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Abstract—In this paper, the multidimensional output Gaus-
sian process (GP) is applied to model urban environmental data
collected by sensor networks. Measurements from sensors at
different locations are correlated. Moreover, we observe that
the pollution level in urban area is highly coupled with human
activities and shows periodic patterns accordingly. Based on
these observations, we discuss the design of mean and kernel
functions with two approaches: (1) composed kernel and max-
imum likelihood estimation of hyper-parameters; (2) Wiener-
Khinchin theorem based approximation of sample covariances.
To validate the models, the accuracy of interpolations given by
different approaches are compared. The experimental results
show that, for the application of interpolation, the dependent
GP with the approximated sample covariances as kernels can
provide better performance than the independent GP model
with composed kernels.
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I. INTRODUCTION

The global urbanization in recent decades has brought
more than half of the global population into cities, and
therefore produced many mega-cities worldwide. Urban en-
vironment pollution (especially air pollution) is one of the
major challenges for sustainable growth of our society. The
main air pollutants include carbon monoxide (CO), nitrogen
dioxide (NOg), and particulate matters (PM). According to
reports from World Health Organization (WHO) [1], long-
term exposure in highly polluted air environment leads to
several health risks, and consequently produces significant
economic costs for both individual citizen and the entire
society. Therefore, air quality information is important for
people who live in urban areas.

Many research projects have been conducted on develop-
ing urban environment monitoring systems [2, 3]. From the
quality of service (QoS) perspective, challenges of designing
sensor networks for urban environment monitoring exist
in two major aspects: data accuracy and service coverage.
The data accuracy is mostly determined by the quality
of sensing devices. For instance, the performance of low-
cost electrochemical sensors can be unstable (e.g., drift
of sensitivity) when the operating condition varies. The
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challenge of service coverage appears when the energy and
density of sensor network are constrained, and therefore
available observations are often sparse in both time and
space. Interpolation [4] is a common approach to improve
the sensor network’s coverage. Most of data processing
methods require probabilistic models of the interested dy-
namics, which motivates our study in the this paper.

Gaussian process (GP) is a frequently used non-parametric
model in analysis of time series data. A GP is uniquely
defined by its mean and kernel functions. By carefully
designing the mean and kernel functions, we are able to
encode properties of the interested dynamics into the model.
Moreover, the multidimensional output GP (or dependent
GPs [5]) is capable of modelling the correlations between
measurements from different locations. The generality and
flexibility of GP makes it a powerful tool in time series
analysis [6]. In this work, we apply GP to model air
pollution data collected by sensor networks in urban area.
First, the multidimensional output GP model is defined for
sensor network data. Second, we present a kernel function
design approach based on the Wiener-Khinchin theorem.
Comparing to the likelihood based method, the Wiener-
Khinchin theorem based method can be totally automatic
and more computationally efficient.

The rest of this paper is organized as the following.
In section II, we review the related work for sensor data
modelling. A general GP model for sensor network data is
presented in section III. Next, in section IV, we discuss the
hidden periodic pattern in interested dynamics and different
approaches of designing mean and kernel functions. Exper-
imental results are shown in section V. Finally we conclude
this paper in section VL.

II. RELATED WORK

The data collected by different nodes in a sensor network
are often correlated in both time and space domains. These
correlations can be used as the side information when
processing sensor network data. Such idea has been explored
in the following previous works.
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Deshpande et al. [7] proposed a Bayesian probabilistic
model for data acquisition in sensor network, aiming to ex-
tend the lifetime of sensors by reducing the communication
and data acquisition costs. Since then the model-driven data
acquisition has become a popular approach in studies of
sensor network. Raza et al. [8] examines this methodology
and shows that the model driven approach does save the
energy, conditioning on coordinated operations of sensor
network. Thus, the critical task is to find a good probabilistic
data model which characterizes the interested dynamics.

