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Abstract

Over the last fifteen years several numerical methods have been proposed for
solving partial differential equations with rapidly varying coefficients, see e.g. [6, §].
Typical applications for such methods include oil reservoir simulation and COs se-
questration. In [14] an adaptive multiscale method for elliptic problems was proposed,
where the adaptivity is governed by an a posteriori error estimate. These ideas were
later extended to also cover the convection dominated case in [11].

In the present paper we adopt the framework presented in [14], using discon-
tinuous Galerkin basis functions, and we apply the method to a hyperbolic model
problem with applications e.g. in two phase flow in an oil reservoir. We present very
promising numerical results showing that small directed patches can be used to accu-
rately compute the local fine scale solutions which are then used to form a modified
coarse scale equation.

1 Introduction

Multiscale problems appear in many applications in the engineering sciences, for instance,
composite materials, porous media flow, and fluid mechanics. A common feature of mul-
tiscale problems is that they are very computationally challenging and often impossible to
solve to an acceptable tolerance, with standard methods, on a single mesh.

*Professor, Department of Mathematics, Umea University, S-901-87 Umea, Sweden,
mats.larson@math.umu.se.

t Assistant Professor, Department of Information Technology, Uppsala University, S-751-05 Uppsala,
Sweden, axel.malqvist@it.uu.se

'Research Assistant, Department of Mathematics, Umeéa University, S-901-87 Umea, Sweden,
robert.soderlund@math.umu.se.



In this paper we consider a hyperbolic problem with multiscale features in the advection
coefficient. We seek the concentration u such that,

W+ V- (ou) = f, (1.1)

where o is the multiscale advecting velocity field, and f is a source term. There are
numerous applications for this equation e.g. two phase flow in an oil reservoir. The velocity
o is there given by Darcy’s law.

1.1 Previous work

There has been a lot of work on stabilized finite element methods for solving hyperbolic
problems. Streamline diffusion and Galerkin/least-squares are two methods frequently
used. Using these techniques standard continuous finite elements, that are unstable for
convection dominated problems, can be stabilized by adding an extra term, which depends
on the residual of the computed solution, see e.g. [13] and also [8] and references therein.
Another popular approach, where this type of excessive stabilization is not needed, is to
use discontinuous Galerkin methods, see [10, 12, 4, 7].

A new type of numerical schemes for solving problems with features on several different
scales referred to as multiscale methods have been introduced over the last fifteen years, see
e.g [8, 6]. Here local fine scale problems are solved approximately either using numerical or
analytic tools in order to modify a coarse scale problem. The relationship between these
methods and the stabilized methods described in the previous paragraph is strong and
well presented in [8]. These type of methods have been applied to both pure diffusion and
convection dominated problems. In [9] e.g. the variational multiscale method is used to
solve a two phase flow problem. The fine scale subgrid problems are there modeled by an
algebraic approximation.

In a series of papers [14, 15, 11| authors of the paper have developed an adaptive
variational multiscale method (AVMS). In this method the problem is decoupled in a coarse
and a fine scale and the fine scale effect on the coarse scale is computed by solving decoupled
localized subgrid problems with homogeneous boundary conditions. This method has been
applied to elliptic problems on standard and mixed form and for convection dominated
problems.

1.2 New contributions

In this paper we apply AVMS to a hyperbolic problem using discontinuous finite element
basis functions. Since the flow gives the problem a particular direction we will use directed
patches when solving the localized subgrid problems. The direction will depend on the
given advection field. This technique reduces the amount of work considerably. We present
extensive numerical tests including an example from oil reservoir simulation. We use two
spatial dimensions in the numerical examples.



1.3 Outline

In Section 2 we present notations and in Section 3 we present the model problem and the
multiscale method. In Section 4 we discuss implementation and in Section 5 numerical
examples. Finally we present conclusions in Section 6.

2 Preliminaries

In this section we settle some notations frequently used in the remainder of the paper.

