific computing extension contains a few useful tools commonly used in gen-
eral PDE solvers. In the present project, capabilities for easily constructing a typical
finite difference coefficient matrix as well as two different solution methods, have been
added.

Stencil to Matrix. As many computational problems require setting up some sort of
banded matrix, especially when stencils are concerned, the function stencil to matrix
has been designed to do that It takes as argument two AMOS vectors, where the first
vector describes positions relative to the main diagonal, and the other the coefficients
the respective diagonals should have.

For example, to construct the matrix
⎛

⎜⎜⎜⎜⎜⎜⎝

1. −2. 0. 0. 0. 0.
−2. 1. −2. 0. 0. 0.
0. −2. 1. −2. 0. 0.
0. 0. −2 1. −2 0.
0. 0. 0. −2. 1. −2.
0. 0. 0. 0. −2. 1.

⎞

⎟⎟⎟⎟⎟⎟⎠
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one could simply type:

set :s = square_sparse_dmatrix(6, 3);
stencil_to_matrix(:s, {-1,0,1}, {-2.0, 1.0, -2.0});

Numerical Solvers. The ability to solve linear systems of equations is important in
most PDE solvers. Generally, there are two approaches: direct solution methods such as
Gaussian elimination (LU decomposition) or iterative solution methods. We have im-
plemented a direct tridiagonal solver, which is often useful for one-dimensional prob-
lems [38], as well as GMRES, an iterative solver, since this usually is a better approach
for PDEs in higher dimensions [28]. Both solvers are optimized for the present appli-
cation.

5 Performance

For the database to be a viable alternative to other applications and problem solving
environments, it is not only important that it is easy to use but performance is critical
as well. Since most of the time is spent in the time-marching process, the speed of the
solvers becomes one of the most important measures. Three factors are important in
this case: the time it takes to add and subtract sparse matrices and vectors, the speed
of the solvers and the overhead of the database operations. The speed of the solvers
have been tested with both the tridiagonal solver and GMRES (which is not the native
Matlab GMRES but the same version implemented in the database).

In both tests dummy problems with tridiagonal matrices were used. Both solvers
were given sparse matrices with 1.0 on the main diagonal. In the tridiagonal case, the
side diagonals had the value 0.000001, and for GMRES, the value of 0.0001 was used.

As can be seen in Fig. 2, the differences between a pure C implementation and the
database are too slight to be noticeable. Further, the database system is around 4 times
faster than Matlab. In the example with GMRES, Fig. 3, the difference is even more
emphasized, the database implementation being around 8 times faster. This should not
be seen as saying that Matlab is really that much slower, since an interpreted function
for GMRES is used. The time difference between the tridiagonal solver, which is an
atomic function in Matlab, says more about real temporal differences.

It is safe to say, however, that the database implementation can provide quite com-
petitive performance in comparison to the native C implementation which is a most
promising result for the computational database approach.

In the case with the complete solvers for the BS equation, the difference needs some
extra interpretation, as can be seen from Fig. 4, in which the database is around 9 times
faster. The combination of the fact that Matlab is an interpreted language, and that
both the inner and the other loop is in the foreign function threediag solve, gives an
explanation for the big difference.

In the case with the two-dimensional solver differences are much smaller, even
though the database is faster, see Fig. 5. Since GMRES has been shown to be around 4
times faster in the database, and care has been taken to see that they achieve the same
results, either the overhead of the database or the large number of sparse additions and
multiplications in the database plays a role. For such operations it is most probable that
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Matlab and the database have the same performance. It should further be noted that the
two-dimensional database operations do not currently have an optimal implementation
and should be exchanged with improved representations in future work.

For the one-dimensional solver, the values used were S = 120, K = 20.0, r =
0.555555, number of grid points = 48, dt = 0.00005, σ = 0.3.

For the two-dimensional solver, S1 = 120.0, S2 = 120.0, K = 20.0, r = 0.555555,
number of grid points = 31 ∗ 31, dt = 0.00005, σ1 = 0.3, σ2 = 0.3, σc = 0.05 (where
σc is the relation between the two volatilities).

6 Use Cases

As has been seen earlier on, PDE problems generally involve finding a problem do-
main, selecting initial values and then time-marching to a specific solution. In any case,
regardless of dimensions, this amounts to the following:
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1. Create the contract function as initial values.
2. Create the system matrix that is used for solving the system of linear equations.
3. Use a solver for the time-marching.

Both the 1d and 2d solvers are functions that already exist in the database, with
predefined functions for the boundary values in 1d and 2d.

