
� ���
���
�	�
�
�
���
� 
 �

le
t
ty
pe

in
tf
un

=
in
t
->

in
t

fu
nc
ti
on

ad
d(
n:

in
t)

:
in
tf
un

=
le
t
fu
nc
ti
on

h(
m:

in
t)

:
in
t
=
n+
m

in
h

en
d

va
r
ad
dF
iv
e
:
in
tf
un

:=
ad
d(
5)

va
r
ad
dS
ev
en

:
in
tf
un

:=
ad
d(
7)

va
r
tw
en
ty

:=
ad
dF
iv
e(
15
)

va
r
tw
en
ty
Tw
o
:=

ad
dS
ev
en
(1
5)

fu
nc
ti
on

tw
ic
e(
f:

in
tf
un
)
:
in
tf
un

=
le
t
fu
nc
ti
on

g(
x:

in
t)

:
in
t
=
f(
f(
x)
)

in
g

en
d

va
r
ad
dT
en

:
in
tf
un

:=
tw
ic
e(
ad
dF
iv
e)

va
r
se
ve
nt
ee
n
:=

tw
ic
e(
ad
d(
5)
)(
7)

va
r
ad
dT
we
nt
yF
ou
r
:=

tw
ic
e(
tw
ic
e(
ad
d(
6)
))

in
ad
dT
we
nt
yF
ou
r(
se
ve
nt
ee
n)

en
d

PR
O

G
RA

M
15

.1
.

A
Fu

n-
Tig

er
pr

og
ra

m
.

Fr
om

M
od

er
n

Co
m

pi
ler

Im
pl

em
en

tat
io

n
in

M
L,

Ca
m

br
id

ge
U

ni
ve

rsi
ty

Pr
es

s,
c ©1

99
8

An
dr

ew
W

.A
pp

el
� �������������

� �! �"�#$ &%('&#$%*),+.-0/214365('718 &),+91:)<;�=>'& 6?�1:/@5( &+BAC+D'&?E3F#$+�GIHKJL1436)NM:'6 LOP1:/@QR)
M:),S6MD)<+D)< T1E#U1:/@5( V5(=�#R=>'& 6?�1:/@5( XW$#$"@'&)Y?Z#$ V[\)]1436)^#(;6;7M:)<+D+I5(=_1:36)
Q`#$?E3&/@ 6)^?<5a;6)Y=b5$MI1:3c#U18=>'& 6?�1:/@5* ed

� fg36)< ihkjElKmnj:o�pEqrh\s<mCtPuvh6lw?<5(Qx)^/y z1:5{1436)YS&/@?K14'7M:)(J6=b'& 6?�1:/@5( &+I#$MD)
M:),S6MD)<+D)< T14),;�#(+ s,|@u}lEqr~4j�l ��M:),?<5$M:;6+.1:3&#v18?<5( T1E#$/@ �1436) Q`#$?E3&/@ 6)KOn?<5a;6)
S\5(/@ T14)�M #$ &;V#�-.#<��145x#$?<?,)<+D+�1436)^ 6)<?<),+:+:#vM9�� &5( rOn"@5r?<#("\W$#$MD/�#$[&"y)<+
A j�h&��tb~Duvhc��jKh�m H�d

� �� &)]-�#<�X5*=_M:)<S7MD)<+D)< T14/@ 6%R), zWL/yMD5* 6QR)< T14+0/@+0'&+D/@ 6%{1436) lKmn�$mCtPs�|�tbh6� d
�R�@���z���T�r�r�K�T�L�v���_�������Z }¡E¢£�Y¤9¥T���2¦¨§�©\ªr§}�y¦}�!¡E«£¬*¡E«¡E©�¡4«!¡E¦T¤4¡�¢���§Y��¤E¤4¡E¢�¢®��¥*¡
§}¯(��¡4«�°N§}¢n��±<��«!�2�Z²z³�¡�¢´�}¦*¬¨��¥*¡0µ}�Z«²z�Zµ}¡.¤4§}³2³2¡E¤:��§�«®²r¡�¤4§}°N¡�¢´³�¡�¢!¢�¡4¶7¡�¤:���·±}¡�¸



� ��������� �<���
	������� � 	��������������� � ��	.�¨��� �

� �I36)^'&+D)Y+ 1E#U1:/@?w"@/@ ��a+8/@ V?<"@5(+D'7M:)<+0QR)Z#$ &+�1:3c#U1�#$?�1:/2W$#U14/y5* VMD)<?<5$MD;&+I=b5$M
� )< &?,"@5(+:/y &%��R=b'& 6?�1:/@5( &+IQ '&+ 18 65v1�[�)Y;&)<+ 1DM:5Z�T)<;X'&S�5* �1436)</yM.M:)�1:'7M: 
[\),?Z#$'&+D)�1436)���+D),M WT)w#$+0)< zWL/yMD5( &QR)< T14+I=b5$M05$1:3&)�M0=b'6 &?K14/@5( 6+Zd