2.1 Function spaces and discretisation

We let Q C R?, where d = 1,2,3, be a domain with polygonal boundary 9. We let
L*(Q2) be the set of square integrable functions on . Further we let H'(Q) denote the
space of functions that are in L?(2) and that have gradients in L?(Q)¢, and H(div, ) be
the functions in L%(Q2)? which also have divergence in L?*(€). We introduce the standard
norms [|v||z2i) = (fo,v? dz)V? and |[v]| o) = (||v||%2(9)—|—||Vv|]%2(g)d)l/2_ Welet I = (0,7
be a time interval and L*(I; H'(Q2)) be the space of functions v : I — H'(2) such that
Sl Dl qdt < oo We note that L*(2), H'(R), H(div,Q), and L*(I; H(Q?)) are
Hilbert spaces and we introduce the following notation for the inner product in L*(),
(v,w), = [ vwdz. In the case w = Q we simply write (v,w) = (v, w)q. For an extensive
overview of these spaces, see [1].

We consider a coarse scale and a fine scale, which both needs to be discretized. We
denote the coarse mesh by Ky and by Hx = diam(K) we refer to the diameter of the
elements in the coarse mesh. The coarse mesh satisfies Ugcc, K = 2 where all K are
disjoint. The fine mesh however, is only defined on local subregions w C 2. The meshes
will be nested so that all subregions are unions of coarse elements. We therefore let
Kg(w) = {K € Ky : K C w}, and Kp(w) be the set of fine scale elements {K} such
that Ugek, @)K = w. Since the meshes are nested all K € Ky (w) can be written as a
union of elements in ICp,(w).

We let V = L?(Q). The corresponding finite element space on the coarse scale will be
denoted V. and defined in the following way,

VC:PH:{UIU|K:P(K) VKGICH}, (21)

where P(K) is the space of linear polynomials on K. We want an hierarchical split between
the coarse and the fine spaces. We introduce the L*())-projection Py : V — V., which
projects any function in V onto the coarse finite element space, and define the fine scale
space Vs by

Vi={veV: Pyv=0} (2.2)
We let Pp(w) be the piecewise linear polynomials on the subgrid ICp(w). The fine scale
finite element spaces can now be defined in the following way

Phs(w) ={v € Pp(w) : Pyv = 0}, (2.3)
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where P, (w) approximates V; on the subregion w.

2.2 Jumps and averages

Let us now introduce the set of interior edges &;, and boundary edges & on the mesh Ky
such that & U & = £. For a function v € V, we define the jump [v] across edge F as

] = vt —wv7, E €&y,

o U+7 E e gr,

where v* = lim,_,ov(x F sn), n being the edge normal. The average (v) is defined by
<'U> - (U+ + U_)/Q, E e 5],

N U+, E e gr,

and given a flux velocity o, the upwind value v relative that flux velocity, is defined at
every edge E, with normal n as

(2.4)

(2.5)

vt n-o>0,
V=< v, n-o <0, (2.6)
(v), n-o=0.

We use the same notation for edges, jumps, averages, and upwind values for corresponding
quantities on the fine scale space V.

2.3 The patches w;

Finally we define patches w; on which the fine scale finite element spaces are constructed.
We let span({®; }iear) = V. be the standard piecewise linear discontinuous basis functions.
This means that supp(p;) is exactly one coarse element in the mesh Kp. Around the
support of each basis function y; we will construct a patch w; of coarse elements on which
we will solve localized fine scale problems. In the definition of the patches we will also be
referring to the standard piecewise linear continous functions on the mesh Ky, which we
denote by {6;}. The patches will include the support of the associated basis function and
we will present two different versions, a symmetric version and a directed (with the flow)
version.