Gaussian process (GP) has been used widely in different
applications [9]. There are two key aspects of modelling
sensor network data with GP. Firstly, the GP model is
required to encode both temporal and spatial correlations of
sensor network data. One way of achieving this is to view
the measurements from different nodes as dependent (or
coupled) GPs [5]. In such cases, not only the auto-covariance
but also the cross-covariance functions are calculated in the
multidimensional output GP model. Secondly, appropriate
mean and kernel functions must be designed for measure-
ments from each sensor node (or pair of sensors in case
of cross-covariance), because measurements from different
sensors might have various patterns. Wilson summaries
commonly used basic kernels as well as the method of
constructing new kernels in his doctoral dissertation [10].
The evidence for designing kernel in the GP is usually
the sample covariance and estimated power spectrum. In
[11], the spectral mixture (SM) kernels is designed based on
Gaussian mixture approximation of power spectrum density.

This paper distinguishes itself from the previous works in
the following aspects. First, we introduce a general frame-
work for sensor network data modelling based on multidi-
mensional output GP. The temporal and spatial correlations
of data are encoded in the multidimensional GP model
simultaneously. Second, we focus on cases where the data
collected by sensor network shows strong periodic patterns.
We compare the traditional likelihood based kernel function
design approach with the Wiener-Khinchin theorem based
approach, and show that the latter case is more efficient to
capture the hidden patterns and adapt to the training data.

III. SYSTEM MODEL
A. The Multidimensional Output GP
Let X; = [z} N ]T be the N-dimensional output
of a GP at the input of time stamp ¢:

Xy~ GP(m(t)7k(ta t/))7 (1)
where m(t) = [mg(t) Mgn (t)]T is the vector of
mean functions, and the matrix k(¢,t’) is given by

kxl,xl (ta t/) kxl,xQ (ta t/) kwl,wN (ta t/)
ka,ml (ta t/) kw2,w2 (ta t/) sz,zN (ta t/)
: . . 2

kx”,xl (t: t/) kx”,xz (t7 t/) kmN,xN (ta t/>
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(a) Locations of sensors. (b) Correlation matrix.

Figure 1: An example of sensor network for urban air quality
monitoring and the scaled correlation matrix at At = 0.

The diagonal elements k. ,:(¢,t) (i € {1,...,N}) are
the auto-covariance functions; the non-diagonal elements
kyi wi(t,t") (i,5 € {1,...,N} and i # j) are the cross-
covariances.

The model in Eq. (1) is also referred as N dependent (or
coupled) GPs [5]. In real-life scenarios, an output z! might
be coupled with a subset of the remaining outputs, resulting
in several elements in k(¢,¢') close to matrices of zeros. In
the extreme case, an arbitrary dimension of outputs ! is
only dependent on itself. The matrix k(¢,t¢") will therefore
become diagonal and the coupled GP models becomes N
independent one-dimensional output GPs.

B. Urban Sensor Network

Considering the planning of urban infrastructures (e.g.,
road systems) and different functions of districts of cities,
such as residential and industrial, the correlations between
sensors’ outputs are more complicate than the a function of
spatial distance. For example, two air pollution sensors de-
ployed at interchanges of city highway system might provide
highly correlated measurements, although their geographical
distance can be relatively large; while measurements from
other nodes, such as the ones deployed in the recreation area,
can be less correlated with the roadside sensors. An example
of deployment of air quality monitoring stations is showed
in Fig. la.

Denoting the measurements from N sensors as X; =
[z% N ]T, the sensor data can be modelled as a N
dimensional output GP in Eq. (1). The auto-covariances of
measurements from a node ¢ is characterized by the kernel
ki o (t,t'). The cross-covariance of measurements from
node i and node j is presented by the kernel ki ,i(t,t").
Fig. 1b illustrates the covariance matrix in Eq. (2) evaluated
at zero time difference and scaled to [0, 1]. The diagonal ele-
ments are auto-covariance functions evaluated with zero lag,
resulting in maximum values. The non-diagonal elements
present various level of correlation. For example, nodes 3
and 4 have highest correlation among all pairs of sensors.



The mean function m(¢) and kernel matrix k(¢,t') are
obtained from the historical data of the sensor network
(will be discussed in Section IV). Based on today’s wireless
communication and cloud computing technologies, it is
feasible to collect data from the sensor network and update
the GP model in a real time manner.