�  r56J7#$?�1:/2W$#U14/@5( �M:)<?,5$M:;6+I#vM:)Y+ 1:5(MD)<;X5( �1:3&)N36)Z#$S�/@ &+ 1:)Z#$;�5(= 1:36)Y+ 14#(?���d
�n10/@+.1436)< �'&S�1:5{1436)Y%*#$MD[&#(%()w?,5("@"@)<?�1:5$MI1:5R;&)�1:),MDQx/y &)N1:3c#U18/21�/y+8+:#$=b)
145{MD)<?<"�#$/@Q 1:3&)^36)Z#$SLO#$"@"@5a?Z#U1:)<;V=	M4#$QR)<+<d

� ! M:)#"c 6)<QR)< T105(= 1436/@+.14),?�36 &/%$a'&)Y/y+I1:5x+4#<WT)^5( �1436)^3&)<#(SX5* 6"2�
W$#vM:/�#$[6"@)<+I1:3c#U1 jEl,s4�'&6j A #vMD)^'&+D)<;X[z��/@ & 6),M�On &)<+ 1:)<;V=>'& 6?�1:/@5* 6+EHKd( z14#(?��
=>M:#(QR)<+�143a'6+8#$"@+D5x3&5("@;F#RS\5(/@ T14)�M.145{1:3&) ),+:?<#(S6/@ 6%UO W$#vMD/�#$[&"@)^M:),?<5$M:; �
) ¸.¥*�}¢£��¦+*�³�§$¤E��³7±<�Z«!�y�Z²z³�¡�¢���¥T�<� ��¦{�2¦T¦*¡E«-, ¦*¡�¢n�!¡�¬�ªT«§(¤4¡E¬T¯*«¡8°Y��µ}¥U�£¦*¡E¡�¬/.
0 ¸.��¢n� �<���2¤�³2�2¦* Y�!§���¥*¡�¡E¦U±(�2«§}¦T°N¡�¦}��ªT«§�±*�2¬*¡E¬ ²1*w� ¥*¡�¡E¦T¤E³�§}¢!�y¦(µ�©	¯T¦*¤:���2§}¦6¸

2 �V��� 3��4�5	6�������7�¨� 2 �´�98¨���9: : �;�58

!�"@"@5Z-8+{j=<Kq&�(mCtPuvh\�(| ~4j:�}l,uvh&tbh?>�[z��S6MD5(3&/y[&/21:/@ &%`+D/@;6)KOn);@\),?�1:+05(= =b'6 &?�1:/@5( 6+Z�
) ¸BA ¢!¢!��µ}¦T°N¡�¦U��¢®�!§N±<�Z«!�2��²T³2¡E¢DC	¡=E*¤4¡Eª(� ��¢´�2¦T�·� �2��³2�GF��<� ��§}¦T¢IH
0 ¸BA ¢!¢!��µ}¦T°N¡�¦U��¢®�!§KJT¡�³2¬T¢´§�© ¥*¡E��ªL, ��³y³�§$¤E�<��¡E¬ «!¡�¤:§�«�¬T¢
M ¸DN��}³2³2¢���§N¡=E$�!¡E«�¦*�}³&©�¯T¦T¤:����§}¦T¢���¥T�<� ¥*�K±U¡ ±*�2¢!��²z³2¡�¢��2¬*¡O, ¡4¶7¡�¤:��¢PC	«!¡E�}¬/Qzª*«��2¦U��Q¡=E*����Q�R�R�RSH9¸

�.3r'6+<J6=b'6 &?�1:/@5( &+�M:)K14'7M: XM:),+:'6"214+T�t mVULuvq7m�s#Ur�vh?>vtbhW> mVU7jYXZT uU~,|yo\[^/@ F#$ z�
5([6+:)�M9W$#$[6"@)N-.#<�^]´�! 6+ 14)Z#$;�5(=�'6S\;&#U14/y &%R5("@;�W$#$"@'6)<+<J6=b'6 &?�1:/@5( &+0#$"2-.#<�L+
S7M:5a;6'&?,)^ 6)�-gW$#("@'6)<+<d´�`_*� /@+0S\)�M:=b5$MDQx),;V/@ V# s4uUh�mCtbh&q&�(mCtPuvh�a`b:�Ul<j:o + 1�7"@)
C>�2¦U�!¡E«¡�¢n���y¦(µU³c*w¡�¦*§}¯*µ}¥�Qedgfih ²r¡�¤4§}°N¡�¢´¦*§#j k ±(�y¢!��²z³�¡'l8��§N��¥*¡��m*(ªr¡=, ¤9¥*¡�¤  �¡E«IH d



