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Abstract

In todays curriculafor basicalgorithmsand datastructures,comparison-based
algorithmsplay by far the mostcentralrole. Algorithmsbasedon othermethodslike
radix sortingandtrie structuresareoftenoverlooled or maginalised.However, some
recentresearcHindingsgive reasorto questiorthis situation. This article containsan
overview of theseresults.Someexperimentakxperiencesrealsodiscussed.

1 Intr oduction

Whatis areasonablenodelfor developingandanalysingalgorithmsfor sortingandsearch-
ing? If we simplify the questionand consideronly sequentiakomputersthereare two
majoralternatves:

e The keys areregardedas atomicitemswhich canbe comparedat a constantcost.
However, thiscomparison-baseshodelof computatiordoesnotalwaysreflectreality
sinceit excludesmary useful operationson data, like shifting, indirect addressing
etc. Furthermorelong keys, occugying mary machinewords,cannot be compared
in constantime.

e Thekeys areregardedas binary strings,eachone containedn one or more words
(registers).In this casetheword lengthbecomes naturalpartof themodel. A com-
parisondoesnotnecessarilyake constantime, ontheotherhandwe mayusealarger
variety of operation®n data.This modelallows for comparison-basealgorithmsto
be usedbut alsofor algorithmslik e tries, bucket sort, radix sortetc, which arebased
on indirectaddressingdi.e. the keys, or partsof the keys, areusedasaddresses
arrays).

The secondmodel, sometimegeferredto asthe RAM model!, reflectsreal computers
more accurately and algorithmslik e radix sort are known to performvery well in mary
applications Neverthelessit is acommonbeliefthatcomparison-basealgorithmsarethe
bestgeneralchoice;this belief is reflectedin today’s textbooksfor basicalgorithmsand
datastructuresAlgorithmsbasedn indirectaddressin@reconsideredo beefficientonly
in the specialcasewhenthe keys comefrom a smalluniverseor whenthe word lengthof
theusedcomputeris small.

This generaliew maybe summarisedn thefollowing rule of thumbfor chosingalgo-
rithms:

Useindirectaddressingf theword lengthis small.
Usecomparisonsf theword lengthis large.

INotethatthetermRAM is usedfor mary models. TherearealsoRAM modelswith infinite word length.



However, somerecentfindingsgive reasono questionthis rule. In particular it hasbeen
shawn thatalgorithmsbasedon indirectaddressinganbe combinedwith padked compu-
tation (to bediscussedbelow) to suitlargeword sizes.Thereforewe would lik e to suggest
thefollowing rule of thumb:

Useindirectaddressingf theword lengthis small.
Useindirectaddressingand padked computatiorif theword lengthis large.
Usecomparisonsn specialcases.

2 Model of computation

We usea unit-costRAM with word size w andwe assumehat the n keys to be sorted
or searchedor arew-bit keys thatcanbe treatedasbinary stringsor integers. Thus, our
sortingandsearchingporoblemshastwo parameterghe numberof keys andtheword size.
Thegoalis to find algorithmsthatareefficientfor all possiblecombinationof » andw. In
casesvherethe compleity is expressednly in termsof n, it is supposedo hold for ary
possiblevalueof w, andvice versa.

(The fact that we do not considerlong stringsmay seemlik e a restriction, but long
stringsgive no advantageto comparison-basealgorithms. In fact, long stringsarebetter
handledby tries andradix sortingthanby comparisonsseethe exampleat the endof this
section.)

In this model,we canuseotheroperationghancomparisonsfor instancendirectad-
dressingshiftingandbitwiselogical operationsWithoutlossof generalitywe assumehat
w = Q(logn). Thisassumptions indeedmodest;if it doesnot hold, the numbern (or a
pointer)would notfit in a constanhumberof words.

