Stochastic dynamic systems Chapter 4

cfl T. Söderström, 1997_1

Analysis

• Linear filtering • Spectral factorization • Continuous-time models • Sampling • The positive real part of the spectrum • Filtering and bispectrum • Computational algorithms

cfl T. Söderström, 1997_2

Linear filtering y(t) = G(q)u(t) =^{∞∑}_k =0 gku(t − k) u(t) stationary, G(q) asymptotically stable Then y(t) stationary.

my = G(1)mu ϕy(z) = G(z)ϕu(z)G^∗(z^{−∗}) ϕyu(z) = G(z)ϕu(z)

Parseval’s relation u(t) uncorrelated sequence, cov(u(t)) = Λ ⇒

Ey(t)y^∗(t) =^{∞∑}_k =0 gkΛg^∗_k = 1 2πi ∮ G(z)ΛG^∗(z)dz z cfl T. Söderström, 1997_3

Linear filtering

State space model

x(t + 1) = F x(t) + v(t) y(t) = Hx(t) + e(t) E ( v(t) e(t) ) (v^∗(s) e^∗(s)) = ( R1 R12 R21 R2 ) δt,s x(to) independent of v(t) and e(t) for all t, Ex(to) = mo, cov(x(to)) = Ro

mx(t) = Ex(t) P (t) = cov[x(t)] = E[x(t) − m(t)][x(t) − m(t)]^∗

cfl T. Söderström, 1997_4

Linear filtering, cont’d

mx(t + 1) = F mx(t) = F^t+1^{−to}mo Rx(t + τ, t) = F^τ P (t) τ ≥ 0 P (t + 1) = F P (t)F^∗ + R1 P (to) = Ro

Lyapunov equation

my(t) = Hmx(t) Ry(t, t) = HP (t)H^∗ + R2 Ry(t + τ, t) = HF^{τ−}1[F P (t)H^∗ + R12] τ > 0

cfl T. Söderström, 1997_5

Linear filtering — stationary case

For asymptotically stable systems:

P (t) converges to solution of the Lyapunov equation P = F P F^∗ + R1 as t − to→ ∞. Unique solution ∃, is Hermitian and nonnegative definite.

Spectrum

ϕy(z) = H(zI − F )^−1R1(z^{−∗}I − F^∗)^−1H^∗ + R2 +H(zI − F )^−1R12 + R21(z^{−∗}I − F^∗)^−1H^∗

cfl T. Söderström, 1997_6

Yule-Walker equation

1. Autoregressive process y(t) + a1y(t − 1) + . . . + any(t − n) = e(t) Multiply by y(t − τ), τ ≥ 0. Take expectation r(τ)+a1r(τ−1)+. . .+anr(τ−n) = { 0 τ > 0

λ2 τ = 0

cfl T. Söderström, 1997_7

Yule-Walker equation, cont’d

1. Full ARMA process y(t) + a1y(t − 1) + . . . + any(t − n) = e(t) + c1e(t − 1) + . . . + cme(t − m) Multiply by y(t−τ) to get difference equation in ry(τ) = r(τ) and rey(τ).

Multiply by e(t−τ) to get difference equation in rey(τ) and re(τ).

Eliminate rey(τ). r(τ)+a1r(τ−1)+. . .+anr(τ−n) = 0, τ > m

cfl T. Söderström, 1997_8

Spectral factorization

Given ϕ(e^{iω}) = ∑ |k|≤m βke ikω ∑ |k|≤n αke ikω

∃ λ2 > 0 and two polynomials A(z) = z^n + a1z^{n−}1 + . . . + an C(z) = z^m + c1z^{m−}1 + . . . + cm i) A(z) has all zeros inside the unit circle.

ii) C(z) has all zeros inside or on the unit circle.

iii) ϕ(e^{iω}) = λ2 C(e^{iω}) A(e^{iω}) C(e^{iω}) A(e^{iω}) = λ2 | | | C(e^{iω}) A(e^{iω}) | | | 2 In case ϕ(ω) > 0 for all ω, C(z) will have no zeros on the circle.

cfl T. Söderström, 1997_9

Spectral factorization

Interpretation Regard the process as generated by filtering white noise

C(q) A(q) &%’$Σ - - ? e(t) v(t) x(t) y(t)

D(q) A(q) - y(t) ε(t)

ϕ(z) = λ2_e + λ2_v CC^∗ AA∗ = λ2_ε DD^∗ AA∗ λ2ε DD∗ ≡ λ2v CC∗ + λ2e AA∗ cfl T. Söderström, 1997_{10}

Spectral factorization — state space models

Asymptotically stable system

x(t + 1) = F x(t) + v(t) y(t) = Hx(t) + e(t) E ( v(t) e(t) ) (v^∗(s) e^∗(s)) = ( R1 R12 R21 R2 ) δt,s Then ϕy(z) = H(z)ΛH^∗(z^{−∗}) i) H(∞) = I ii) H(q) asymptotically stable iii) H^−1(q) (asymptotically) stable

cfl T. Söderström, 1997_{11}

Spectral factorization, cont’d

How to find H(q) and Λ?

