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Abstract

In today’s curricula for basicalgorithmsand datastructures,comparison-based
algorithmsplay by far themostcentralrole. Algorithmsbasedon othermethods,like
radixsortingandtrie structures,areoftenoverlookedor marginalised.However, some
recentresearchfindingsgive reasonto questionthis situation.Thisarticlecontainsan
overview of theseresults.Someexperimentalexperiencesarealsodiscussed.

1 Intr oduction

Whatis areasonablemodelfor developingandanalysingalgorithmsfor sortingandsearch-
ing? If we simplify the questionandconsideronly sequentialcomputers,thereare two
majoralternatives:� The keys areregardedasatomic itemswhich canbe comparedat a constantcost.

However, thiscomparison-basedmodelof computationdoesnotalwaysreflectreality
sinceit excludesmany usefuloperationson data,like shifting, indirect addressing
etc. Furthermore,long keys, occupying many machinewords,cannot becompared
in constanttime.� The keys areregardedasbinary strings,eachonecontainedin oneor morewords
(registers).In thiscase,theword lengthbecomesanaturalpartof themodel.A com-
parisondoesnotnecessarilytakeconstanttime,ontheotherhandwemayusealarger
varietyof operationsondata.Thismodelallows for comparison-basedalgorithmsto
beusedbut alsofor algorithmslike tries,bucket sort,radix sortetc,which arebased
on indirect addressing(i.e. the keys, or partsof the keys, areusedasaddressesin
arrays).

The secondmodel, sometimesreferredto as the RAM model
�
, reflectsreal computers

moreaccurately, andalgorithmslike radix sort areknown to performvery well in many
applications.Nevertheless,it is a commonbelief thatcomparison-basedalgorithmsarethe
bestgeneralchoice; this belief is reflectedin today’s textbooksfor basicalgorithmsand
datastructures.Algorithmsbasedon indirectaddressingareconsideredto beefficientonly
in thespecialcasewhenthekeys comefrom a smalluniverseor whentheword lengthof
theusedcomputeris small.

Thisgeneralview maybesummarisedin thefollowing ruleof thumbfor chosingalgo-
rithms:

Useindirectaddressingif theword lengthis small.
Usecomparisonsif theword lengthis large.�

NotethatthetermRAM is usedfor many models.TherearealsoRAM modelswith infinite word length.
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However, somerecentfindingsgive reasonto questionthis rule. In particular, it hasbeen
shown thatalgorithmsbasedon indirectaddressingcanbecombinedwith packedcompu-
tation (to bediscussedbelow) to suit largewordsizes.Therefore,wewould like to suggest
thefollowing ruleof thumb:

Useindirectaddressingif theword lengthis small.
Useindirectaddressingandpackedcomputationif theword lengthis large.
Usecomparisonsin specialcases.

2 Model of computation

We usea unit-costRAM with word size � andwe assumethat the � keys to be sorted
or searchedfor are � -bit keys that canbe treatedasbinarystringsor integers. Thus,our
sortingandsearchingproblemshastwo parameters,thenumberof keys andthewordsize.
Thegoalis to find algorithmsthatareefficient for all possiblecombinationsof � and � . In
caseswherethecomplexity is expressedonly in termsof � , it is supposedto hold for any
possiblevalueof � , andviceversa.

(The fact that we do not considerlong stringsmay seemlike a restriction,but long
stringsgive no advantageto comparison-basedalgorithms.In fact, long stringsarebetter
handledby triesandradix sortingthanby comparisons,seetheexampleat theendof this
section.)

In this model,we canuseotheroperationsthancomparisons,for instanceindirectad-
dressing,shiftingandbitwiselogicaloperations.Without lossof generality, weassumethat��� �	��

��� ��� . This assumptionis indeedmodest;if it doesnot hold, thenumber� (or a
pointer)wouldnotfit in aconstantnumberof words.

The assumptionthat the keys canbe treatedasbinary stringsor integersis realistic,
alsofor realnumbers(cf. IEEE 754floating-pointstandard[17, p. 228]). In fact, it is not
easyto find a reasonableproblemspecificationwherethis assumptiondoesnot hold while
comparisonscanbe computedin constanttime. It seemsmucheasierto comeup with a
problemwherethe comparison-basedmodel is questionable.Considerthe following ex-
ample: We wish to sort � keys, whereeachkey occupies� words. In this case,a single
comparisonmaytakeasmuchas

�	� ��� time. Hence,theassumptionof constant-timecom-
parisonswould not hold; sortingthesekeys with heapsort,quicksort,or mergesortwould
take � � ��� 
���� ��� time. If, on the otherhand,indirect addressingis used,the problemof
sorting � stringsof � wordseachcanbe reducedto the problemof sorting � words in��� ����� time [6]; this reductiontime is optimalsincewemustreadtheinputat leastonce.