This section first gives an account of how the one- and two-dimensional cases work,
followed by examples of queries a user might want to perform, including determining
some of the Greeks in Eqs. (2).

6.1 1d Solver

While the contract function always looks the same, the system matrix used in this partic-
ular implementation consists of finite difference operators for the first- and second-order
derivatives in the equation, as well as the time derivative and the r value. While the lat-
ter two only affects the main diagonal of the matrix, the operators for the other two
(called D0 and D+D−, respectively) use stencils that require information in directly
adjacent gridpoints.

The boundary conditions used in both the 1d and the 2d solvers enforce the second
derivative to zero (as described in [34]). In the one-dimensional case, this means that the
D+D−-operator is not used in the first and the last point of the domain. The first-order
derivative also looks slightly different in the end points.

The one-dimensional operators have been set up in a sparse matrix by using the
stencil to matrix function described in Section 4.2. Either defined through a function
or typed directly at the command line, the user can create the D+D− operator by the
following set of commands, where :s is an instance of a sparse matrix, and c1 and c2
are the different values in the stencil:

stencil_to_matrix(:s, {-1,0,1}, {c1, c2, c1}, 1, size-2);

This says that the matrix should be filled in all places except on the first and the
last position (i.e. the first and the last rows in the matrix) However, if a user choosed
to fill the whole matrix by these values and wants to change to the boundary condition
described above, the following will suffice:

stencil_to_matrix(:s, {0, 1}, {0.0, 0.0}, 0);
stencil_to_matrix(:s, {-1,0}, {0.0, 0.0}, size-1);

The values in the first and the last rows in the matrix are now replaced by zero values.
When the difference operators have been created (this has been stored in the current

implementation of the database as the d0 and the dpdm functions, respectively), the
system matrix can be expressed as follows:

sysmatrix = i(n) - (diag(x) * d0 * r2 +
diag(x2) * dpdm * pow(sigma, 2.0) -
i(n) * r2) * dt_scaled;

Here, i(n) creates an identity matrix, x2 is computed as pow(x, 2.0), n is the size of
the computed matrix, dt = σ2

2 , dt scaled = dt ∗ 0.5 ∗ pow(sigma, 2.0) and r2 is the r
value multiplied by 2. All the computations involved use the sparse functionality.
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The Matlab command for the same expression would be:

sysmatrix = eye(n) - (sparse(diag(x)) * d0 * r2 +
sparse(diag(x.*x)) * dpdm * sigmaˆ2

- eye(n) * r2) * dt_scaled;

As can be seen from this example, the complexity of the matrix and vector expres-
sions in the database system can be at least as simple as the corresponding Matlab
expression. There is no additional complexity introduced in using the database and nu-
merical data can be freely combined with any other data in the database.

Finally, since the resulting system matrix is tridiagonal, that solver can be used. An
example of calling the one-dimensional solver function is the following:

set :c = bs_solve_1d(120.0, 20.0, 0.555555, 50, 0.00005,
0.3, 0.2)

where the parameters given is Smax, E (exercise price), r, number of grid points, dt,
volatility and the time step the user is interested in. The :c object is a vector containing
the answer.

6.2 2d Solver

The specific equation for the two-dimensional problem is obtained from (3). The con-
tract function used is:

max(
S1 + S2

2
− K, 0) (10)

The main difference between the one-dimensional and two-dimensional solvers is that
the latter require a two-dimensional mesh and have more complicated boundary values.
As there is still no specific mesh object available in this implementation (an issue that
will be addressed in future), extra functionality must be added to treat a one-dimensional
vector that is used in the solution process as two-dimensional.

For this purpose, the structure size 2d is created:

create type size_2d properties (y_size integer,
x_size integer);

This structure is then used as a basis for performing two-dimensional operations.
The function abs pos calculates the corresponding one-dimensional position of a two-
dimensional position:

create function abs_pos(size_2d c, integer y,
integer x) -> integer as
select y * y_size(c) + x;

The derived function stencil to matrix 2d uses this functionality to set boundary
conditions in the correct rows in the system matrix. For the stencils used in the two-
dimensional case, there are eight boundary conditions (four for the corners, and four
for the upper, lower, left and right boundaries, respectively).