Answer: H(q) = I + H(qI − F )^−1K Λ = HP H^∗ + R2 K = (F P H^∗ + R12)(HP H^∗ + R2)^−1 P = F P F^∗ + R1 − (F P H^∗ + R12) ×(HP H^∗ + R2)^−1(HP F^∗ + R21)

cfl T. Söderström, 1997_{12}

Spectral factorization

Innovations representation y(t) = H(q)ỹ(t) Eỹ(t)ỹ^∗(s) = Λδ_{t,s}

xo(t + 1) = F xo(t) + Kỹ(t) y(t) = Hxo(t) + ỹ(t)

H(q) = I + H(qI − F )^−1K Λ = HP H^∗ + R2

cfl T. Söderström, 1997_{13}

Continuous time models ϕ(s) =^{∫ ∞}_{−∞} r(τ)e^{−sτ} dτ

r(τ) = 1 2πi ∫ ϕ(s)e^{sτ} ds

ϕ̃(s) =^{∫ ∞} 0 r(τ)e^{−sτ} dτ = Lr(τ)

cfl T. Söderström, 1997_{14}

Continuous time models – properties of the spectrum • ϕ∗(s) = ϕ(−s) • ϕ(iω) nonnegative definite

• Diagonal elements of ϕ(iω) real–valued and positive

• Scalar case: ϕ(iω) = ϕ(−iω) ⇐⇒ Real(x(t)) and Imag(x(t)) uncorrelated • ϕ∗xy(s) = ϕyx(−s) • ϕ(s) = ϕ̃(s) + ϕ̃^∗(−s)

cfl T. Söderström, 1997_{15}

Spectral factorization ϕ(iω) = B(iω)B(−iω) A(iω)A(−iω) A(p) = p^n + a1p^{n−}1 + . . . + an B(p) = b1p^{n−}1 + . . . + bn all zeros in LHP.

Linear filtering y(t) = H(p)u(t)

ϕy(s) = H(s)ϕu(s)H^∗(−s)

cfl T. Söderström, 1997_{16}

White noise and Wiener processes

Definition: u(t) white noise if ϕu(iω) constant

r(0) = 1 2π ∫ ∞ −∞ ϕ(iω) × 1 dω = ∞ Try r(τ) = roδ(τ) Wiener process w(t) =^{∫ t} 0 e(s)ds r(t + τ, t) = Ew(t + τ)w^∗(t) = rot

Edwdw∗ = rodt Informally, dw(t) dt = e(t) cfl T. Söderström, 1997_{17}

State space models ẋ = Ax + Be dx = Axdt + Bdw Let τ > 0. Then

Rx(t + τ, t) = Ex(t + τ)x^∗(t) = e^{Aτ} P (t) Ṗ (t) = AP (t) + P (t)A^∗ + BR_oB^∗ For asymptotically stable systems and t0 → ∞, P (t) → P 0 = AP + P A^∗ + BRoB^∗ (Lyapunov equation)

cfl T. Söderström, 1997_{18}

Sampling stochastic models ẋ = Ax + v rv(τ) = Rcδ(τ)

x(k + 1) = F x(k) + e(k) cov(e(k)) = R_d

F = e^{Ah} Rd =^{∫ h} 0 eAsRceA^�sds

cfl T. Söderström, 1997_{19}

Deriving a sampled model

Continuous-time model ẋ = Ax + v rv(τ) = Rcδ(τ) Formal solution x(kh + h) = e^{Ah}x(kh) +^{∫ kh} +h kh eA(kh+h−s)v(s)ds Δ= F x(kh) + e(kh) e(kh) discrete time white noise! Ee(kh) = 0 Compute R_d = Ee(kh)e^T (kh).

cfl T. Söderström, 1997_{20}

Sampling and aliasing ϕd(e^{iωh}) =^{∞∑}_j =−∞ ϕc(i(ω + j2π h )) Special case: no signal energy above ω_N = π/h. ϕd(e^{iωh}) = ϕc(iω) Example (p + a)y(t) = av(t)

cfl T. Söderström, 1997_{21}

Positive real part of the spectrum

Consider the ARMA process A(q)y(t) = C(q)e(t) and the identity λ2CC∗ = DA∗ + AD∗ Results 1. If λ2 and C are given, there exists a unique D. 2. If D is given, there exists λ2 and C precisely when D/A are positive real: [ ReD(e^{iω})/A(e^{iω}) ≥ 0, all ω^] 3. ϕ̃(z) = D(z)/A(z) cfl T. Söderström, 1997_{22}

Positive real part of spectrum, cont’d

ARMA process A(q)y(t) = C(q)e(t) Identity λ2C(z)C(z^−1) ≡ D(z)A(z^−1) + A(z)D(z^−1) Spectrum λ2 C(z)C(z^−1) A(z)A(z^−1) ≡ D(z) A(z) + D(z^− 1) A(z^−1) ϕ(z) = ϕ̃(z) + ϕ̃(z^−1)