C. Joint Data Reconstruction

The urban sensor network for environmental monitoring
usually has long sampling periods, especially in the case
of battery powered sensor network where energy efficiency
must be considered. Therefore, to reconstruct the sensory
data from measurements with low sampling rate is an
important task.

In the following example, assume that measurements xj
and x{ from node i and j are available with a vector of
inputs t, we are interested in inferring values of outputs xi,
at unobserved inputs t’ from node . The joint probability
of observations and unknown values, p(xi,xi,x. ), is a
Gaussian distribution

m,(t) Kii(t,t) Kii(t,t) Ki(t,t)
N(|m;(t) |, [ Kj(t,t) Kjtt) Kj(tt)|), )
mz(t’) Kii(t/,t) Kij(t/,t) Kii(t/,t/)

and the conditional probability of unknown value is therefore
given by

4)
where pi¢/¢ in Eq. (5) is the mean of estimation and /¢

in Eq. (6) is the covariance matrix. And X!, = Hie 18 the
estimated value of unknown output xj,.

p(X“Xi’X%) ~ N(Mt/|ta 2t'|t)7

IV. PERIODIC PATTERNS AND KERNEL DESIGN
A. Discover the Periodic Patterns

Before starting the discussion of designing mean and
kernel functions for the GP, we looked into a sequence of
the measurements', which are illustrated in Fig. 2. In this
example, node 1 (solid blue) is a station deployed on top
of a building’s roof, measuring the background air quality;
node 2 (dot red) is a station deployed on roadside in city
centre, measuring the local air quality.

The time series illustrated in Fig. 2 has two properties.
First, the value of this time series at any time stamp is
a random number with a distribution (mean and variance).
Hence the time series is stochastic process. Second, the time
series shows periodic patterns. At least 3 periodic patterns
can be discovered from the data showed in Fig. 2:

o Weekly pattern: the existence of weekly periodicity
cane be observed in the figure. The NO5 concentration
is lower during weekends and higher during weekdays.
Daily pattern: consider 24 hours as a period, the NOy
concentration is lower at night and higher during day-
time.

I'The data set is available at this website: http://sib.nu/elv/
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¢ Rush-hour pattern: hourly NOy measurements within a
working day have two peaks, one is around 8:00 and
the other is around 17:00. This is due to the large traffic
volume and therefore high emission from vehicles.

In light of those three observations, next we discuss the
design of mean and kernel functions for the GP model.

B. Design of Mean Function

Let’s consider a time series with the periodic pattern of pe-
riod T},. Assume that a sequence of training data which con-
tains N, periods {Zn.1,4¢[n =1,...,Np, t =1,...,T,}
are available, the mean function of GP is designed to be

Np—1

1
my (KT, +t) = i Z Tosry4t, VEEZ,  (7)
P p=0

where ¢ € {1,...,T,} are the time indexes within one
period and k is the number of period. Equation (7) is
usually referred as the sample average estimator for the
mean function. The sample average is the minimum variance
unbiased (MVU) estimator for mean values of Gaussian
distribution [12]. In the example of NOs measurements,
we separate the data set into weekdays and weekends, and
then apply Eq. (7) to calculate the averaged hourly NOq
measurements with T}, = 24 hours, which are illustrated in
Fig. 3.

Compared to the hourly average NO2 concentration dur-
ing weekends, the process during weekdays shows the
“double-peak” pattern, which is a reflection of rush-hours
during a working day.

C. Design of Kernel Function

The kernel function k. ., (t,t’) characterizes the correla-
tion of time series samples with distance At = t—t'. In case
of i = j, the kernel is also referred to the auto-covariance;
in case 7 # j, the kernel represents the cross-covariance. We
discuss two approaches in the following: (1) likelihood based
approach, and (2) Wiener-Khinchin theorem based approach.

1) Likelihood Based Approach: The commonly used ap-
proach of kernel design is to first select a type of kernel,
and then determine the value of hyper-parameters in the
selected format via maximum likelihood estimation (MLE).
This approach is briefly reported in the following. We refer
readers to [9] for the details.