The assumptiorthat the keys can be treatedas binary stringsor integersis realistic,
alsofor realnumberdcf. IEEE 754 floating-pointstandard17, p. 228]). In fact,it is not
easyto find areasonabl@roblemspecificationwherethis assumptiordoesnot hold while
comparisonganbe computedn constantime. It seemanucheasierto comeup with a
problemwherethe comparison-baseghodelis questionable.Considerthe following ex-
ample: We wish to sortn keys, whereeachkey occupiesL words. In this case,a single
comparisomrmaytake asmuchas(L) time. Hence theassumptiorof constant-timeom-
parisonswould not hold; sortingthesekeys with heapsortguicksort,or meigesortwould
take ©(Lnlogn) time. If, on the otherhand,indirectaddressinds used,the problemof
sortingn stringsof L words eachcan be reducedto the problemof sortingn wordsin
O(nL) time[6]; thisreductiontime is optimalsincewe mustreadtheinputatleastonce.

3 Overview

Thebasicpurposeof this articleis to briefly discusssomenew theoreticaresults:

e First, we discussdeterministicdatastructuresand algorithmsthat use superlinear
space

— triesareusedto decreaséey length;
— theresultingshortkeys arehandledefficiently by packingthemtightly.



With thesemethodsthe worst-casecostof sortingis O(nloglogn) andthe worst-
casecostof searchings O(y/logn). (Triesusesuperlineaspaceput with randomi-
sation,i.e. hashcoding,thespacecanbereducedo linear)

e Next, we discusgeterministiadatastructuresandalgorithmsthatuselinearspace

— the fusion tree; with this data structurethe worst-casecost of sorting is
O(nlogn/loglogn) andtheamortisectostof searchinds O (logn/ loglogn).

— a new data structure, the exponential seach tree the boundson deter
ministic sorting and searchingin linear spaceare improved to O(n+/logn)

andO(y/logn), respectiely.

e Finally, we mentionsomepracticalexperiencesaswell assomesimple, practical
algorithms.

4 Simple algorithms which usesuperlinear space

In this section,we study somerathersimple algorithmsthat allow sortingand searching
asymptoticallyfasterthan comparison-basealgorithms. We useindirect addressingand
large arrays. As a consequencethesealgorithmswill needmuch space. However, all
algorithmspresentetherecanbefit into linearspacewith randomisatiorgi.e. with universal
hashing13]).

Theword sizeof our RAM, aswell asthe lengthof our keys, is w. In our algorithms,
we will alsoconsidershorterkeys. In casesvhenthekey lengthmaydiffer from w we use
b or k, to denotethe key length.

Our lemmaswill be expressedas problemreductions. For this purpose we usethe
notationbelov. For the searchingproblem,we assumehat an orderedsetis maintained
andthatoperationdik e rangequeriesandneighboumueriesaresupported.

Definition 1 Adictionaryis orderedif neighbourqueriesandrange queriesare supported
atthesamecostasmembenqueriesandif thekeyscanbereportedin sortedorderin linear
time

Definition 2 Let F(n,b) bethe worst-casecostof performingonesearch or updatein an
ordereddictionarystoringn keysof lengthb.

Definition 3 LetT'(n, b) betheworst-casecostof sortingn keysof lengthb.

The methodsdiscussedn this sectionarefairly simple. Furthermorethey canall be
implementedwith a simpleinstructionset. All necessarynstructionsare standardthey
areevenin ACP. (An instructionis in AC? if it is implementabléoy a constantepth,un-
boundedan-in(AND,OR,NQOT)-circuit of sizew®® . An exampleof anon-AC instruction
is multiplication[9].)

4.1 Tries andrangereduction

Onewayto simplify acomputationaproblemis by rangereduction In thiscasewereplace
our b-bit keyswith k-bitskeys, k < b.



Figurel: Atrie.

Lemmal F(n,b) = O(b/k) + F(n, k).

Hint of proof: We storethekeys in atrie of heightb/k. At eachnode,k bits areused
for branching,andeachnodecontainsan array of length2*. A trie is illustratedin Fig-
ure 1. In this exampleb = 12 andk = 3. The array entriesthat contain pointers
to subtriesare marked with filled boxes. As an example: the smallest(leftmost) key is
1000| 100|000 011].