Definition 2.1. We say that w} is a symmetric 1-layer patch if w} = supp(p;), where p; is
a coarse basis function, with support on one coarse element. Further we define a symmetric
k-layer patch, w¥, around the support of basis function g;,

wf = U{j:supp(Gj)ﬁwffl;éﬁ)}Supp(ej)ﬂ k= 27 3’ T <27)

where 0; is a coarse scale piecewise linear continous basis function. Furthermore we let &F
be a directed k-layer patch such that &} = w}, &F C wF possibly equal, and any K € &F
can be reached from &GF~' by passing from element K~ to element K* (starting from any
element in G¥~1) through the shared face F only if max,cpn™ - o(x) > 0, where n~ is the
outward normal of K—. In the text we omit the superscript k.

Examples of these patches are illustrated in Figure 1.
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3 Multiscale and dG(1)-method for the time depen-
dent convection equation

We consider the following hyperbolic model problem. For simplicity we assume that all
given data is independent of time: find the concentration v € L*(I; H'(Q)) such that

u+ V- (ou) = f, in Qx 1, (3.1a)
n-Vu =0, onIy x I, (3.1b)

u =g, on['_ x I, (3.1c)

u = uy, on 2 x {0}, (3.1d)

where I = (0,7) is the time interval, f € L?*(2) is a source term, o € H(div;) is
the advection field, g € HY?(T") defines the boundary value at the Dirichlet part of the
boundary, and uy € H'(Q) is the initial concentration. The segments I';,T'_ are disjoint
parts of the boundary such that ', UI'_ =T and I'_ = {z € 9Q : n - & < 0}, where n is
the outward unit normal of 9€2. We usually refer to I'_ as the inflow part of the boundary.
For simplicity we assume that f, g, and o are independent of time.

3.1 The dG(1) method

We let K be a shape regular mesh of the domain , and further let V, = {v : v|x €
P(K) VK € K}. The dG(1) finite element method for (3.1), as described in [3], reads,
find uy, € V), such that

> (i) = Y (un,o- Vo) + Y (n-oin[v)e

Kek Kek BeE\T_

=(fv)= Y (n-o,gv)p, VeV, Vel (3.2)

Eel' -

Figure 1: 1, 2, and 3 layer patches of symmetric (dashed) and directed (solid) type. Here
o = [0,1]. Note that the directed patches are subsets of the symmetric patches and that
they are equal for 1 layer patches.



Using that n - oty = n - o (uy) + csluy], where ¢s = |n - o|/2, we instead have

Z(uh,v)K—Z(uh,a VUK+ZT’L o(uy), E—}—Z (cs[upl,

Kek Kek Eeé Ee&;
=(f,v) — Z(a-n,gv)E, Yv e W, Vt € 1. (3.3)
Eel-
If we let
q(u,v) = — Z(ua Vo) K+Zn o E—{—Z cslul, [v]) e (3.4a)
Kek Ee€ Ec&;
[(v) = (f,v) = ) _ (o n,gv)p, (3.4b)
Eer_
we have
(U, v) + q(up,v) = U(v), Yv e Vvt € 1. (3.5)

Let u™ = u(t,), given u"~! our problem reads

(i, v) + qlun, v) = z() Yo € VWt € 1, (3.62)
(un(tn- ) v) =W ),  YvE (3.6b)

3.2 The variational multiscale formulation

Now we introduce the variational multiscale method for this problem: Find u = u. + uy,
where u, € V., uy € Vy such that

(e + g, ve +v5) + que + up, v + vy) = l(ve + vy), (3.7a)
Vo, € Ve, Voy € Vi, Vt € 1,
(telta-) + p(baer) oo+ v7) = (00, 4 v)), (3.7h)

Yo, € VC,V’Uf € Vf.