3 Overview

Thebasicpurposeof thisarticleis to briefly discusssomenew theoreticalresults:� First, we discussdeterministicdatastructuresand algorithmsthat usesuperlinear
space

– triesareusedto decreasekey length;

– theresultingshortkeysarehandledefficiently by packingthemtightly.
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With thesemethods,the worst-casecostof sortingis
��� � 

����

��� ��� andthe worst-

casecostof searchingis
����� 

��� ��� . (Triesusesuperlinearspace,but with randomi-

sation,i.e. hashcoding,thespacecanbereducedto linear.)� Next, wediscussdeterministicdatastructuresandalgorithmsthatuselinearspace

– the fusion tree; with this data structure the worst-casecost of sorting is��� � 

��� ��� 

����
���� ��� andtheamortisedcostof searchingis
��� 
���� ��� 
�����

��� ��� .

– a new data structure, the exponential search tree; the bounds on deter-
ministic sorting and searchingin linear spaceare improved to

��� � � 

��� ���
and

����� 

��� ��� , respectively.� Finally, we mentionsomepracticalexperiences,aswell assomesimple,practical
algorithms.

4 Simplealgorithms which usesuperlinear space

In this section,we studysomerathersimplealgorithmsthat allow sortingandsearching
asymptoticallyfasterthancomparison-basedalgorithms. We useindirect addressingand
large arrays. As a consequence,thesealgorithmswill needmuch space. However, all
algorithmspresentedherecanbefit into linearspacewith randomisation(i.e. with universal
hashing[13]).

Theword sizeof our RAM, aswell asthe lengthof our keys, is � . In our algorithms,
wewill alsoconsidershorterkeys. In caseswhenthekey lengthmaydiffer from � weuse!

or " , to denotethekey length.
Our lemmaswill be expressedas problemreductions. For this purpose,we usethe

notationbelow. For the searchingproblem,we assumethat an orderedset is maintained
andthatoperationslike rangequeriesandneighbourqueriesaresupported.

Definition 1 A dictionaryis orderedif neighbourqueriesandrangequeriesaresupported
at thesamecostasmemberqueries,andif thekeyscanbereportedin sortedorderin linear
time.

Definition 2 Let # � �%$ ! � betheworst-casecostof performingonesearch or updatein an
ordereddictionarystoring � keysof length

!
.

Definition 3 Let & � �%$ ! � betheworst-casecostof sorting � keysof length
!
.

The methodsdiscussedin this sectionarefairly simple. Furthermore,they canall be
implementedwith a simple instructionset. All necessaryinstructionsarestandard,they
areevenin AC' . (An instructionis in (*)+' if it is implementableby a constantdepth,un-
boundedfan-in(AND,OR,NOT)-circuitof size�*,�- �/. . An exampleof anon-AC' instruction
is multiplication[9].)

4.1 Tries and rangereduction

Onewaytosimplify acomputationalproblemisby rangereduction. In thiscase,wereplace
our

!
-bit keyswith " -bits keys, "10 !

.
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Figure1: A trie.

Lemma 1 # � �%$ ! ��� ��� ! ��"2��34# � �%$5"6�87
Hint of proof: We storethe keys in a trie of height

! ��" . At eachnode, " bits areused
for branching,andeachnodecontainsan arrayof length 9;: . A trie is illustratedin Fig-
ure 1. In this example

! � <=9 and ">� ? . The array entriesthat contain pointers
to subtriesaremarked with filled boxes. As an example: the smallest(leftmost)key is
000 100 000 011.

Whensearchingfor a key @ or @ ’s nearestneighbour, we traversea pathdown thetrie.
At eachnodeweuse " bits in @ asanaddressin thenode’sarray. If @ is present,thesearch
endsat a trie node.Otherwise,the trie traversalendswhentrying to reacha non-existing
subtrie. In this case,we have to locatethe nearestexisting subtrie. Oncethis subtrieis
found, we canfind @ ’s nearestneighbour;we may for exampleassumethat eachsubtrie
containsa referenceto its smallestandlargestkeys. When " is large, thearrayitself can
not beusedto locatethenearestexistingsubtrie,sincewe thenmayhave to scantoomany
emptyentries.Instead,wenotethatthearrayentries(subtries)representasetof " -bit keys
which canbe storedin somesuitabledatastructure. In this way, eachnodecontainsan
arrayusedfor trie traversalplusa localdatastructure.