Assume that the stochastic process shows M periodic
patterns with periods {wy, . ..,wss}, a composed kernel [11]
can be designed as
—(t—t)?
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which is a superposition of M basic periodic kernels of
different periodicities and a squared-exponential kernel.
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Figure 2: NOy measurements from 2 stations in 4 weeks.
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Figure 3: Sample average of hourly NOy measurements from
node 1 and 2 during weekdays and weekends.

Next, to determine the value of parameters H
{ag...apn,00...0p}, we write the likelihood of hyper-
parameters H given training data X (a sequence of mea-
surements from N sensors):

L(H|X) =
€)
where M is the matrix of mean values for NV sensors over the
same time period as training data, and K, is the covariance
matrix which is a function of hyper-parameters .
The maximum likelihood estimation of the hyper-
parameters, ’}:[ML, is therefore obtained via solving the
following optimization problem:

Hyr = arg maxL(H|X), (10)
#H

which can be solved by gradient based algorithms. However,

it is non-trivial and time-consuming to obtain the global

optimum due to the non-convexity of the likelihood function

and the large number of variables.

1
-5 (X-M)TK;' (X—M)+N In27+In K],
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Figure 4: Frequency components a, b, ¢, and d are 1.157 X
1075, 1.653 x 1076, 2.315 x 1075, and 3.472 x 1075 (all
in Hz), corresponding to 1 day, 1 week, 12 and 8 hours
periodicities.

2) Wiener-Khinchin Theorem Based Approach: The
Wiener-Khinchin theorem states that the auto-correlation and
the power spectrum density (PSD) (or the cross-correlation
and the cross-spectrum) of stochastic processes are a pair of
Fourier transform. Based on this theorem, we introduce the
Wiener-Khinchin theorem based approach in the following.

Assume that a set of historical data x = {zi,2]|t =

., T} are available and the length of data set T is longer
than the maximum period, we first calculate the sample
covariance

T
cov(At) Z xtJrAt xt])(a:g - E[x%]), 1)
t=1

where At = —T+1...T —1 are the lags. In case of i = j,
Eq. (11) is the auto-covariance for node ¢; otherwise it is
the cross-covariance between nodes ¢ and j.

Next, we apply discrete time Fourier transform (DTFT)
to the sample covariances, resulting to the estimated PSD of
the stochastic process:

= [

Note that since the covariance is time-discrete, therefore the
estimated PSD function Ryx(f) is periodic with period of
fs (the sampling frequency) We sample the first period of
estimated PSD (f € —75, 7]) to 27" — 1 frequency-discrete
numbers

cov(At)e 72 fAtgf, (12)

R(ka) Vk = {-T +1,.

— 1} (13)



Finally the analytical expression of the estimated covariance
function can be obtained via inverse discrete Fourier trans-
form (IDFT) on the sampled estimated PSD

T-1

A ds
Z R(kQT
k=—T+1

T—-1 f
Ay + ; 2Akcos(2ﬂ'kﬁAt),

where Ay, = R(kds)/(2T — 1), Vk € {0,...,T — 1}. The
estimated covariance function is then used as the kernel
function for GP

1
2T -1

P . fs
)eJQTrkﬁAt

cov(At)
(14)

k(At) = cov(At). (15)

The proposed Wiener-Khinchin theorem based approach
of designing kernel function has advantages from both the-
oretical and computational perspective. First, comparing to
the manually selected type of kernel function, the spectrum
based kernel is a better approximation of the true kernel.
In fact, Eq. (14) is a projection of the sample covariance
onto a space spanned by orthonormal basis (trigonometric
functions). Secondly, the spectrum based approach can be
implemented with fast Fourier transform (FFT), which is
computationally efficient.

The cross-covariance and cross-spectrum of measure-
ments from node 1 and 2 are shown in Fig. 4. From the
power spectrum (Fig. 4b) we recognize 4 major periodic
components of 1 week, 24 hours, 12 hours, and 8 hours
periodicities, respectively. To apply the likelihood based ap-
proach, one might design a composed kernel by summing up
a SE kernel and four periodic kernels, such as Eq. (8), where
wi = 1.653 x 10%, wy = 1.157 x 10°, w3 = 2.315 x 105,
and ws = 3.472 x 10° (all in seconds). Hence there will
be 10 hyper-parameters in one kernel function. Consider
a multi-dimensional output GP, the number of variables in
solving the MLE is very large, which makes the optimization
problem (10) non-trivial and time-consuming to solve.

