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Abstract

We analyze the behavior of the level-compressed trie, LC-trie, a compact
version of the standard trie data structure. Based on this analysis, we argue
that level compression improves the performance of both tries and quadtrees
considerably in many practical situations. In particular, we show that LC-tries
can be of great use for string searching in compressed text.

Both tries and quadtrees are extensively used and much effort has been
spent obtaining detailed analyses. Since the LC-trie performs significantly
better than standard tries, for a large class of common distributions, while
still being easy to implement, we believe that the LC-trie is a strong candidate
for inclusion in the standard repertoire of basic data structures.

1 Introduction

A fundamental, well known, and very well studied technique for storing and retriev-
ing data is to use tries [9, 10, 14]. In its original form, the trie is a data structure
where a set of strings from an alphabet containing m symbols is stored in a natural
way in an m-ary tree where each string corresponds to a unique path. This data
structure is used in many different settings, including string matching, approximate
string matching, compression schemes, and genetic sequences. The results pre-
sented in this paper also apply to gquadirees [17], which are widely used in computer
graphics, image processing, geographic information systems, and robotics.

The expected average depth of a trie containing n independent random strings
is ©(logn) [5]. A common method to decrease the size of a trie is to use a path
compression method known as Patricia compression. A path compressed trie is
often called a Patricia tree [10]. However, this compression technique does not give
an asymptotic improvement. The expected average depth is still O(logn) [13, 14].

We recently proposed another compression method [3]. The main idea is that
the 7 highest complete levels of a trie can be replaced—without losing any relevant
information—by a single node of degree m!, the replacement being made top-down.
This data structure is called a level-compressed trie, or LC-trie and it performs
much better than a conventional trie. The expected average depth of an LC-trie
is O(log* n) for uniformly distributed data.! We also want to point out that for a
reasonable machine model the time spent at each node in an LC-trie will be constant
and hence the decrease in average depth reflects a real improvement in search time
in practical applications.

*Published in Proc. of Second Annual European Symp. on Algorithms, pp. 82-93, 1994.
1 The function log* n is the iterated logarithm function, which is defined as follows. log* 1 = 1.
For any n > 1, log* n = 1 + log*([logn]).



The trie has been the subject of thorough theoretic analysis [5, 14, 15, 16, 19];
an extensive list of references can be found in Handbook of theoretical computer
science [19]. Using simple analytic methods we show how level compression improves
the search time in a trie for a wide variety of common statistical models.

When analyzing the behavior of trie structures used for text retrieval, it is
common to assume that the input consists of independent random strings from a
Bernoulli-type process [7, 8]. For this kind of input, the expected search cost in
an LC-trie will be O(loglogn) which is significantly better than ©(logn), achieved
by the conventional trie. Another frequently used model, particularly pertinent
when studying quadtrees, is independent random variables with common density.
We show that for a large class of densities, the expected search cost of a level-
compressed trie structure is ©(log™ n). Once again, this complexity is significantly
better than ©(logn), achieved by a conventional trie or quadtree.

The LC-trie does not only have a good asymptotic behavior, it is also easy to
implement, and it can be used in a wide range of different applications. We therefore
consider the LC-trie to be a strong candidate for inclusion in the standard repertoire
of basic data structures.

2 Preliminary definitions

To keep the notation simple we will first and foremost consider binary strings and
binary trie structures. The generalization to m-ary strings is straightforward. We
say that a string v of length ¢ is the i-prefiz of a string u if there is a string w such
that v = vw. The string w is called the i-suffiz of u. To make things rigorous we
give the following definition of a (binary) trie:

Definition 1 A trie containing n strings is
ifn=0: an empty leaf;
if n = 1: a leaf containing the string,

ifn > 1: an internal node of degree 2. For each character b there is a child, which
1s a trie, containing the 1-suffizes of all strings starting with b.