The costof traversingthe trie is proportionalto the heightof the trie, that is
��� ! ��"2� .

After thetrie traversal,onesearchis madein alocaldatastructure;thecostof thisis # � �%$5"2�
(thelocaldatastructurecannotcontainmorethan � keys).

Updatesareratherstraightforward. A
For sorting,thereis asimilar lemma:

Lemma 2 & � �%$ ! ��� ��� � ! ��"2��3B& � �%$5"2�57
Hint of proof: Weusea trie asabove,with someminordifferences.In eachnode,weuse
anarrayasbefore,but insteadof anadditionallocaldatastructurewe justkeepanunsorted
edge-listin eachnodetelling which arrayentriesarebeingused.Then,afterall keys have
beeninsertedinto thetrie in

��� � ! ��"2� time,wetageachlist elementwith thenodeit belongs
to. We collectall lists into onelist which is sortedin & � �%$C"2� time. After thesorting,we
traversethelist andcreatea sortededge-listateachnode.Then,aninordertraversalof the
trie accordingto theedge-listsgivesthesortedsequence.
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Thereis oneproblemwith thisapproach:thenumberof list elements,correspondingto
thenumberof edgesin the trie, may be larger than � . To avoid this problem,we have to
remove someedgesfrom the lists. If we take away oneelementfrom eachedgelist, the
totalnumberof list elementswill belessthan � . In eachedgelist theremovededgecanbe
insertedafterthesorting,by just scanningthesortedlist; thetotal costfor this is linear. In
thisway, therecursionequationof thelemmaholds. A

Applying the lemmasabove recursively, we canimprove thecomplexity significantly.
Thesereductionswerefirst usedin van EmdeBoastrees[22, 23, 24] and in the sorting
algorithmby Kirkpatrick andReisch[18].

Lemma 3

D # � �E$ ! ��� ��� <=��3F# � �E$ ! ��9��87& � �E$ ! ��� ��� ����3G& � �%$ ! ��9��87
Hint of proof: Apply Lemmas1 and 2, respectively, with "H� ! ��9 . A
Lemma 4

D # � �E$ ! ��� ����

���I� ! ��"2�J��34# � �%$5"6�87& � �E$ ! ��� ��� � 

���K� ! ��"2�L��3B& � �E$5"2�87
Hint of proof: Apply Lemma3 recursively


����I� ! ��"6� times. A
4.2 Packing keys

If theword lengthis smallenough—like in today’s computers—therangereductiontech-
niquediscussedabovewill decreasethekey lengthto aconstantata low cost.However, in
orderto make a really convincing comparisonbetweencomparison-basedalgorithmsand
algorithmsbasedon indirectaddressing,we mustmake thecomplexity independentof the
word size.This canbedoneby combiningrangereductionwith packedcomputation. The
basicideabehindpacked computationis to exploit the parallelismin a computer;many
shortkeyscanbepackedin awordandtreatedsimultaneously.

Thecentralobservationis dueto Paul andSimon[21]; they observedthatonesubtrac-
tion canbeusedto performcomparisonsin parallel.Assumethatthekeys areof length " .
We maythenpack � � �M��"2� keys in a word in the following way: Eachkey is represented
by a

� "N3O<=� -bit field. Thefirst (leftmost)bit is a testbit andthefollowing bits containthe
key. Let P and Q betwo wordscontainingthesamenumberof packedkeys,all testbits inP are0 andall testbits in Q are1. Let R bea fixedmaskin which all testbits are1 and
all otherbitsare0. Let SUT � QWVXPY� AND RZ7 (1)

Then,the [ th testbit in
S

will be1 if andonly if \^]�_Z@K] . All othertestbits, aswell asall
otherbits, in

S
will be0.

4.3 Packedsearching

Lemma 5 # � �%$5"6��� �a`L
����I� �M��"2��3 bdc�e�fbdc�e -hgKij: .lk 7
Hint of proof: WeuseapackedB-tree[2]. Theessentialoperationin thisdatastructureis
amultiplecomparisonasin Expression1 wherethekeysin Q aresortedleft-to-rightand P
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m
1 00010 1 00111 1 01001 1 01110 1 10101 1 11000 1 11011 1 11110n
0 01011 0 01011 0 01011 0 01011 0 01011 0 01011 0 01011 0 01011m�opn
0 10111 0 11100 0 11110 1 00011 1 01010 1 01101 1 10000 0 10011q
1 00000 1 00000 1 00000 1 00000 1 00000 1 00000 1 00000 1 00000r m�opnIs

AND
q

0 00000 0 00000 0 00000 1 00000 1 00000 1 00000 1 00000 1 00000

Figure2: A multiplecomparisonin apackedB-tree

containsmultiple copiesof onekey @ . Then,therightmostt testbits in
S

will be1 if and
only if therearet keys in Q whicharegreaterthan @ . This is illustratedin Figure2. Hence,
by finding thepositionof theleftmost1-bit in

S
we cancomputetherankof @ amongthe

keys in Q . (Findingtheleftmostbit caneitherbedonein constanttimewith multiplication
[15] or via a lookuptable[2].)