V. EXPERIMENTAL RESULTS

Given a set of observations from the sensor networks,
one can infer the values at unobserved time stamps. This
task is referred as temporal interpolation. In this section, we
use interpolation as an application to examine our model.
The data set is downloaded from the hourly database of the
Stockholm - Uppsala County Air Quality Management As-
sociation. 10 air quality monitoring stations are operated in
the association, measuring the concentration of air pollutants
such as NOy, O3, CO, and PM10. The hourly aggregated
NO, data in 2014 is selected as an example.

We take the measurements from 2 nodes with most
significant correlations as an illustration. Each node provides
hourly aggregated NOy measurements (24 samples per day).
To test our model, we first down-sample the measurements,
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Figure 5: A comparison between the model of independent
GPs (5a), and the model of coupled GPs (5b). The true
value (red circle), observation (blue cross), interpolation
(blue solid), and 95% confidence interval (grey dash) are
shown in each figure.

then interpolate missing values, and finally compare the
interpolated values with the true values and calculate the root
mean square error (RMSE): \/ T ZtT:l(i”t —x4)%, where T
is the length of data to be interpolated, x; is the true value,
and Z; is the interpolated value at time stamp ¢.

A. Comparison Between Independent and Dependent GP

We begin with a comparison between the independent GP
model and the dependent GP model. In the independent
GP model, the cross-covariance matrices (K;;(t,t) and
K;;(t,t) in (5) and (6)) are replaced by matrices zeros.
In the coupled GP model, the cross-covariance matrices are
calculated with kernel functions k,: ,; (¢,t") and kys 4 (¢,t").

In this comparison, we down-sample the measurements
from node 1 to 75 = 2 hour (12 samples per day), and
measurements from node 2 to Ts; = 5 hour (5 samples
per day), then use both independent GP and dependent GP
model to reconstruct the missing values. The results are
shown in Fig. 5. We see that by coupling measurements
from nodes 1 and 2, the RMSE of interpolation on node 2’s
measurements is significantly reduced from 7.1 to 3.6, while
the RMSE for node 1’s interpolation is slightly increased
from 1.4 to 1.8.

B. Experiment on One-Year Data

Next we conduct an experiment on the performance of dif-
ferent GP models on the one-year hourly NOy measurements
from nodes 3 and 4 showed in Fig. 1a. The covariance matrix
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Figure 6: A comparison of cumulative distribution functions
of RMSEs given by 3 experiment cases.

illustrated in Fig. 1b implies strong correlation (0.8 ~ 0.9)
between the measurements of those two nodes. Therefore,
we coupled the measurements from those two nodes as a
dependent GP and perform joint data reconstruction after
down-sampling the original hourly data to sampling period
of 6 hours. In this experiment, we use the most recent 4-
week historical data as train data to learn the mean and
kernel functions, then perform the interpolation on one day’s
measurements and calculate the RMSE. This validation is
repeated on a year’s NO; measurements with three test
cases:

o Case I: independent GP model with composed kernel
(SE + PE) in Eq. (8).

e Case 2: independent GP model with spectrum based
kernel in Eq. (14).

e Case 3: dependent GP model with spectrum based
kernel in Eq. (14).

The cumulative distribution function of RMSEs of three
cases are illustrated in Fig. 6. The statistical results validate
that the dependent GP model with spectrum based kernel
achieves better performance comparing to other 2 cases.

VI. CONCLUSIONS

In this paper, we present a general framework for sensor
network data modelling with multidimensional Gaussian
process. Measurements from different sensors are correlated
with various significances, which are characterized by the
matrix of kernels (auto-covariances and cross-covariances).
On top of commonly applied MLE method, we introduce a
kernel design approach based on Wiener-Khinchin theorem.
Experiments are conducted on the proposed GP model for
sensor networks with the data set of NOy measurements in
urban area. Results show that, comparing to the independent
GP model, dependent GP model has better performance in
terms of the accuracy for data reconstruction.
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