Note that the strings are assumed to be prefix-free, i.e. no string is a prefix of
another string. In particular this implies that there can’t be any duplicate strings.
However, if all strings to be stored in the trie are unique, it is easy to ensure that
the strings are prefix-free by using a special string terminator. Instead of using a
special terminator we can append the string “100...”7 to the end of each string.

Path compression, or Patricia compression, is the most common method to de-
crease the size of a trie. A trie where all internal nodes with only one child has been
removed is called a Patricia tree. At each internal node of the Patricia tree an index
is used to indicate the character used for branching at this node. Observe that it
is not possible, in general, to retrieve the full strings from a Patricia tree; some
information is lost when internal nodes are removed. Therefore it is often necessary
to use an auxiliary data structure to store the complete strings. As pointed out
above the Patricia tree does not offer an asymptotic improvement in search time as
compared to the plain trie. In practice, however, it is an important size reduction
technique [4].

Another natural way to decrease the search cost in a trie is to use more than
one digit for branching. In this way we obtain a multi-digit trie as defined below.

Definition 2 A multi-digit {rie containing n strings is

ifn=0: an empty leaf;



if n = 1: a leaf containing the string;

if n > 1: an internal node of degree 2, i > 1. For each possible i-prefiz v there
15 a child, which is a multi-digit trie, containing the i-suffives of all strings
starting with v.

The next step is to chose the outdegrees efficiently. On the one hand we want the
outdegree to be as large as possible, on the other hand we do not want to introduce
a large number of superfluous leaves.

Definition 3 A level-compressed trie, LC-trie, is a multi-digit trie with the follow-
g properties:

o the degree of the root is 2, where i is the smallest number such that at least
one of the children becomes a leaf;

o cach child is an LC-trie.

The LC-trie may be viewed as a binary trie where the ¢ highest complete levels
are replaced by a single node of degree 2¢; the replacement being made top-down.
Path compression and level compression can be combined. We will consider the
case where we first apply level compression and then path compression to the trie.

Definition 4 A path compressed LC-trie is a trie to which first level compression
and then path compression has been applied.

This is a straightforward procedure; each node in the LC-trie that only has one child
is removed and an index is used at each node to indicate the bit used for branching.

Let Xi,...,X, be infinite binary strings. We will study the trie formed by the
smallest prefixes of X1,..., X, that are pairwise different. Let D,; be the depth of
X; in this trie. The average depth is defined as

1 n

This parameter is proportional to the average successful search time. Let
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be the average depth in a trie, an LC-trie, and a path compressed LC-trie, respec-
tively.

3 Independent strings from a Bernoulli-type pro-
cess

Since tries are typically used for storing textual data, it is natural to consider input
from a Bernoulli-type process. This model can be considered a first approximation of
textual data, where we disregard all dependencies between letters and only consider
the different probabilities of the letters. The behavior of a trie under this model
has been thoroughly studied [15, 16]. In this section we show that the LC-trie
performs significantly better. The expected average depth of an LC-trie is shown
to be O(loglogn), which should be compared to ©(log n) for a trie.

Consider independent binary strings from a Bernoulli-type process, i.e. each
string v = ('Ui)izl is a sequence of independent identical random variables with
values in the alphabet S = {0,1}, P(v; = s) = p(s) > 0,s€ S, i > 1.



Theorem 1 For an independent random sample from a Bernoulli-type process, with
character probabilities p(s) not all equal we have E(A,%C) = O(loglogn). If the
probabilities are equal E(A,%C) = O(log" n).

Proof: If all characters have the same probability the strings will be uniformly
distributed and hence E(ALC) O(log" n) as was shown in our original paper [3].