Whensearchindor akey = or z’s nearesheighbouywe traversea pathdown thetrie.
At eachnodewe usek bitsin x asanaddressn thenodesarray If z is presentthesearch
endsat a trie node. Otherwise the trie traversalendswhentrying to reacha non-eisting
subtrie. In this case,we have to locatethe nearesixisting subtrie. Oncethis subtrieis
found, we canfind z’s nearesneighbour;we may for exampleassumehat eachsubtrie
containsa referencdo its smallestandlargestkeys. Whenk is large, the arrayitself can
not beusedto locatethe nearesexisting subtrie,sincewe thenmayhave to scantoo mary
emptyentries.Insteadwe notethatthe arrayentries(subtriesyepresena setof k-bit keys
which canbe storedin somesuitabledatastructure. In this way, eachnode containsan
arrayusedfor trie traversalplusalocal datastructure.

The costof traversingthe trie is proportionalto the heightof the trie, thatis O(b/k).
After thetrie traversal ,onesearchs madein alocaldatastructurethecostof thisis F'(n, k)
(thelocal datastructurecannot containmorethann keys).

Updatesareratherstraightforvard. O

For sorting,thereis a similarlemma:
Lemma2 T'(n,b) = O(nb/k) + T(n, k).

Hint of proof: We useatrie asabove, with someminor differencesin eachnode,we use
anarrayasbefore butinsteadof anadditionallocal datastructurewe justkeepanunsorted
edge-listin eachnodetelling which arrayentriesarebeingused.Then,afterall keys have

beeninsertedntothetriein O(nb/k) time,wetageacHist elementith thenodeit belongs
to. We collectall lists into onelist which is sortedin T'(n, k) time. After the sorting,we

traversethelist andcreatea sortededge-listat eachnode. Then,aninordertraversalof the

trie accordingo theedge-listgyivesthe sortedsequence.
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Thereis oneproblemwith this approachthe numberof list elementsgorrespondingo
the numberof edgesdn the trie, may be largerthann. To avoid this problem,we have to
remove someedgesfrom thelists. If we take avay oneelementfrom eachedgelist, the
total numberof list elementwill belessthann. In eachedgelist theremorededgecanbe
insertedafterthe sorting,by just scanninghe sortedlist; the total costfor thisis linear In
thisway, therecursiorequationof thelemmaholds. O

Applying the lemmasabove recursvely, we canimprove the compleity significantly
Thesereductionswerefirst usedin van EmdeBoastrees[22, 23, 24] andin the sorting
algorithmby Kirkpatrick andReisch[18].

F(n,b) = O(1) + F(n,b/2).

Lemma3 { T(n,b) = O(n) + T(n, b/2).

Hint of proof: Apply Lemmasl and 2, respectiely, with £ = b/2. a
F(n,b) = O(log(b/k)) + F(n, k).

Lemma 4 { T(n,b) = O(nlog(b/k)) + T(n, k).

Hint of proof: Apply Lemma3 recursvely log(b/k) times. a

4.2 Packing keys

If theword lengthis smallenough—Ilile in today’s computers—theangereductiontech-
niquediscusse@bove will decreas¢hekey lengthto aconstanatalow cost.However, in
orderto make a really corvincing comparisorbetweencomparison-basealgorithmsand
algorithmsbasedn indirectaddressingywe mustmake the compleity independensf the
word size. This canbe doneby combiningrangereductionwith padked computation The
basicideabehindpacled computationis to exploit the parallelismin a computer;mary
shortkeys canbe pacledin aword andtreatedsimultaneously

Thecentralobsenationis dueto Paul andSimon[21]; they obsenedthatonesubtrac-
tion canbe usedto performcomparisongn parallel. Assumethatthe keys areof lengthk.
We maythenpack®(w/k) keysin aword in the following way: Eachkey is represented
by a (k + 1)-bit field. Thefirst (leftmost)bit is atestbit andthe following bits containthe
key. Let X andY betwo wordscontainingthe samenumberof pacledkeys, all testbitsin
X are0O andall testbitsin Y arel. Let M beafixed maskin which all testbits arel and
all otherbitsareO. Let

R+ (Y — X) AND M. 1)

Then,theith testbit in R will be1if andonly if y; > z;. All othertestbits, aswell asall
otherbits,in R will beO.