We usethis techniqueto implementa B-tree with nodesof degree � � �M��"2� . When
searchingfor a " -bit key @ in a packed B-tree, we first constructa word P containing
multiple copiesof @ . P is createdby a simpledoublingtechnique:Startingwith a word
containing@ in therightmostpart,we copy theword, shift thecopy "u3W< stepsandunite
thewordswith abitwiseOR. Theresultingword is copied,shifted 9�"M349 stepsandunited,
etc.AltogetherP is generatedin

��� 
����I� �M��"2�L� time.
After theword P hasbeenconstructed,wetraversethetree.At eachnode,wecompute

therankof @ in constanttime with a multiple comparison.Thecostof thetraversalis pro-
portionalto theheightof thetree,which is

��� 
���� ��� 
����K� �v��"2�L� A
Above, we omitteda lot of details,suchashow to performupdatesandhow pointers

within thetreearerepresented.

4.4 Packedsorting

Above, we compareda querykey with all keys in a B-treenodein orderto determinethe
rankof thekey. This seemsto bea wasteof comparisons;a binarysearchwould useless
comparisons.Hence,thereseemsto be room for improvement. For searching,no such
improvementis known, but themultiplecomparisonscanbeutilisedmoreefficiently when
sorting.

We needa lemmaby Batcher[8]. A sequenceis bitonic if it is theconcatenationof a
nondecreasinganda nonincreasingsequence,or if it canbeobtainedasthecyclic shift of
sucha concatenation.

Lemma 6 Considera bitonicsequence@ � $J@Iwx$y7y7y7z$J@Iw : andthetwosubsequences�G�Z{H|
} � @ � $J@ :�~ � �8$�{H|
} � @Iwx$L@ :C~ w5�8$�7y7y7�$J{�|�} � @ : $J@Iw : �
and S �Z{��=� � @ � $J@ :C~ � �8$�{��^� � @Iwx$L@ :C~ w5�8$�7y7y7�$J{��^� � @ : $J@Iw : �87
Thesequences� and

S
arebitonic,andeach elementof � is smallerthanor equalto each

elementof
S

.

The lemmasuggestsa parallel algorithm for sortinga bitonic sequenceof length " ,
where" is apowerof 9 , and,in particular, analgorithmfor merging two sortedsequences.� If "���< halt.
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� If "1_U< comparethecorrespondingelementsof theleft andright half in paralleland
generatethesequences� and

S
, thensortthesebitonicsequencesin parallel.

Batcher’s lemmais well suited for combinationwith the Paul-Simontechnique,as
shown by AlbersandHagerup[1].

Lemma 7 & � �%$J�v� 

��� ����� ��� � 

����
���� ���57
Hint of proof: We combineLemma6 (with "�� 

��� � ) with the Paul-Simontechnique.
We let a word P contain@ � $L@Iwx$y7y7y7z$J@ : anda word Q contain@ :C~ � $J@ :C~ wy$y7�7y7�$J@Iw : . After a
subtractionasin Expression1, the testbits will tell which keys shouldbelongto � and

S
respectively. By copying andshifting testbits,we createbit masksthatallow usto extract� and

S
respectively. A

4.5 Combining

We cannow derive our first boundsfor sortingandsearching.First, we stateboundsin
termsof � . Thefollowing boundholdsfor searching[22, 23,24]:

Theorem 1 # � �%$J�v��� ��� 
���� �v�57
Hint of proof: Apply Lemma4 with "���< . A
For sorting,thereis asimilarbound[18]:

Theorem 2 & � �E$��v��� ��� � 
����K� �v� 

��� ���L�87
Hint of proof: Apply Lemma4 with "4� 

��� � . Keys of length


���� � canbe sortedin
lineartimewith bucketsort. A
Next, weshow how to removethedependency of word length.For searching,wehave [2]:

Theorem 3 # � �%$J�v��� ����� 

��� ���87
Hint of proof: If



��� ��� ���j� 
���� ��� , Theorem1 is sufficient. Otherwise,Lemma4

with "����M��9 � bdc�e�f gives # � �E$��v��� ����� 

��� ���%3�# � �E$��v��9 � bdc�e;f � . Lemma5 givesthat# � �%$��M��9 � bdc�e�f ��� ��� � 
���� ��� . A
Finally, wegetthefollowing boundfor sorting[4]:

Theorem 4 & � �E$��v��� ��� � 
�����

��� ���87
Hint of proof: If



��� �O� ��� 
�����

��� ��� , Theorem2 is sufficient. Otherwise,Lemma4 with"����v� 
���� � gives & � �E$��v�*� ��� � 

���%

��� ���%3�& � �E$��v� 
���� ��� . Lemma7 givesthefinal
bound. A
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5 Deterministic algorithms and linear space

The first algorithmthat surpassedthe comparison-basedalgorithmsindependentof word
sizewasthe fusion tree[15]. Here,we presenta shortoverview aswell asa new, faster,
datastructure.

Thedatastructuresin this sectionaremorecomplicatedthanthepreviousones.They
alsoneedmorepowerful—but standard—instructions,likemultiplication.

Definition 4 Let � � ��� betheworst-casesearch costandtheamortisedupdatecostin an
ordereddictionarystoring � keysin

��� ��� space.

5.1 Fusion tr ees

Thecentralpartof thefusiontree[15] is astaticdatastructurewith thefollowingproperties:

Lemma 8 For any � , ��� �W` � � ij� k , a staticdatastructure containing � keyscanbecon-
structedin

��� ���8� timeandspace, such that it supportsneighbourqueriesin
��� <=� worst-

casetime.

Hint of proof: Themainideabehindthefusiontreeis to makeuseof significantbit posi-
tions.We illustratethebasicmechanismwith anexample,shown in Figure3. In thissmall
examplewe have chosen����<x� and �1��� . Let Q bethesetof keys \ � $�7y7y7�$J\�� . Assume
that Q is storedin abinarytrie. Eachkey is representedasapathdown thetrie. In thefigure,
aleft edgedenotesa0andarightedgedenotesa1. Forexample,\�� is 1010010101011010.
We getthesignificantbit positionsby selectingthelevelsin thetrie wherethereis at least
onebinary(thatis, non-unary)node.In thisexamplethelevelsare4, 9, 10,and15,marked
by horizontallines. Createa set Q+� of compressedkeys \��� $y7y7�7�$�\��� by extractingthesebits
from eachkey. In the examplethe compressedkeys are 0000, 0001, 0011, 0110,
1001, and 1011. Thesecompressedkeys areusedfor packedsearching.Sincethe trie

hasexactly � leaves,it containsexactly �NV�< binarynodes.Therefore,thenumberof sig-
nificantbit positions,andthelengthof acompressedkey, is atmost ��V�< . This impliesthat
wecanpackthe � keys,includingtestbits, in � w bits. Since�u� � ` � � ij� k , thepackedkeys
fit in aconstantnumberof words.

(This extractionof bits is nontrivial; it canbe donewith multiplication andmasking.
However, theextractionis notasperfectasdescribedhere;in orderto avoid problemswith
carrybits etc,we needto extractsomemorebits thanjust thesignificantones.Here,we
ignoretheseproblemsandassumethatwe canextractthedesiredbitsproperly. For details
wereferto FredamandWillard [15])

The � compressedkeys may be usedto determinethe rankof a querykey amongthe
original � keys. Assumethat we searchfor @�� 1010011001110100. First, we extract
theproperbits to form a compressedkey @ � � 0010. Then,we usepackedsearchingto
determinetherankof @ � among\ �� $y7y7y78$�\ �� .. In thiscase,thepackedsearchingwill place@ �
between\��w and \��� . asindicatedby the arrow in Figure3(b). This is not the properrank
of theoriginal key @ , but neverthelessit is useful. The importantinformationis obtained
by finding the positionof the first differing bit of @ and one of the keys \�w and \�� . In
this example,the7th bit is the first differing bit. and,since @ hasa 1 at this bit position,
we canconcludethat it is greaterthanall keys in Q with the same6-bit prefix. Further-
more, the remainingbits in @ are insignificant. Therefore,we canreplace@ by the key
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Figure3: (a) Selectingbit positionsin a fusiontreenode.
(b) Determiningtherankof a querykey.
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1010011111111111, whereall the last bits are1s. Whencompressed,this new key be-
comes 0111. Making a secondpacked searchingwith this key instead,the properrank
will befound.