Now consider the case where & = mingegp(s) < 1/|S|. Let k = —logn/loga,
and let ¢ be a number such that 0 < ¢ < 1. Without loss of generality we can
assume that p(0) = a. We will give a lower bound for the probability P,j;(n)
that all possible strings of length ¢k will occur at least once as a prefix among
the n strings. It can be shown that P,jj(n) is larger than the probability that the
string consisting of gk zeroes occurs at least 29 times among the prefixes of the
strings. In fact, to prove this we may assume without loss of generality that the
probabilities of the prefixes are equal. Now consider all possible sequences of length
n of prefixes of length gk. We just need to check that the number of different
sequences that contain at least 29% prefixes consisting of only zeroes is not greater
than the number of sequences that contain at least one copy of each possible prefix.
This is a straightforward exercise in combinatorics; the details are omitted. Let A
be the number of prefixes consisting of ¢k zeroes among the n input strings.

Py(n) > P(A > 20%) = P(A > 2 /i) = P(A > = (Halmea=pt=e),

A obeys the binomial distribution B(n, a?*) = B(n,n~%). And in particular E(A) =
n'=4. Using the following Chernoff bound

P(A> (1= B(4) > 1 - e P2

we see that P jj(n) — 1 asn — oo if 1+q(@— 1) > 0, or equivalently ¢ < 252

loga—1

In particular, P,jj(n) — 1 for all a such that 0 < a < 1/2, if ¢ < 1/2. Clearly
E(A,IL‘C) < E(Aflne), but E(Aflme) = O(logn) [16] and hence we get the following
recursion inequality for D(n) = E(ATIL‘C).

n/2%) + (1 = Pyyi(n)) - O(logn)

P,j(n))logn — 0 as n — oo and hence

D(n) < 1+ Pyy(n) - D(
It is easy to check that for ¢ = 1/4, (1 —
D(n) < 0(1) + D(n/QQk) = 0(1) + D(TLH'Q/ loga).

But —1/4 < ¢/loga < 0 and hence E(ATIL‘C) = O(loglogn).

The lower bound can be established in a similar way. Choose « as above and
let @ be a number such that 1 < @ < —loga. Denote by Pnone(n) the probability
that there will be no string with a prefix consisting of Qk zeroes among the n
strings. Assuming that min,esp(s) < 1/|S| we make the following two observations.
Pnone(n) = (l —an)n = (l — n%)n — lasn — oo and n/29F = plt@/loge
where —1 < @/loga < 0. We have the following inequality

n
D(n) > 14 (1= Pnone(n)) -0+ Pnone(n) - D (W)
and hence E(A,IL‘C) = Q(loglogn) in this case. O
Observe that the assumption that the probability of each character is positive
is necessary. For example, consider a ternary alphabet a, b, ¢ where P(a) = 0. No

level compression will take place in this case since every node in the trie will have
at most two children.



3.1 Compressed strings

Pattern matching in compressed text documents is a new and interesting problem
that has been investigated by Amir et al. [1, 2, 6]. In this section we argue that
the LC-trie could be particularly useful for this kind of applications. We show
that under certain assumptions the LC-trie actually behaves better when the input
strings have been compressed. Finally, we indicate how this fact could be used in a
database application.

Most modern model-based compression schemes use either Huffman coding [12]
och Arithmetic coding [20] to code a message with respect to a statistical model of
the text. Arithmetic coding is the more efficient of the two. The only drawback
being that it is slightly more difficult to implement.

In arithmetic coding a message is represented by a subinterval of [0, 1). Succes-
sive characters of the text reduce the size of the interval according to the character
probability generated by the statistical model. Consider the following example. The
text contains three different characters a, b, and ¢ with fixed probabilities 0.2, 0.3,
and 0.5, respectively. We want to encode the text cab. To each of the characters we
assign an interval whose size is proportional to the probabilities. In this example
the intervals [0,0.2), [0.2,0.5), and [0.5, 1] are assigned to the characters a, b, and ¢,
respectively. After the first character (¢) has been processed the interval is reduced
to [0.5,1), the second character (a) reduces the interval to [0.5,0.6), and after the
third character (b) we get [0.52,0.55).

Theorem 2 For an independent random sample from a Bernoulli-type process where
each string has been arithmetically coded, E(A%C) = O(log" n).