4.3 Packedsearching
Lemma5 F(n,k) =0 (log(w/k) + ﬁ}%) i

Hint of proof: We useapacledB-tree[2]. Theessentiabperationn this datastructures
amultiple comparisorasin Expressiorl wherethekeysin Y aresortedeft-to-rightand X
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Y | 00010 | 00111 | 01001 | 01110 | 10101 | 17000 | TI011 | 11110 |

X | 01011 | 01011 | 01011 | 01011 | 01011 | 01011 | 01011 | 01011 |

10011 |

M | 00000 | 00000 | 00000 | 00000 | 00000 | 00000 | 00000 | 00000 |

T T [ ] T T
0 0 [ 0 ] 0 0
Y-Xx [0 ] 01iL] 0 [ 01010 [ 1 | 01101 1 ] 10000 ] 0
T T | T T T
0 0 [ T] T T

00000 | 00000 | 00000 | 00000 |

[ 1] 1] 1
[ 0] 0 ] 0
[ 11100 [ 0 | 11110 T J oo0il ] 1
| 1] 1] 1
[ 0] 1] 1

(Y —X)AND M | 00000 | 00000 | 00000 | 00000 |

Figure2: A multiple comparisonn a paclkedB-tree

containsmultiple copiesof onekey x. Then,therightmostp testbitsin R will be 1 if and
only if therearep keysin Y whicharegreatethanz. Thisisillustratedin Figure2. Hence,
by finding the positionof the leftmost1-bit in R we cancomputethe rankof x amongthe
keysin Y. (Findingtheleftmostbit caneitherbedonein constantime with multiplication
[15] or via alookuptable[2].)

We usethis techniqueto implementa B-tree with nodesof degree©(w/k). When
searchingfor a k-bit key x in a pacled B-tree, we first constructa word X containing
multiple copiesof z. X is createdby a simpledoublingtechnique:Startingwith a word
containingz in therightmostpart, we copy theword, shift thecopy £ + 1 stepsandunite
thewordswith abitwise oR. Theresultingword s copied,shifted2k + 2 stepsandunited,
etc. AltogetherX is generatedn O(log(w/k)) time.

After theword X hasbeenconstructedye traversethetree.At eachnode ,we compute
therankof z in constantime with a multiple comparisonThe costof thetraversalis pro-
portionalto the heightof thetree,whichis O(logn/ log(w/k)) O

Above, we omitteda lot of details,suchashow to performupdatesandhow pointers
within thetreearerepresented.

4.4 Packedsorting

Above, we compareda querykey with all keysin a B-treenodein orderto determinethe
rank of the key. This seemdo be awasteof comparisonsa binary searchwould useless
comparisons.Hence,thereseemdso be room for improvement. For searchingno such
improvementis known, but the multiple comparisonganbe utilised moreefficiently when
sorting.

We needa lemmaby Batcher[8]. A sequences bitonicif it is the concatenationf a
nondecreasingnda nonincreasingequencegr if it canbe obtainedasthe cyclic shift of
sucha concatenation.

Lemma6 Considera bitonicsequence, z», . . ., o, andthetwo subsequences
L = min(xq, g11), min(xe, Tgiz), . . ., min(x, Tox)
and
R = max(z1, xg11), max(zg, Tgio), - - ., max(zy, To).

Thesequenceg and R are bitonic,andead elemenof L is smallerthanor equalto ead
elemenof R.

The lemmasuggests parallel algorithm for sorting a bitonic sequencef length &,
wherek is apower of 2, and,in particular analgorithmfor meiging two sortedsequences.

o If £ =1 halt.



e If £ > 1 comparghecorrespondinglementf theleft andright half in paralleland
generateéhesequences and R, thensortthesebitonic sequencem parallel.

Batchers lemmais well suitedfor combinationwith the Paul-Simontechnique,as
showvn by AlbersandHagerugd1].

Lemma? T'(n,w/logn) < O(nloglogn).