Computational Database Technology Applied to Option Pricing Via Finite Differences 379

In order to specify that only the inner part of the square should be filled with stencil
coefficients for the D+D− operator in the x dimension (as stated above, the second-
order derivatives are zero), the following is sufficient. In this example, :s is the system
matrix, :s2d is a size 2d structure, c1 and c2 are constants, and y size2 and x size2
are the sizes in the x and y dimensions minus 2, respectively:

stencil_to_matrix_2d(:s, :s2d, 1, y_size2, 1, x_size2,
{-1,0,1}, {c1, c2, c1});

To add or remove a certain boundary condition, one expression like the above is
needed. That makes testing different boundary conditions a rather simple task.

Since the stencils used in the two-dimensional case are more complicated than in
the one-dimensional problem, the tridiagonal solver can no longer be used. Instead,
GMRES is used for the solution.

An example of calling the two-dimensional solver function is

set :c = bs_solve_2d(120.0, 120.0, 20.0, 0.555555,
30, 0.00005, 0.3, 0.3, 0.05, 0.01);

As before, :c is the vector containing the solution, and the parameters are S1
max,

S2
max, E (exercise price), r, number of grid points (the function currently only handles

quadratic grids), dt, volatilities for the two underlying assets, the relation between the
two volatilities, and the time amount.

6.3 Query Examples

One specific feature of the database that sets it apart from other systems with a similar
aim is the ability to perform ad hoc queries, i.e. finding new information from previ-
ously calculated data (or computing new data) that it was not specifically designed for.
Queries provide a simple way to find numerical information.

As an example of the latter, the following query is used to get the values of the most
commonly used Greek, namely Delta (where :c is the result of the one-dimensional
solver).

select r from real r, gridpoint_1d g,
integer size, integer pos

where size = size(:c) - 1
and g = unload(:c, 1, size)
and pos = pos(g) - 1
and r = (val(g) - val(unload_pos(:c, pos))) / 2.0;

The unload and unload pos are functions that return a vector as a collection of grid-
points, or as a similar gridpoint for one position.

For Gamma, the expression is only slightly more complicated:

select r from real r, gridpoint_1d g, integer size,
integer pos1, integer pos2

where size = size(:c) - 2
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and g = unload(:c, 1, size)
and pos1 = pos(g) - 1 and pos2 = pos(g) + 1
and r = val(unload_pos(:c, pos1)) +

val(unload_pos(:c, pos2)) - 2.0 * val(g);

While the Greeks are an important use of queries, there are other examples that really
show their capabilities. This example, in two dimensions, show how to get all values in
the final solution that are above 1.0 (:s is a result from the two-dimensional solver, and
:s2d is a size 2d structure):

select yp, xp, r from real r, gridpoint_2d g,
integer xp, integer yp

where g = unload(:s, :s2d) and r = val(g) and r > 1.0
and xp = xpos(g)
and yp = ypos(g);

Here, by explicitly including x and y positions in the select statement, the result will
show not only the requested values but also their positions.

As another example, say that a user wants to get the numerical values at the upper
boundary. This is simply done by asking for the values at the upper gridpoints:

select r from real r, gridpoint_2d g
where g = unload(:c,:s2d)
and ypos(g) = 0 and r = val(g);

7 Concluding Remarks

We have developed an extension to an existing database system, AMOS II, that can
handle complex numerical models. The extension transparently handles sparse matrices
and corresponding operations including numerical solvers, and we demonstrate how a
PDE solver for the Black–Scholes equation is developed and used within the extension.

The computational database approach integrates advanced numerical capabilities
within a database environment that can avoid unnecessary data duplication and transfor-
mation while making queries and other database facilities accessible to computational
applications. Using a call-out interface with precompiled database functions and foreign
functions allows a user to approach a problem with the same ease of use as for example
using the Matlab system. Furthermore, these capabilities can be provided without any
significant performance loss making the computational performance comparable with
native C implementations. This combination of core functionality written as foreign
functions, combined with the high-level efficiency and ease of use of the query lan-
guage, shows that this approach has the capabilitity to perform as well as other problem
solving environments.

The ability to pose queries over numerical results is one of the most attractive fea-
tures of our computational database environment and one that also distinguishes it from
other environments. Future work include improved representations of some financial
and mathematical concepts and operations and extending the approach to other appli-
cation areas. Related work studies visualization of numerical data and, to address huge
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data sets and high performance, we are currently developing support for parallel algo-
rithms on distributed platforms.
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382 J. Åkerlund, K. Åhlander and K. Orsborn

24. K Orsborn: On Extensible and Object-Relational Database Technology for Finite Element
Analysis Applications. PhD Thesis, Thesis No. 452, Linköping University, Linköping 1996.
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