We split this equation into two parts and use an L2-orthogonal split of the coarse and fine
scale which cancel the terms (., vs), and (ir,v.). We get

(e, ve) + q(ue + up,ve) = U(v ) Vo, eV, eVt el, (3.8a)
(ue(tn—1),ve) = (", 0.), Y. €V, (3.8b)

(U, vp) + qlup,vp) = Uvp) — que,vf), Yoy € VeVt e, (3.9a)
(Uf(tnfl),?)f) = (u”’l,vf), VUf € Vf. (39b)



We use the partition of unities {@;}iear and {x;}ien, where x; = ﬁsupp(goi), and split
(3.9) into three parts

(g1, vf) + qlugii, vp) = Wxvg),  Yup € Vp,VE e, (3.10a)
(us,i(tn-1),v5) =0, Vur € Vy, (3.10b)
(tf0,,v5) +qusos,vy) =0, Vuy € Vi, Vt € 1, (3.11a)
(uf70,i(tn—l)vvf) = (Xiun_1>Uf), Yvr € Vg, (3.11b)
(Tenvr) + (T vg) = —qlpi,vg),  Yop € Vy,VEE (3.12a)
(Ti(tn-1),v5) =0, Vo € V. (3.12b)

We have thereby used the linearity of the problem to split the fine scale contribution
into one part driven by the right hand side functional [, one driven by the solution at
the previous time step, and one driven by the coarse scale solution, which is a linear
combination coarse basis function ¢;, u. = Zie./\/ a;p;. We note that uy = Zie/\/ (Uﬁlﬂ; +
Ufoi + ozZ»Tgoi). Using these quantities the coarse scale equation (3.8) now reads

(e, ve) + q(ue + Tue,ve) = U(ve) — qup + uso,ve), Y. € V., Vt € I, (3.13a)
(e(tn-1),ve) = ("7, v), Yo, € V., (3.13b)

where Tue = ;o nr aiT @i, Upp = Y icn Upias and Upo = 5o U0,

3.3 Spatial discretization of fine scale equations

We will now use the discrete function spaces on patches to formulate an approximate
method. We keep the continuous formulation in time for now. Welet Uy ;(t), Uy o.i(t), Tpi(t) €
P f(w;) solve,

(Uf,lmvf) + Q(Uf,l,iyvf) = l(XiUf)7 va S 'thf(wi),vt el, (3.14&)
(Uri(tn-1),vp) =0, Yoy € Phs(wi), (3.14b)

(Uf,OJ?Uf) +q(Uy0:,v5) = 0, Vor € Py p(wi),Vt €1, (3.15a)
(Uspi(tn-1),v5) = U™ vp), Yoy € Prog(ws), (3.15D)
(Te),v5) + a(Ti,v5) = —q(pi,vg),  Yop € Prp(wi), Vit €1, (3.16a)
(T'¢i(tn-1),vf) =0, Yoy € Phg(wi), (3.16b)



for all i € V.

Remark 3.1 The inflow boundary segments I'"" of the local problem on w; will have ho-
mogeneous Dirichlet boundary conditions and the rest of the boundary dw; \ T'*. will have
homogeneous Neumann boundary conditions. We interpret the functions in Py r(w;) to be
zero outside w; in order to use the same definition for ¢ and [ also for the local problems.

3.4 Spatial discretization of the coarse scale equation

If U= > e s, then Up =37\ (Uf,l,i +Usoi + oziTgpi) and we get the following for
the coarse scale equation (3.8)

(Uc,vc) +q(U. +TU,,v.) = l(v.) — q(Uss + U, vc), Yo, € V., Vt € 1, (3.17a)
(Ue(tp_1),ve) = (U 0.), Yo, € V,, (3.17b)

where Up; = cn Upii and Upo = > 2o U o,

3.5 Discretization in time

Welet 0 =ty <t; < ..<tp=Tanddt =t,—t, 1 foralln=1,2,...,L. Using the
Crank- Nicholson time stepping scheme the fine scale equations (3.14)—(3.16) reads: given

UJ’}l 11, U}loi, , ot find Ufpis Ufos T} such that (using that Tl U}ll 11 =0)
. n—1

Urpirvp) + 50(U7 5 v) = Wxivg) — “5=q(pivp),  Yup € Prp(wi), (3.18a)