Hint of proof: We combineLemmaé6 (with £ = logn) with the Paul-Simontechnique.
We letaword X containzy, zo, ...,z andaword Y containx. i, xx o, ..., To. Aftera
subtractiorasin Expressiori, the testbits will tell which keys shouldbelongto L and R
respectrely. By copying andshifting testbits, we createbit masksthatallow usto extract
L andR respectiely. O

4.5 Combining

We cannow derive our first boundsfor sortingand searching.First, we stateboundsin
termsof w. Thefollowing boundholdsfor searchindg22, 23, 24]:

Theorem1 F(n,w) = O(logw).

Hint of proof: Apply Lemma4 with £ = 1. a

For sorting,thereis a similar bound[18]:
Theorem?2 T'(n,w) = O(nlog(w/logn)).

Hint of proof: Apply Lemma4 with k£ = logn. Keys of lengthlogn canbe sortedin
lineartime with bucketsort. O

Next, we shaov how to remove the dependencof word length. For searchingye have [2]:

Theorem3 F(n,w) = O(y/logn).

Hint of proof: If logw = O(y/logn), Theoreml is sufiicient. Otherwise,Lemma4
with k = w/2V'6" gives F(n, w) = O(y/logn) + F(n,w/2V'°¢™). Lemmab givesthat
F(n,w/2V'e™) = O(\/Iogn). O

Finally, we getthefollowing boundfor sorting[4]:
Theorem4 T'(n,w) = O(nloglogn).

Hint of proof: If logw = O(loglogn), Theoren® is sufficient. Otherwisel.emma4 with
k = w/logn givesT (n,w) = O(nloglogn) + T'(n,w/logn). Lemma7 givesthefinal
bound. a



5 Deterministic algorithms and linear space

The first algorithmthat surpassedhe comparison-basealgorithmsindependenof word
sizewasthe fusiontree[15]. Here,we presenia shortovervienv aswell asa new, faster
datastructure.

The datastructuresn this sectionaremore complicatedhanthe previousones. They
alsoneedmorepowerful—but standard—instructiontik e multiplication.

Definition 4 Let D(n) bethe worst-caseseach costandthe amortisedupdatecostin an
ordereddictionarystoringn keysin O(n) space

5.1 Fusiontrees

Thecentralpartof thefusiontree[15] is astaticdatastructurewith thefollowing properties:

Lemma8 For anyd, d = O (w'/®), a staticdatastructue containingd keys canbe con-
structedin O (d*) time and space sud that it supportsneighbourgueriesin O(1) worst-
casetime

Hint of proof: Themainideabehindthefusiontreeis to make useof significantbit posi-
tions. We illustratethe basicmechanisnwith anexample,shavn in Figure3. In this small
examplewe have chosenw = 16 andd = 6. LetY bethesetof keysy, ..., ys. ASsume
thatY is storedn abinarytrie. Eachkey is representedsapathdown thetrie. In thefigure,
aleft edgedenotes0 andarightedgedenotes 1. Forexampleys is\ 1010010101011010
We getthe significantbit positionsby selectingthelevelsin thetrie wherethereis atleast
onebinary(thatis, non-unarynode.In this examplethelevelsare4, 9, 10,and15, marked
by horizontallines. CreateasetY’ of compresse#teysyi, . ..,y by extractingthesebits
from eachkey. In the examplethe compressedkeys are| 0000}, [0001], [0011], 0110,
[1001], and[1011]. Thesecompressedeys areusedfor paclked searching.Sincethe trie
hasexactly d leaves,it containsexactly d — 1 binarynodes.Therefore the numberof sig-
nificantbit positionsandthelengthof acompressedley, is atmostd — 1. Thisimpliesthat
we canpackthed keys, includingtestbits, in d? bits. Sinced = O (wl/ﬁ), thepacledkeys
fit in aconstanhumberof words.

