Stochastic dynamic systems Chapter 7

cfl T. Söderström, 1997_1

Optimal estimation for linear polynomial system

• Optimal prediction of ARMA processes • Optimal prediction • Wiener filter • Minimum variance filter • Robustness against modelling errors

cfl T. Söderström, 1997_2

Optimal prediction of ARMA models

ARMA process A(q)y(t) = C(q)e(t) Ee(t) = λ2 A(q) = q^n + a1q^{n−}1 + . . . + an C(q) = q^n + c1q^{n−}1 + . . . + cn Predictor identity zk−1C(z) ≡ A(z)F (z) + L(z) F (z) = z^{k−}1 + f1z^{k−}2 + . . . + f_{k−}1 L(z) = ℓoz^{n−}1 + ℓ1z^{n−}2 + . . . + ℓ_{n−}1

cfl T. Söderström, 1997_3

Optimal prediction of ARMA models, cont’d

Optimal predictor

ŷ(t + k|t) = qL(q) A(q) A(q) C(q) y(t) = qL(q) C(q) y(t)

Prediction error

ỹ(t + k) = F (q)e(t + 1) = e(t + k) + f1e(t + k − 1) + . . .

+f_{k−}1e(t + 1)

cfl T. Söderström, 1997_4

Optimal prediction

System (innovations form) y(t) = G(q)u(t) + H(q)e(t) Criterion V = E[y(t + k) − f(t)]^∗P [y(t + k) − f(t)] Rewrite H(q) = [^{k−} 1∑ j=0 hjq−j] + q^{−k}[^{∞∑}_j =0 hk+jq−j] Δ= q^{−k}+1Ho(q) q^{−k}H1(q) leading to

y(t + k)Δ=ε(t + 1) + z(t)

cfl T. Söderström, 1997_5

Optimal prediction, cont’d

Optimal predictor ŷ(t + k|t) = H1(q)H^−1(q)y(t) +Ho(q)H^−1(q)G(q)u(t + 1) Prediction error ỹ(t + k)Δ=y(t + k) − ŷ(t + k|t) = Ho(q)e(t + 1)

cfl T. Söderström, 1997_6

Wiener filters — general aspects

Estimate s(t) based on{y(t)}.

Criterion V = E||s(t) − G(q)y(t)||2 Rewrite s̃(t) = s(t) − G(q)y(t) V = tr 1 2πi ∮ ϕs̃(z)dz z From V^′ = 0

0 = tr 1 2πi ∮ [G(z)ϕy(z) − ϕsy(z)]G^∗1(z)dz z for any G1(z).

cfl T. Söderström, 1997_7

Unrealizable Wiener filter

V ′ = 0 if G(z) = ϕsy(z)ϕ^−1_y (z) It is noncausal, hence unrealizable.

cfl T. Söderström, 1997_8

Realizable Wienerfilter

Causal and anticausal part of a filter

Let G(z) =^{∞∑}_j =−∞ gjz−j converge on the unit circle (Laurent series).

Causal part of G(z): [G(z)]+ =^{∞∑}_j =0 gjz−j

Anticausal part of G(z):

[G(z)]_− =^− 1∑ j=−∞ Gjz−j = G(z) − [G(z)]+ has no zeros inside or on the unit circle

cfl T. Söderström, 1997_9

Realizable Wienerfilter

Innovations model y(t) = H(q)e(t) Ee(t)e^∗(s) = Λδ_{t,s} H(0) = I H(q), H^−1(q) as stable

G(z) = [ϕsy(z){H^∗(z)}^−1Λ^−1]+H^−1(z)

cfl T. Söderström, 1997_{10}

Realizable Wienerfilter – an example

ARMA process A(q)y(t) = C(q)e(t) Ee2(t) = λ2 Prediction problem s(t) = y(t + k) k > 0 ϕsy(z) = z^kλ2C(z) A(z) C∗(z) A∗(z) Unrealizable Wiener filter G(z) = z^kϕy(z)ϕ^−1_y (z) = z^k giving ŝ(t) = y(t + k)

cfl T. Söderström, 1997_{11}

Realizable Wienerfilter – example (cont’d)

Realizable Wiener filter G(z) = [ zk C(z) A(z) ] + A(z) C(z) Predictor identity zk−1C(z) ≡ A(z)F (z) + L(z) Optimal predictor

G(z) = [ zA(z)F (z) + zL(z) A(z) ] + A(z) C(z) = zL(z) A(z) A(z) C(z) = zL(z) C(z)

cfl T. Söderström, 1997_{12}

Computational aspects f(z) = [ G(z, z^−1) D(z)F (z^−1) ] + can be evaluated by solving the Diophantine equation G(z, z^−1) ≡ z^αF (z^−1)Q(z) + z^βD(z)L(z^−1) Interpretation: Partial fraction decomposition! [ G(z, z^−1) D(z)F (z^−1) ] + = [ zαQ(z) D(z) ] + + [ zβL(z^−1) F (z^−1) ] + = z^αQ(z) D(z)

cfl T. Söderström, 1997_{13}

Minimum variance filters

C(q) A(q)

M(q) N(q)

- -

               ?

               ? -

       `ȷ́ı^Σ

v(t) s(t) y(t) e(t)

w(t) G(q) -

-q�m - œ̀ȷ́ıΣ+ −

ŝ(t − m) s̃(t − m)

degA(q) = n, degC(q) = n, degM(q) = r, degN(q) = r

Spectral factorization λ2ε B(z)B∗(z) = λ2v C(z)C∗(z)N(z)N ∗(z) +λ2_e A(z)A^∗(z)M(z)M^∗(z) Wiener filter solution G(z) = λ 2v λ2ε [ z−m C(z)C^∗(z)N^∗(z) A(z)B^∗(z) ] + A(z)N(z) B(z) cfl T. Söderström, 1997_{14}

Minimum variance filters

Diophantine equation

z−mC(z)C∗(z)N ∗(z) ≡ zmin(0,−m)B∗(z)Q(z) +zmax(0^{,−m})A(z)L^∗(z) dQ = n − min(0, −m) dL = n + r − 1 + max(0, −m)

Optimal filter

G(z) = λ 2v λ2ε zmin(0,−m)Q(z)N(z) B(z)

cfl T. Söderström, 1997_{15}

Some possible extensions

1. Multivariable processes 2. Estimation of other signals than s(t) 3. Prefiltering V = E[P (q)s̃(t)]2 (frequency weighting)

cfl T. Söderström, 1997_{16}

Robustness against modelling errors

Idea: Model uncertainties in the process parameters as additional noise sources. Then solve the estimation problem with the modified noise model.

Example: Prediction of an MA(1) process, c uncertain

y(t) = [1 + (c + c̃)q^−1]v(t) Ev2(t) = λ2 Parameter uncertainty: c̃ random variable, zero mean, variance σ2, independent of {v(t)}.

cfl T. Söderström, 1997_{17}

Example, cont’d

Second order properties of y(t):

Ey2(t) = λ2 + λ2(c2 + σ2) Ey(t)y(t − 1) = cλ2 Ey(t)y(t − τ) = 0, τ ≥ 2 This coincides with r(τ) of another MA(1) process

y(t) = [1 + cq^−1]ε(t)

cfl T. Söderström, 1997_{18}

Example, cont’d

Optimal prediction ŷ(t + 1|t) = c 1 + cq^−1 y(t) Parameter c from spectral factorization:

λ2(1 + c2 + σ2) = λ2_ε (1 + c2) λ2c = λεc

cfl T. Söderström, 1997_{18}