(Uppi(tn-1),vs) =0, Yos € Php(wi), (3.18D)

(Ut o.,v5) + %Q<U}t0,ivvf) = —%CJ(U}L,E,%, vy), Vo € Py p(wi), (3.19a)

(Upo,i(tn-1), v5) = U™, vp), Vor € P p(wi), (3.19b)

(Tpi),v5) + La(Tl vp) = —La(pi,vp), Yoy € Prj(wi), (3.20a)

(TSOi(tnfl), Uf) =0, va € Ph,f(wi). (320b)

We note that > ;.\ aiTy; + Ufy; + Ul = Up by linearity. The modified coarse scale
eqution (3.17) reads: given U}, Uflo, TU,, U, find U", such that

(Uc; UC) + %Q(U + T>Ucna Uc) = (3.21&)
=1(ve) — 5q((T+ YU +UF + U + Uf g + Uit we),
(Ueltn-),ve) = (U we), (3.21D)



for all v, € V..

Remark 3.2 In this work we assume the same time step on the coarse and fine scale. A
natural extension will be to allow different time steps. Equations (3.18,3.19,3.20) will then
be solved on each coarse time interval [t,_1,,| using many (fine) time steps.

4 Implementation

We now have three very similar systems of fine scale equations and a coarse scale equation
that need to be solved. We describe how to treat the third fine scale equation and the
coarse scale equation in detail. The other two fine scale equations will be handled in a very
similar way:.

4.1 The fine scale equations

We let £& be the set of all interior edges and & be the set of all boundary edges in the
mesh Ky (w;). Furthermore we let T be the inflow part of the boundary dw;. We introduce
the following matrix and vector notations,

Mjy = (0r: 95 )us (4.1a)
ik = (o o), [pi)gar + (eslend, o)) (4.1b)
K}y, = —(¢1,0 - Voj)ur, (4.1c)
bj' = (Xifs Pj)w; — (M- 0,995 )sirr - (4.1d)

We consider equation (3.20) which gives us the following matrix equation
(M + G+ Q + BTG = §(K' + Q' + R, PuTipi =0, (42)

where T_;Di, ; are the vectors of nodal values of T'y;, ; and P is the matrix corresponding
to the L? projection operator Py. The additional condition 'PHTZOZ- = 0 is realized using
Lagrange multipliers.

Remark 4.1 Since o and f are time independent, T_éoi does not vary in time. Further-
more, since we have orthogonality of the coarse and fine scales in L? the only data which
varies between the time steps when computing [7}‘1171», and [j;},o,i for different n are [7;}0’1,
and oz?_l. This means that we need to compute and store these quantities and also that we
need some minor communication between neighboring patches in order to compute Xilj}fo_l.

4.2 The coarse scale equations

Again we discretize in time and use equations (3.14-3.16) to get the fine scale contribution.
Let 0 = tg < t; < ... <tp =T and dt = t, —t,_1 foralln = 1,2,..., L. We use



the Crank-Nicholson time stepping scheme, given (76”_1, to compute U'c” by solving the
following matrix equation

(M +%(K+Q+R)U = (M — 4K +Q+R)U " +di(b—r), (4.3)

where U, is the vector of nodal values of U, and,

M, = (ok,5), (4.4a)
Qjr. = (n- o {er), [piDerr- + (csler]; [0])e; (4.4b)
Rjx = (n-o(Tox), [wj])err_ + (cs[Tox], [0i])e;, (4.4c)
K = —(pr, 0 - Voy), (4.4d)
by = (f, ;) — (6 -1, 99))ernr_, (4.4e)
rj = (n-o(ufo+uo) [eilenr + (eslufyo + i) [p)e; (4.4f)

The method for solving the equation (3.1) is to first solve (3.10)-(3.12) and then (4.3) and
repeat this for all time steps. Note that if the patches w; = €2 and the same resolution
is used in all patches the reference solution on the fine mesh in recovered. This is not a
realistic technique in practise but it indicates that a solution on the fine scale mesh will
serve as a good reference solution when studying how the truncated domains w; affects the
approximate solution U. 4+ Uy. The difference between the reference solution and U, 4 Uy
will be studied in the numerical examples below.