(This extractionof bits is nontrivial; it canbe donewith multiplicationand masking.
However, the extractionis not asperfectasdescribedere;in orderto avoid problemswith
carry bits etc, we needto extract somemore bits thanjust the significantones. Here,we
ignoretheseproblemsandassumehatwe canextractthe desiredbits properly For details
we referto FredamandWillard [15])

The d compresse#teys may be usedto determinethe rank of a querykey amongthe
original d keys. Assumethatwe searchfor z = |10100110011101d0 First, we extract
the properbits to form a compresse#tey ' = |0010. Then,we usepacled searchingo
determingherankof ' amongy, .. ., y,.. In this casethe pacledsearchingvill placez’
betweeny, andy;. asindicatedby the arrow in Figure3(b). This is not the properrank
of the original key z, but neverthelesst is useful. The importantinformationis obtained
by finding the position of the first differing bit of  and one of the keys y, andys. In
this example,the 7th bit is the first differing bit. and,sincex hasa 1 at this bit position,
we canconcludethatit is greaterthanall keys in Y with the same6-bit prefix. Further
more, the remainingbits in x areinsignificant. Therefore,we canreplacez by the key
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Figure3: (a) Selectingpit positionsin a fusiontreenode
(b) Determiningtherankof a querykey.



1101001111111111Iwhereall the lastbits are 1s. Whencompressedhis new key be-
comej 0111, Making a secondpacled searchingwith this key instead,the properrank
will befound.

Hence,in constantime we candetermindgherankof aquerykey amongourd keys. O

Theoriginal methodby FredmarandWillard is slightly different.Insteadof filling the
guerykeyswith 1s(or Os)andmakinga secondpacled searchingthey usealarge lookup
tablein eachnode.Fusiontreescanbeimplementedvithoutmultiplication,usingonly AC°
instructionsprovidedthatsomesimplenon-standardstructionsareallowed. A discussion
of thesepossibilitiesis currentlyin progresgs].

Theorem5 D(n) = O(logn/loglogn).

Hint of proof: BasedonlLemma8, we usea B-treewhereonly theupperlevelsin thetree
containB-treenodes all having the samedegree(within a constantfactor). At the lower
levels, traditional(i.e. comparison-basedyeight-balancedreesareused. The reasorfor
usingweight-balancedreesis thatthe B-treenodesare costly to reconstructthe treesat
thebottomensureghatfew updategropagateo theupperlevels. In thisway, theamortised
costof updatinga B-treenodeis small.

The amortisedcost of searchesand updatesis O(logn/logd + logd) for ary d =
O (w'/%). Thefirst term correspondso the numberof B-treelevels andthe seconderm
correspondgo the height of the weight-balancedrees. Sincew > logn (otherwisea
pointerwould notfit in aword), the costbecomest mostO (logn/ loglogn). O

5.2 Exponential searchtrees

Sincetheir introduction,the fusion treeshave beenthe only available deterministicdata
structurethat useslinear spaceand supportssearchingin o(logn) time and sorting in
o(nlogn) time. Recentlyanimproveddatastructurehasbeendeveloped[3].

The basicdatastructureis a multiway tree wherethe degreesof the nodesdecrease
exponentiallydown thetree.

Lemma9 Suppose static data structure containingd keys can be constructedn O (d*)
timeandspace sud thatit supportsneighbourqueriesin O(S(d)) worst-caseime Then,

D(n) =0 (S (n'")) + D (n**) ;
Hint of proof: We useanexponentialseach tree It hasthefollowing properties:

e Itsroothasdegree®(n'/?).

e Thekeys of theroot arestoredin a local (static) datastructure with the properties
statedabove. During a searchthelocal datastructureis usedto determinan which
subtreghesearchs to be continued.

e Thesubtreesreexponentialsearchtreesof size®(n*/?).
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First, we shaw that, givenn sortedkeys, an exponentialsearchtreecanbe constructedn
lineartime andspace Sincethe costof constructinga nodeof degreed is O (d*), thetotal
constructiorcostC(n) is givenby

C(n) =0 ((n1/5)4) +ai.C(n) = Cn) = Of). @)

Furthermorewith asimilarequationthe spacaequiredby thedatastructurecanbeshavn
tobeO(n).