Hence,in constanttimewecandeterminetherankof aquerykey amongour � keys. A
Theoriginalmethodby FredmanandWillard is slightly different.Insteadof filling the

querykeys with 1s(or 0s)andmakinga secondpackedsearching,they usea largelookup
tablein eachnode.Fusiontreescanbeimplementedwithoutmultiplication,usingonlyAC'
instructions,providedthatsomesimplenon-standardinstructionsareallowed.A discussion
of thesepossibilitiesis currentlyin progress[5].

Theorem 5 � � ����� ��� 

��� ��� 

����
���� ���57
Hint of proof: BasedonLemma8, weuseaB-treewhereonly theupperlevelsin thetree
containB-treenodes,all having thesamedegree(within a constantfactor). At the lower
levels,traditional(i.e. comparison-based)weight-balancedtreesareused.Thereasonfor
usingweight-balancedtreesis that the B-treenodesarecostly to reconstruct;the treesat
thebottomensurethatfew updatespropagateto theupperlevels.In thisway, theamortised
costof updatingaB-treenodeis small.

The amortisedcost of searchesand updatesis
��� 
���� ��� 

��� �13 

��� ��� for any ����a` � � ij� k . Thefirst term correspondsto the numberof B-treelevelsandthe secondterm

correspondsto the height of the weight-balancedtrees. Since � � 

��� � (otherwisea
pointerwouldnotfit in aword), thecostbecomesatmost

����

��� ��� 

����

��� ��� . A
5.2 Exponential search tr ees

Sincetheir introduction,the fusion treeshave beenthe only availabledeterministicdata
structurethat useslinear spaceand supportssearchingin � � 

��� ��� time and sorting in� � � 

��� ��� time. Recently, animproveddatastructurehasbeendeveloped[3].

The basicdatastructureis a multiway treewherethe degreesof the nodesdecrease
exponentiallydown thetree.

Lemma 9 Supposea staticdatastructure containing � keyscanbeconstructedin
��� � � �

timeandspace, such that it supportsneighbourqueriesin
��� �¡� ���L� worst-casetime. Then,� � ����� �a`C�Y` � � ij¢ k£k 3F� ` � �lij¢ k¥¤

Hint of proof: Weuseanexponentialsearch tree. It hasthefollowing properties:� Its roothasdegree� � � � ij¢8� .� Thekeys of the root arestoredin a local (static)datastructure,with the properties
statedabove. During a search,thelocal datastructureis usedto determinein which
subtreethesearchis to becontinued.� Thesubtreesareexponentialsearchtreesof size � � �p�lij¢8� .
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First, we show that,given � sortedkeys, anexponentialsearchtreecanbeconstructedin
lineartime andspace.Sincethecostof constructinga nodeof degree � is

�¦� � � � , thetotal
constructioncost ) � ��� is givenby) � ����� ��§¨` � � ij¢ k ��© 34� � ij¢«ª ) ` � �lij¢ k ¬ ) � ����� ��� ���57 (2)

Furthermore,with asimilarequation,thespacerequiredby thedatastructurecanbeshown
to be

��� ��� .
Balanceis maintainedby joining andsplitting subtrees.Thebasicideais the follow-

ing: A join or split occurswhenthe sizeof a subtreehaschangedsignificantly, i.e. after�	� �­�lij¢�� updates.Then,a constantnumberof subtreeswill bereconstructed;accordingto
Equation2, thecostof this is linearin thesizeof thesubtrees� ��� �­�lij¢8� . Also, somekeys
will be insertedor deletedfrom the root, causinga reconstructionof the root; the costof
this is by definition

��� �­�lij¢5� . Amortisingthesetwo costsover the
�	� �­�lij¢�� updates,we get��� <=� amortisedcostfor reconstructingtheroot. Hence,therestructuringcostis dominated

by thesearchcost.
Finally, the searchcost follow immediatelyfrom the descriptionof the exponential

searchtree. A
Exponentialsearchtreesmaybecombinedwith variousotherdatastructures,asillus-

tratedby thefollowing two lemmas:

Lemma 10 A staticdatastructurecontaining� keyscanbeconstructedin
��� ���8� timeand

space, such that it supportsneighbourqueriesin
� ` bdc�e �bdc�e g 3O< k worst-casetime.

Hint of proof: We just constructa staticB-treewhereeachnodehasthelargestpossible
degreeaccordingto Lemma8. That is, it hasa degreeof {�|�} ` �K$�� � ij� k . This treesatisfies
theconditionsof thelemma. A
Lemma 11 A static data structure containing � keys and supportingneighbourqueries
in

��� 
���� �v� worst-casetimecanbeconstructedin
��� ���8� timeandspace.