Proof: The strings from the Bernoulli-type process will be uniformly distributed
after having been arithmetically coded and hence the result follows immediately
from Theorem 4. In fact, consider any subinterval I of [0, 1) and an arithmetically
coded infinite string s from a Bernoulli-type process. It follows from the definition
of arithmetic coding that P(s € I) equals the size of I. O

Huffman coding also has the effect of smoothing the input, but to a lesser degree.

Theorem 3 For an independent random sample from a Bernoulli-type process where

each string has been Huffmann-coded, E(A,%C) = O(loglogn).

Proof: In this case the distribution will not be uniform and the bits will not be
independent. The probability of a bit being either 0 or 1 depends on the preceding
bits. However, we can make the following observation. At each node r of the Huff-
man tree there will be a positive probability P.(0) that the next character occurring
will be 0. In fact, P.(0) > minses P(s), since P.(0) is the sum of the weights of the
leaves in the left subtree of ». Similarly, P.(1) > minseg P(s). The theorem can
now be proved using the same technique as in the proof of Theorem 1. O

As a possible application we mention a large dictionary where each entry, start-
ing with its keyword, is coded separately by arithmetic coding. This dictionary,
together with an LC-trie representing the coded keywords, would require less space
that the uncompressed document and the LC-trie would support fast location of
keywords. When a keyword is found, the appropriate article could be decoded
separately and presented to the user.

4 Independent strings with common density

Independent random strings with common density is perhaps the most frequently
used statistical model and for many applications this model will be more natural



than a Bernoulli-type process. For example, geometric data can often be accurately
modelled in this way and, as pointed out above, both path compression and level
compression can be applied not only to tries by also to quadtrees, a data structure
that is frequently used in applications that handle geometric data.

Assume that X1,..., X, are the binary representations of independent random
variables with common density f on [0,1). The behavior of binary tries under this
model has been analyzed by Devroye [5]. If the density f € L?, i.e. fxl:O [(z)de <
00, then E(Agne) = O(logn) else E(Af’lme) = oo for all n > 2. Even for LC-tries

the case f ¢ L? is intractable, as seen by the following observation.

Observation 1 For an independent random sample of size n > 2 taken from a
distribution with density f(z) € L2, 0 <z <1, E(Afc) = .

Proof: We prove this using a simple relation between LC-tries and tries. In a trie,
consider an element z with depth n+h. On the path of z there are at least h nodes
that have an empty child. Hence, in the LC-trie containing the same set, the depth
of z will be at least h. From this follows that the average depth of the elements
in an LC-trie is not less than the average depth in a trie minus n. The result now
follows since the expected depth of an element in a trie is infinite if f & L2. O

We also note that the depth of an LC-trie will never be greater than that of
a conventional trie. In fact, for a large number of densities the expected average
depth will be much smaller as will be shown in the following theorems.

Theorem 4 For an independent random sample taken from a distribution with
density f(z) € L?, 0 < a < f(z) <3, 0< 2 <1, E(A,%C) = O(log" n).

Proof: We first consider the case a« = g = 1.
We choose the indices in such a way that X1 < --- < X,,, and write Xq = 0 and
Xpn41 =1 and consider the random variable
M, = OféliaéXn(Xi+1 - Xi),
the maximal spacing between adjacent elements in the sample. We will use the

following lemma by Slud [18]:
Lemma 1 Ifé is a positive constant, then
P(|nM,/Inn — 1] > §) = O(n™").

First we determine an upper bound. We will show that the degree at the root is
Q(n/logn) with high probability. This also holds true at the lower levels of the trie,
since the elements in a subtree are a random sample of independently chosen points
in an interval of some length 277; thus, the analysis applies with due alteration of
details.