4.3 Numerical algorithm

We end this Section with a numerical algorithm for the entire method. We can use the
same patches w; for all time steps. This will of course increase the speed an efficiency of
the method.

Algorithm 1

1: Assemble the local fine scale matrices M?, K, @, and vector b’ on each patch and the
global matrices M, K, (), and vector b.

2: Compute the time independent fine scale solution TZpi, for all i € N and assemble the
global matrix R.

3 forn=1,...,L do

4:  Loop over all elements i € N and compute [7}"072-, [7}‘“ given (7]7}0’1, [7]?;1, [70”_1 and
Te,;.

5: end for

6: Assemble the right hand side 7 in equation (4.4f).

7. Compute (76” by solving equation (4.3).

8: Optional: Construct U = U, + Uy using (70 , and ﬁf,o,n (jfﬁlﬂ-, T, for all i € N.
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5 Numerical examples

We will consider two different problems in the numerical section. The first is a test case
defined in the following way,

(Case 1) Q=10,1 x[0,1], T'_=][0,1] x {0}, e=][0,1], ¢g=0, f=1

The second test case has a more realistic advection field. We let o be the velocity field
solving the pressure equation, find the pressure p and the advection field o such that

—V.o=F, in €, (5.1a)
o = aVp, in Q, (5.1b)
n-o=0, on 012, (5.1c)

where F' is a given source term equal to one in the lower left corner (injector) and minus one
in the upper right corner (producer), and a is the permeability, taken from the top layer
of the SPE tenth comparative solution project, see http://www.spe.org/web/csp/.
Given o from equation (5.1) (see Figure 2) we let,

(Case 2) Q=10,1] x [0,1], o from (5.1), f = Xinj — XprodU-

where Xinj, Xproa are the characteristic functions of the injector and the producer respec-
tively. Note that due to (5.1c¢) we have no inflow boundary in this example and the flow
is driven by a source term similar to F' in (5.1a). The term —xpqu makes sure that u
reaches a stationary value at the producer, instead of growing without bound.

We will measure error in the broken H'(Q2)-norm which we denote by |||-||| and define
as
lloll = > o). (5.2)
Kek

For the second case we will also consider the break through time. This is when the con-
centration at the producer is close to one (we pick 0.95), i.e. the time t*, such that the
concentration of water in the producing spot is 95%, u(prod, t*) = 0.95.

5.1 Convergence of local solutions

We focus on equation (4.3) which is solved to compute Uy;; at the next time step. The
other two types of fine scale equations show very similar behavior. We first consider both
cases 1 and 2 and fix dt = 0.005 for case 1 and dt = 1 for case 2. The reason for the
large difference in the time steps chosen is due to the difference in the magnitude of the
convective fields. For both examples the fine scale is obtained from uniformly dividing each
coarse triangle into 16 smaller triangles.

The patch sizes are varied using the two different patch types described in Definition
2.1. We plot the convergence in broken H!-norm compared with a reference solution. The
relative error is plotted against degrees of freedoms of the local problems.
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As our coarse scale meshes, we use the meshes depicted in Figure 3. We will consider
convergence of T'wq14 for case 1 and convergence of T'pyg for case 2. Those fine scale
functions corresponds to one of the basis functions in the black triangles in Figure 3. The
solutions for T'pq14 and Tpe19 are found in Figure 4-5. Convergence plots for T'wsy6
and T'ps1o are found in Figure 6. We compare with T'ws14 and T'po19 computed on the
whole domain Q and plot the relative error in broken H!'-norm against the degrees of
freedoms of the local problems. We can observe an exponential convergence for directed
patches of the error of the local problems and we also note the advantages with the directed
type (b) patches that clearly yields a faster rate of convergence. In Figure 7 we have the
corresponding convergence plots but with time steps dt = 0.05 and dt = 10. Obviously the
rate of convergence is greatly affected by the time step, which is natural since the local
solutions will be transported further and thus larger patches are needed.

e T P LI
0 01 0z 03 04 05 06 o7 06 k] 1

Figure 2: The convective field, o, used in case 2.