Hint of proof: Westudytwo cases.
Case1: �a_�� � i � . Lemma10givesconstantquerycost.
Case2: �a��� � i � . Thebasicideais to combineavanemdeBoastree(Theorem1) with

perfecthashing.Thedatastructureof Theorem1 usesmuchspace,which canbereduced
to

��� ��� by hashcoding. Sincewe canafford a ratherslow construction,we canusethe
deterministicalgorithmby Fredman,Komlós,andSzemeŕedi [14]. With thisalgorithm,we
canconstructaperfectlyhashedvanEmdeBoastreein

��� � � �M���Z� � ���8� time. A
Combiningthesetwo lemmas,we geta significantlyimprovedupperboundon deter-

ministicsortingandsearchingin linearspace:

Theorem 6 � � ����� ����� 

��� ��� .
Hint of proof: If wecombineLemmas9, 10,and11,weobtainthefollowing equation

� � ����� �¯® {�|�} ® <�3 
���� �

��� � $ 
���� �¥°�°±3F� ` � �lij¢ k (3)
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which,whensolved,givesthetheorem. A
Theorem6 impliesthattheworst-casecostof sorting � keys in linearspaceis

��� � � 

��� ��� .
This is an improvementfrom

��� � 

��� ��� 

����
���� ��� , achieved by the fusion tree. Taking
both � and � asparameters,� � ��� is � ��� 

��� ��� in many cases[3]. For example,it canbe
shown that � � ����� ��� 
���� � 
�����

��� ��� .
6 Experimentswith somepractical algorithms — indir ect

addressingit not only goodin theory

The theoreticalresultsabove, usingpacked computation,may be viewed asa theoretical
supportfor the claim that algorithmsbasedon indirectaddressingareefficient regardless
of word length.Indeed,in (mostof) today’scomputers,theword length(16or 32) is small
enoughfor address-calculationmethodsto beefficient evenwithout packedcomputation.
We illustratethis by a brief review of someexperimentalresults.Althoughtherearealso
promisingresultsfor searching(amongothers,thedatastructurefrom Theorem3 seemsto
befastin practice[2]), weconcentrateonsortinghere.For moredetailsontheexperiments,
includingprogramvode,wereferto thereferences[7, 20].

TheCPUtimesgivenwereobtainedonaSPARCstation5 with 64megabytesof internal
memoryandwith thecc andgcc compilers.Similar resultswereobtainedon a 486PC
andaSPARCstationELC.

In thefirst two experimentsthe following four sortingalgorithmswereusedfor string
sorting:

Forward radixsort anew, robust,versionof left-to-right radixsort[6].

Adaptive radixsort this algorithmis basedon recursive bucketing: we split the universe
in a linearnumberof buckets,distribute the keys amongthe bucketsandsort them
recursively.

Program C similar to Adaptive radixsort,but the numberof bucketsis fixed in advance
andindependentof thesizeof input. This particularimplementationwaspresented
by McIlroy, BosticandMcIlroy [19].

Quicksort theversionby Bentley andMcIlroy [11].

Thetwo experimentsweremadeondifferentkindsof input:

Realworld dataAs input dataa collectionof standardtexts from theCalgary/Canterbury
Text CompressionCorpus[10] wasused.In orderto getverylargeinputfiles,all text
fileswereconcatenatedandthestandardUnix ”word” file wasadded.

BadlydistributeddataStringscontaininglong commonprefixesandonly a few different
charactersweregeneratedandused.Thepurposewasto geta badperformancefor
radixsortalgorithms.

Theresultsaregivenin Figures4and5. Weconcludethatfor reasonablywell-distributed
data,a simpleradix sort is themostefficient choice,while Forwardradixsortis a morero-
bustalternative. Quicksortis left far behind.

Next, experimentsweremadeon integersorting.Thefollowing algorithmsweretested:

12



²³
´µ
¶·
¸¹

²�¸ ·�º »C»�» ´�¶ ³ º »C»�» ¶ ³ ¸ º »C»�» ¼8½¿¾�À

ÁyÂzÃ�Ä�ÅCÃ�Æ«Ã Å�Æ ½¿Ç5È ÂzÃ É

ÊÌË ½¿Í�Î�È Â�Ã�É
Ï È ÀLÍ�Ð Ñ

Ò Æ;ÅCÓ^É ½¿ÔyÀ Ã�Å�Æ ½¿ÇCÈ Â�Ã�É
Õ;Ã�Â�ÖyÃ�Å�×ÙØ

Ú ½ × À

Figure4: String sorting, real world data. Thenumberof
secondsof CPUtimeasa functionof thenumberof keys.
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²³
´µ
¶

ÊÌË ½hÍ�ÎyÈ Â�Ã�É

Á�Â�Ã�Ä�Å�Ã Æ«Ã�Å�Æ ½¿ÇCÈ Â�Ã�É

³ ¶ µ º ¹C»�» ¶ » Ñ º ·C»�» ¼5½¿¾�À

Ò Æ�Å�Ó;É ½hÔxÀ Ã�Å�Æ ½hÇ5È Â�Ã�É
Õ;Ã�Â�Ö�Ã Å�×ÙØ

·
Ú ½ × ÀÏ È ÀJÍjÐ

Figure5: Stringsorting, fragmenteddata.