Let z be an element and let T, denote the number of elements that are stored in
the same subtrie as 2. Choose the integer i such that 21% <27t < 41% and split
the interval [0, 1) into subintervals of size 27%. TLet I denote the subinterval into
which z falls. Let y be any of the other n — 1 elements and let p be the probability
that y falls into 7. Then, p=2"% < 41%.

In the expected case, the effect of choosing i like this will be that M, < 27
Therefore every subinterval of size 2' =% will contain at least two elements and hence
the number of children of the root will be at least 2¢. This implies that the elements
that are stored in the same subtrie as  will be a subset of the elements in I. From
this we will deduce that for some constant C', P(T, > C'lnn) is small. This is



done by studying the random variables M,, and ny, where n; denotes the number
of elements (not counting z) falling into I.

Clearly, ny obeys the binomial distribution B(n — 1,p). Let C' = 2e. We use a
Chernoff bound [11] to get a tail estimate for the binomial function.

6(71 1)p Clnn
—(n=-1)p — — -1
P(n;>Clnn)<e ( Cnn ) =0(n™") (1)

If M, < 2% then, as explained above, T, < ny. In particular
M, <2 %andn; <Clnn="T, <Clnn

and hence _
P(M, <27 and n; < Clnn) < P(T; < Clnn). (2)

From Lemma 1 we have
1
P <Mn > —r;” (1+ 5)> =0(n™").

Hence

P(M, >271)=P <Mn > an (1 . 1>> =0(n), (3)

_ n27"
where ¢ = 15— — 1> 1.

Combining these results, we get

P(T, > Clnn) < P(=~(M, <27"and n; < Clnn))
< P(M, > Q_i) + P(n; > Clnn)
O(n™1). (4)

The depth of an element in an LC-trie is never larger than that of the corre-
sponding binary trie. It has been shown by Devroye [5] that the expected average
depth of a binary trie is O(logn). Therefore, we can use the estimate O(logn) for
the expected depth of an element in an LC-trie when T, > C'lnn.

We inductively assert that the expected depth E(A,II‘C) can be bounded by
E(ALC) < Dlog n (5)

for some constant D. This is obviously true for n = 1. For n > 2 there is a constant
D' such that

Clnn
Bk < 14 > P(T,=m)- E(ALC) £ P(T, > C'lnn) - O(logn)
m=1

Clnn
< 1+ Y P(T: =m) Dlog"(C'lnn)+ O(1)
m=1
< D(log"(logn)) + D'". (6)

It can be arranged that D’ < D. Then the last expression can be bounded from
above by D(log* n — 1)+ D' < Dlog* n and hence E(ATIL‘C) = O(log" n).

The lower bound can be established in a similar way. By choosing the integer 2
such that lg—nn <27l <L lg—n" we can ensure that P(T, < clnn) - E(ALC ) = o(1) for

clnn
some positive constant ¢ and the result follows by an induction argument similar to
the the one in the upper bound analysis.

Now consider the case 0 < oo < f < 0o. We make the following observations:



e Let A be an interval of size |A| and let na be the expected number of elements
falling into A. Then na € Bin(n, p), where p < 8|A|.

e Let MJ be the maximum spacing for data taken from f and let MY be the
maximum spacing for data from the uniform distribution over the interval
[0,1), then P(MJ > z) < P(M¥ > az). This can be shown in the following
way: Consider the density g(z) = @, 0 < # < 1/a. Then, P(M$ > z) =
P(MY > az). The fact now follows since the domain of f is a subinterval of
the domain of g and f(z) > g(x) when z € [0, 1).

Using the first observation we see that Eq. 1 holds if C' is chosen large enough.
If we make the interval I larger by a factor of %, i. e. we choose 7 such that
nn - 9-i < 2;%, the second observation gives

P(MI >27% < P(M!>a27%
_ P(M;;>m—” <1+a”2 —1>>
n Inn

= 0O(n™%),

_ an27*
where ¢ = Y

C = 2Be/a will do) and we conclude that F ALC) = O(log" n) in this case also.
v n g n

The lower bound can be established using the same technique. a

—1 > 0. Hence, equation 6 still holds if we choose C' large enough

We now show that if path compression is applied to the LC-trie, the class of
densities for which the expected search time is O(log" n) can be further extended.
Using this technique, we can efficiently handle a class of densities that is zero on a
finite number of intervals as proved in the following lemma and theorem.