Figure 3: The coarse scale mesh for case 1 (to the left) and the coarse scale mesh for case
2 (to the right). The patches when studying the convergence of T'ps16 and Tpa9 will be
constructed around the black triangles.

12



Figure 4: Tpq16 for case 1 with dt=0.005, computed on a symmetric type patch (left) and
the directed type patch (right).

0.05,

Figure 5: Tpa1o for case 2 with dt=1, computed on a symmetric type patch (left) and the
directed type patch (right).

—— Directent
symmetric

0 E 1000 1500 2000 2500 3000 3500 000 0 Y 1000 1500 2000 2800 2000 3500
#Dafs #Dafs

Figure 6: Convergence in broken H!'-norm of T'@s4 (left) and Tpa1g (right), for the two
types of patches with dt = 0.005 (left) and dt = 1 (right).
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Layers 2 3 4
Time steps | 1736 | 1265 | 1264

Table 1: The number of time steps required to reach the concentration 0.95 at the producer.
The reference value is 1264 time steps.

5.2 Convergence of global solution

We are now ready to consider the error in the global solution U, + Uy. We again consider
both cases 1 and 2. We consider convergence in broken H'-norm and for case 2 also
in breakthrough time. We only compute the relative error and breakthrough time using
patches having two or more layers. Reference solutions for case 1 and 2 are shown in
Figure 8-9.  Convergence plots when comparing the error in broken H'-norm between
the multiscale solutions and the reference solutions are found in Figure 10-11, where the
relative error is plotted against the average number of degrees of freedom for the local
problems. We can clearly observe the exponential decrease also for the convergence of the
global solutions and it is still clear that the directed type patches are considerably more
efficient than the symmetric type patches.

For case 2 and the directed patches we also have results for convergence in break through
time, here defined as when the concentration at the producer has reached the value 0.95.
We have compared the number of time steps required to reach that value and the results
are found in Table 1.

Figure 7: Convergence in broken H'-norm of T'pq14 (left) and Tpa1g (right), for the two
types of patches with dt = 0.05 (left) and dt = 10 (right).
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Figure 8: Reference solution for case 1 after 20, 50, 100, and 200 time steps.
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Figure 9: Reference solution for case 2 after 50, 150, 500, and 1500 time steps.
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Relative Error

Figure 10: Convergence of relative error in broken H'-norm against the average number
of degrees of freedoms of the local problems, for the two types of patches in case 1, after
200 time steps.
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Figure 11: Convergence of relative error in broken H'-norm against the average number
of degrees of freedoms of the local problems, for the two types of patches in case 2, after
1400 time steps.
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6 Conclusions

The exponential decrease in relative error as the patch size increases is a very promis-
ing result since it allows for solving the fine scale problems locally and thus making the
decoupling more effective.

Since the same patches are used for all time steps and T'y; is time independent, the
method can be made very effective. For each time step we only need to compute Uy, ;,
Ut ., modify the coarse scale equation and then solve for U..

The method can be made even more effective by choosing suitable shapes of the patches
and for the hyperbolic equation (3.1), studied in this paper the directed type patches are
clearly more efficient than the symmetric type patches.

Further developments of the method includes: using different time steps on the coarse
and the fine scale; studying the problem where (5.1) and (3.1) are coupled together; using
adaptive variational multiscale methods (AVMS), allowing for different resolution, patch
size, and time steps of the local problems; and studying what might be optimal patches
for a convection-diffusion equation.
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