Quicksort, Adaptive radixsort thesamealgorithmsasaboveadjustedfor integersorting.

Heapsort aversionby Carlsson[12].

Mergesort a slightly modifiedversionof thatby GonnetandBaeza-Yates[16], somewhat
improvedby switchingto asimpleInsertionsortfor shortsublists.

O(n loglogn) thealgorithmof Theorem4.

It shouldbenotedthat the
��� � 

���Û
���� ��� algorithmwasimplementedin a straightforward

way, whereasall otheralgorithmswerecarefullyoptimised.
Theresultsaregivenin Figure6. Theworst-caseefficientalgorithms(Heapsort,Merge-

sortandthe
��� � 
�����

��� ��� algorithm)areindicatedby solid linesandtheaverage-efficient

algorithmsby dashedlines.
WeconcludethatAdaptiveradixsortseemsto bethebestchoicein practiceandthatthe��� � 

����
���� ��� algorithmperformssurprisinglywell; it is thefastestamongthedeterminis-

tic algorithms.This indicatesthat theconstantfactorsinvolvedin thealgorithmarenot as
largeasonemight fear.

7 Conclusion

Methodsbasedon indirectaddressing
(tries,bucketingetc)

are fastin theoryandpractice.
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¼8½¿¾�À

Ú ½ × À

² ºd»�»�»�ºd»�»C» ³ ºd»�»C»�º »C»�»

¶
² »

²�¶
Ü À ÅCÓ È ÂzÃ�É
Ý À Ã Ö ÀLÈ Â�Ã�É

ÊÌË ½hÍ�ÎyÈ ÂzÃ ÉÒ Æ�Å�Ó;É ½hÔxÀ Ã Å�Æ ½hÇ5È Â�Ã�É
Ï Ë;Þ Â�Ó^É ½ × ½¿¾�À Æ Ð
Þ=ß Â�Ö ß ÂzÖ Þ

Ï È ÀLÍ�Ð

Figure6: Integer sorting. Essentiallythesameresultswere
obtainedfor randomdataandfragmenteddata.
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Problems

1. As pointedout in thetext afterTheorem6, anevenbetterboundthan
���j� 
���� ��� can

beshown for many combinationsof � and � . Usetherecursionequationin theproof
hint to show thefollowing moredetailedtheorem:

Theorem On a unit-costRAM with word size � , an orderedset of �G� -bit keys
(viewedasbinarystringsor integers)canbemaintainedin

�áàâã {H|
}Fäåæ åç
� 

��� �bdc�e�fbdc�e g 3 

����

��� �

��� � 
�����

��� �

è åéåê%ëlìí
timeperoperation,includinginsert,delete,membersearch,andneighboursearch.

2. Above, we assumedthat � � �	��

��� ��� (sinceotherwisewe can not representa
pointer or the number � in a cosntantnumberof words). A strongerassumption
that is oftenrealisticis ���î� ��

��� ��� . Usetheresultsabove to derive upperbounds
for & � �%$J�v� , # � �%$��M� , and � � ��� underthisassuimption.

3. Assumethatwe sishto storelong strings,whereeachstringoccupies� wordseach.
Thereare two alternatives; a binary searchtreeandsomeextendedversionof the
structurein Theorem3.

(a) Whatwouldbethecostof asearchin abinarysearchtree?

(b) Canyou extendtheresultof Theorem3 to handlethis case?Which boundon
searchingcanyouachieve?( � shouldbepartof thecomplexity.)
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[22] P. vanEmdeBoas.Preservingorderin a forestin lessthanlogarithmictime. In Pro-
ceedingsof the16thAnnualIEEE Symposiumon Foundationsof ComputerScience,
pages75–84,1975.

[23] P. vanEmdeBoas.Preservingorderin aforestin lessthanlogarithmictimeandlinear
space.InformationProcessingLetters, 6(3):80–82,1977.

[24] P. vanEmdeBoas,R. Kaas,andE. Zijlstra.Designandimplementationof anefficient
priority queue.Math.Syst.Theory, 10:99–127,1977.

18