Lemma 2 Given a constant r, 0 < r < 1, and a density f(z) € L?,

O<a<f(z)<pB, 0<z<r
f(z) =0  otherwise.

For an independent random sample taken from the distribution with density f(z),
0<z<1, B(AP™LC) Z 0(og" n).

Proof: We say that a trie covers an interval if all elements that fall in this interval is
stored in that trie. Let L be an LC-trie containing n elements from the distribution
in the lemma. For the purpose of this proof we construct a trie 7' containing the
same elements as L in the following way: If the interval covered by T contains r
the root is made binary even if we could afford a higher degree. Otherwise, we
choose the maximal branching factor according to Definition 3. This construction
is repeated in the subtries.

It is not hard to show [3] that the external path length of T will not be smaller
than the external path length of L. Hence, we will be done if we can prove that the
expected average depth of T is O(log™ n).

Since we use Patricia compression the root of 7" has two nonempty subtries Tj.

and Tright' If r 1s contained in any of the intervals covered by these two subtries,

it has to be the interval covered by Tright' Thus, we have that

L. In the interval covered by Tj.f;, f satisfies 0 < o < f(z) < §. From Theorem 4
follows that this subtrie can be represented by an LC-trie with an expected
average depth of O(log" n). The expected number of elements in this interval
is at least $n. In particular, the number of elements is more than $n with

very high probability.



2. In the interval covered by Tright we can repeat the analysis recursively.

This gives us the following recursion inequality for D(n) = E(AEath_LC

{ D(n) <2+ (1 — %) D (n (1 — %)) + %O(log* n)
D(1) =1

):

This equation is of the form

T(n) < a+bT(bn)+ clog’ n
T(1) =1

where a, b, and ¢ are positive constants, b < 1. (The case when b < 0 is irrelevant,
since in this case the lemma follows immediately). This equation is easily solved:

T(n) < (a+clog* n)(1 +b+b>+b%+...) = O(log* n).

Theorem 5 Let 61,...,6r be a number of disjoint subintervals of the unit interval,
such that the length of the shortest interval is positive. Let f(x) € L? be a function

such that »
fl@) =0, @€Uiqcrbi
0<a<f(z)<p, otherwise.

If an independent random sample taken from the distribution with density f(z),
0<z<1, B(APLC) _ o0 n).

Proof: Let |6] be the length of the smallest interval. At each level we have a
branching factor of at least two. Therefore, the function f restricted to the interval

covered by a subtrie at level [log ﬁw will be of the form described in Lemma 2.

Thus, the expected average depth of an element will be at most [log ﬁw +0(log* n).
O

5 Conclusions

We note that the methods of path compression and level compression can be used
to reduce the search time in two of the most prominent data structures, the trie
and the quadtree.

The trie is perhaps most widely used in text processing applications, such as
string matching, approximate string matching, and compression schemes. But it has
also been used in algorithms for genetic sequences. The Bernoulli-type process is
often a good first approximation for text and genetic sequences and since Theorem 3
shows that we get an asymptotic reduction in search time for data from this model,
we conjecture that the LC-trie should give a significant improvement in many of
these settings.

We also observe that the assumptions of Theorem 5 are likely to be met in
many geometrical applications and hence the methods of path compression and level
compression should give significant improvements in many applications in computer
graphics, image processing, geographic information systems, and robotics, since
quadtrees are often an integral part of these systems.

Furthermore, the LC-trie seems to behave even better for compressed strings as
shown in Theorems 2 and 3. Consequently the LC-trie should be of interest in the
recently initiated study of search algorithms for compressed text.
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