Balanceis maintainedby joining andsplitting subtrees.The basicideais the follow-
ing: A join or split occurswhenthe size of a subtreehaschangedsignificantly i.e. after
Q(n*/®) updates Then,a constaninumberof subtreeswill be reconstructedaccordingto
Equation2, the costof thisis linearin the sizeof thesubtrees= O(n*/®). Also, somekeys
will beinsertedor deletedfrom the root, causinga reconstructiorof the root; the costof
thisis by definitionO(n*/?). Amortisingthesetwo costsover the Q(n*/®) updatesye get
O(1) amortiseccostfor reconstructingheroot. Hence therestructuringcostis dominated
by thesearclcost.

Finally, the searchcost follow immediatelyfrom the descriptionof the exponential
searchree. a

Exponentialsearchireesmay be combinedwith variousotherdatastructuresasillus-
tratedby thefollowing two lemmas:

Lemma 10 A staticdatastructuie containingd keyscanbeconstructedn O (d*) timeand
spacesud thatit supportsneighbourqueriesin O (1%{5% + 1) worst-casdime

Hint of proof: We just constructa staticB-treewhereeachnodehasthe largestpossible

degreeaccordingto Lemma8. Thatis, it hasa degreeof min (d, wl/ﬁ). This treesatisfies
the conditionsof thelemma. a

Lemma 11 A static data structure containingd keys and supportingneighbourqueries
in O(log w) worst-casdime canbeconstructedn O (d*) timeandspace

Hint of proof: We studytwo cases.

Casel: w > d'/3. Lemmal0 givesconstantjuerycost.

Case2: w < d'/3. Thebasicideais to combineavanemdeBoastree(Theoreml) with
perfecthashing.The datastructureof Theoreml usesmuchspacewhich canbe reduced
to O(d) by hashcoding. Sincewe canafford a ratherslow constructionwe canusethe
deterministicalgorithmby FredmanKomlos,andSzemegdi[14]. With this algorithm,we
canconstrucia perfectlyhashedranEmdeBoastreein O(d3w) = o(d*) time. O

Combiningthesetwo lemmas,we geta significantlyimproved upperboundon deter
ministic sortingandsearchingn linearspace:

Theorem6 D(n) = O(y/logn).

Hint of proof: If we combineLemmas9, 10,and11,we obtainthefollowing equation

D(n)=0 <min (1 + 11(())5171’ logw)> +D <n4/5) 3)
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which,whensolved,givesthetheorem. a

Theoremb impliesthattheworst-caseostof sortingn keysin linearspaces O(ny/logn).
This is animprovementfrom O(n logn/loglogn), achiesed by the fusion tree. Taking
bothn andw asparametersp(n) is o(y/logn) in mary caseq3]. For example,it canbe
shovn that D(n) = O(logw loglogn).

6 Experimentswith somepractical algorithms — indir ect
addressingit not only goodin theory

The theoreticalresultsabove, using paclked computationmay be viewed as a theoretical
supportfor the claim that algorithmsbasedon indirectaddressingre efficient regardless
of word length.Indeed,n (mostof) today’s computerstheword length(16 or 32) is small
enoughfor address-calculatiomethodso be efficient even without pacled computation.
We illustratethis by a brief review of someexperimentakesults. Althoughtherearealso
promisingresultsfor searchindamongothers thedatastructurefrom Theoren3 seemso
befastin practice[2]), we concentrat®n sortinghere.For moredetailsontheexperiments,
includingprogramvode,we referto thereference$7, 20].

TheCPUtimesgivenwereobtainedon a SFARCstations with 64 megabyteof internal
memoryandwith the cc andgcc compilers. Similar resultswere obtainedon a 486 PC
anda SFARCstationELC.

In thefirst two experimentshe following four sortingalgorithmswereusedfor string
sorting:

Forward radixsort anew, robust,versionof left-to-rightradix sort[6].

Adaptiveradixsort this algorithmis basedon recursve bucketing: we split the universe
in a linear numberof buckets, distribute the keys amongthe bucketsand sortthem
recursvely.

Program C similar to Adaptie radixsort,but the numberof bucketsis fixedin adwance
andindependenbf the sizeof input. This particularimplementatiorwaspresented
by Mcllroy, BosticandMcllroy [19].