Interpretation: partial fraction decomposition!

cfl T. Söderström, 1997_{23}

Positive real part of spectrum, cont’d

Continuous time models y(t) = B(p) F (p) e(t) B(p) = b1p^{n−}1 + . . . + bn F (p) = p^n + f1p^{n−}1 + . . . + fn

ϕ̃(s) = D(s) F (s)

B(s)B(−s) = D(s)F (−s) + D(−s)F (s)

cfl T. Söderström, 1997_{24}

Positive real part of the spectrum – state space form

State space model

x(t + 1) = F x(t) + v(t) y(t) = Hx(t) + e(t) Positive real part of the spectrum ϕ̃(z) = J + H(zI − F )^−1F P H^∗ where

J = (HP H^∗ + R2)/2 P = F P F^∗ + R1

cfl T. Söderström, 1997_{25}

Positive real part of the spectrum – Kalman Yakobovich lemma

Define ϕ̃(z) = J + H(zI − F )^−1F P H^∗ Lemma. ϕ̃(z) is positive real if and only if there exist P (positive definite Hermitian), L and W , such that

P = F P F^∗ + LL^∗ F ∗P G = H∗ − LW W ∗W = J + J∗ − G∗P G

cfl T. Söderström, 1997_{26}

Effect of linear filtering on the bispectrum

Zero mean Gaussian processes R(m, n) = 0, B(z1, z2) = 0 White noise Let Ex(t) = 0, Ex2(t) = σ2, Ex3(t) = β.

R(m, n) = βδ(m, n), B(z1, z2) = β

cfl T. Söderström, 1997_{27}

Effect of linear filtering on the bispectrum

Filtering y(t) =^{∞∑}_k =0 hku(t − k) Input u(t) zero mean. Result: By(z1, z2) = H(z^−11 z^−12 )H(z1)H(z2)Bu(z1, z2)

cfl T. Söderström, 1997_{28}

Algorithm for ARMA covariance computation

Process A(q)y(t) = C(q)e(t) Ee2(t) = λ2 Compute r(k) = Ey(t + k)y(t) Solve λ2C(z)C(z^−1) ≡ D(z)A(z^−1) + A(z)D(z^−1) Recall ϕ̃(z) = D(z) A(z) =^{∞∑}_k =1 r(k)z^{−k} + 1 2 r(0)

cfl T. Söderström, 1997_{29}

Algorithm for ARMA covariance computation, cont’d

Algorithm

r(0) = 2do r(1) = d1 − doa1 r(2) = d2 − doa2 − a1r(1) . r(n) = dn − doan − a1r(n − 1) − a2r(n − 2) . . . − an−1r(1) r(k) = −^{n∑}_i =1 air(k − i) k > n (Yule Walker equations)

cfl T. Söderström, 1997_{30}

Algorithm – continuous time covariance function

Given model y(t) = B(p) F (p) e(t) B(p) = b1p^{n−}1 + . . . + bn F (p) = p^n + f1p^{p−}1 + . . . + fn

1. Compute D(s) from B(s)B(−s) = D(s)F (−s) + D(−s)F (s)

cfl T. Söderström, 1997_{31}

Algorithm – continuous time covariance function

Recall ϕ̃(s) = Lr(t) = D(s) F (s) 2. Choose H, Fc and xo so that H(sI − Fc)^−1xo = D(s) F (s) ẋ = Fcx x(0) = xo r = Hx r(t) = He^{Fct}xo (t ≥ 0)

cfl T. Söderström, 1997_{32}

Algorithm for sampling

Given model A(p)y(t) = B(p)e(t) where A(p) = p^n + a1p^{n−}1 + . . . + an B(p) = b1p^{n−}1 + . . . + bn Ee(t)e(s) = δ(t − s)

Algorithm Step 1. Compute ϕ̃c(s) = D(s)/A(s) D(s) = d1s^{n−}1 + . . . + dn from B(s)B(−s) ≡ D(s)A(−s) + D(−s)A(s) cfl T. Söderström, 1997_{33}

Algorithm for sampling, cont’d

Step 2. Use ϕ̃_c(s) = L{r(t)} ϕ̃_d(z) = [Z{r(kh)} − 1 2 r(0)] to compute ϕ̃_d(z) = hD^d(z) Ad(z) Step 3. Spectral factorization λ2C(z)C(z^−1) = D_d(z)A_d(z^−1)+A_d(z)D_d(z^−1)

cfl T. Söderström, 1997_{34}

An algorithm for solving Lyapunov equation

Equation P = F P F^T + R1

Bad idea: Iterate

P (t + 1) = F P (t)F^T + R1 until convergence (slow!)

Acceleration algorithm Compute P (2^k), k = 1, 2, . . . 1. Set P_1 = R_1 F_1 = F k = 1.

2. Iterate until convergence Pk+1 = FkPkF Tk + Pk Fk+1 = F 2k cfl T. Söderström, 1997_{34}