Quicksort theversionby Bentley andMcliroy [11].
Thetwo experimentsveremadeon differentkindsof input:

Realworld dataAs input dataa collectionof standardexts from the Calgary/Cantenlry
Text CompressiorCorpug10] wasused.In orderto getverylargeinputfiles, all text
fileswereconcatenatedndthe standardJnix "word” file wasadded.

Badly distributeddata Stringscontaininglong commonprefixesandonly a few different
charactersveregeneratec&ndused. The purposewasto geta badperformancdor
radix sortalgorithms.

Theresultsaregivenin Figures4 and5. We concluddhatfor reasonablyvell-distributed
data,a simpleradix sortis the mostefficient choice , while Forward radixsortis a morero-
bustalternatve. Quicksortis left far behind.

Next, experimentsveremadeonintegersorting. Thefollowing algorithmsweretested:
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Quicksort

Program C
Forward radixsort

Adaptive radixsort

| | | | | | -
t

176,000 352,000 527,000  Size

Figure4: String sorting real world data. The numberof
second®f CPUtimeasa functionof thenumberof keys.
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Time

(sec) A
6 1+ Quicksort
5 m
4 m
Program C
3 Adaptive radixsort
2 + Forward radixsort
1 m

-
T T T T Ll

254,800 509,600  Size

Figure5: Stringsorting fragmentediata.

Quicksort, Adaptive radixsort thesamealgorithmsasabove adjustedor integersorting.
Heapsort aversionby Carlssor[12].

Mergesort aslightly modifiedversionof thatby GonnetandBaeza-‘ates[16], somavhat
improvedby switchingto a simplelnsertionsortfor shortsublists.

O(n loglogn) thealgorithmof Theorem.

It shouldbe notedthatthe O(n loglogn) algorithmwasimplementedn a straightforvard
way, whereasll otheralgorithmswerecarefully optimised.

Theresultsaregivenin Figure6. Theworst-casefficientalgorithmgHeapsortMerge-
sortandthe O(n loglogn) algorithm)areindicatedby solid linesandthe average-dicient
algorithmsby dashedines.

We concludethatAdaptive radixsortseemgo bethebestchoicein practiceandthatthe
O(nloglogn) algorithmperformssurprisinglywell; it is thefastesamongthe determinis-
tic algorithms.This indicatesthatthe constanfactorsinvolvedin the algorithmarenot as
largeasonemightfear

7 Conclusion
Methodshasedon indirectaddressing

(tries, bucketing etc)
are fastin theoryandpractice
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Heapsort

Time
(sec) A
15 +
Mergesort
10 +
nloglogn
(unoptimized)
Quicksort
5 Adaptive radixsort

»
T T T T Ll

1,000,000 2,000,000 Size

Figure6: Integer sorting Essentiallythe sameresultswere
obtainedfor randomdataandfragmentediata.
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Problems

1. As pointedoutin thetext after Theoremb, anevenbetterboundthanO(y/log n) can
be shovn for mary combination®f » andw. Usetherecursionequationn the proof
hint to shav thefollowing moredetailedtheorem:

Theorem On a unit-costRAM with word size w, an orderedset of n w-bit keys
(viewedasbinarystringsor integers)canbe maintainedn

Viogn
O [ min %g%—%loglogn

logwloglogn
time peroperationjncludinginsert,delete membersearchandneighboursearch.

2. Above, we assumedhatw = Q(logn) (sinceotherwisewe can not represent
pointer or the numbern in a cosntantnumberof words). A strongerassumption
thatis oftenrealisticis w = ©(logn). Usetheresultsabore to derive upperbounds
for T(n,w), F(n,w), andD(n) underthis assuimption.

3. Assumethatwe sishto storelong strings,whereeachstringoccupies’. wordseach.
Therearetwo alternatves; a binary searchtree and someextendedversionof the
structurein Theoren.

(a) Whatwould bethecostof asearchn abinarysearchree?

(b) Canyou extendtheresultof Theorem3 to handlethis case?Which boundon
searchinganyou achieve? (L shouldbe partof thecompleity.)
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