type key = string
type binding = int
type tree = {key: key,

binding: binding,
left: tree,
right: tree}

function look(t: tree, k: key)
: binding =

if k < t.key
then look(t.left,k)

else if k > t.key
then look(t.right,k)

else t.binding

function enter(t: tree, k: key,
b: binding) =

if k < t.key
then if t.left=nil
then t.left :=

tree{key=k,
binding=b,
left=nil,
right=nil}

else enter(t.left,k,b)
else if k > t.key
then if t.right=nil
then t.right :=

tree{key=k,
binding=b,
left=nil,
right=nil}

else enter(t.right,k,b)
else t.binding := b

(a) Imperative

type key = string
type binding = int
type tree = {key: key,

binding: binding,
left: tree,
right: tree}

function look(t: tree, k: key)
: binding =

if k < t.key
then look(t.left,k)

else if k > t.key
then look(t.right,k)

else t.binding

function enter(t: tree, k: key,
b: binding) : tree =

if k < t.key
then
tree{key=t.key,

binding=t.binding,
left=enter(t.left,k,b),
right=t.right}

else if k > t.key
then
tree{key=t.key,

binding=t.binding,
left=t.left,
right=enter(t.right,k,b)}

else tree{key=t.key,
binding=b,
left=t.left,
right=t.right}

(b) Functional

PROGRAM 15.3. Binary search trees implemented in two ways.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel
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type answer
type stringConsumer = string -> answer
type cont = () -> answer

function getchar(c: stringConsumer) : answer
function print(s: string, c: cont) : answer
function flush(c: cont) : answer
function exit() : answer

PROGRAM 15.4. Built-in types and functions for PureFun-Tiger.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel
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let
type intConsumer = int -> answer

function isDigit(s : string) : int =
ord(s)>=ord("0") & ord(s)<=ord("9")

function getInt(done: intConsumer) =
let function nextDigit(accum: int) =

let function eatChar(dig: string) =
if isDigit(dig)
then nextDigit(accum*10+ord(dig))
else done(accum)

in getchar(eatChar)
end

in nextDigit(0)
end

function putInt(i: int, c: cont) =
if i=0 then c()
else let var rest := i/10

var dig := i - rest * 10
function doDigit() = print(chr(dig), c)

in putInt(rest, doDigit)
end

function factorial(i: int) : int =
if i=0 then 1 else i * factorial(i-1)

function loop(i) =
if i > 12 then exit()
else let function next() = getInt(loop)

in putInt(factorial(i), next)
end

in
getInt(loop)

end

PROGRAM 15.5. PureFun-Tiger program to read i , print i !.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel
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let
type list = {head: int, tail: list}
type observeInt = (int,cont) -> answer

function doList(f: observeInt, l: list, c: cont) =
if l=nil then c()
else let function doRest() = doList(f, l.tail, c)

in f(l.head, doRest)
end

function double(j: int) : int = j+j

function printDouble(i: int, c: cont) =
let function again() = putInt(double(i),c)
in putInt(i, again)
end

function printTable(l: list, c: cont) =
doList(printDouble, l, c)

var mylist := · · ·

in printTable(mylist, exit)
end

PROGRAM 15.6. printTable in PureFun-Tiger.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel
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let
type list = {head: int,

tail: list}

function double(j: int): int =
j+j

function printDouble(i: int) =
(putInt(i);
putInt(double(i)))

function printTable(l: list) =
while l <> nil

do (printDouble(l.head);
l := l.tail)

var mylist := · · ·

in printTable(mylist)
end

(a) As written

let
type list = {head: int,

tail:list}

function printTable(l: list) =
while l <> nil

do let var i := l.head
in putInt(i);

putInt(i+i);
l := l.tail

end

var mylist := · · ·

in printTable(mylist)
end

(b) Optimized

PROGRAM 15.7. Regular Tiger printTable.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel
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(a) When the actual parameters are
simple variables i1, . . . , in .
Within the scope of:

function f (a1, . . . , an) = B

the expression

f (i1, . . . , in)

rewrites to

B[a1 7→ i1, . . . , an 7→ in]

(b) When the actual parameters are non-
trivial expressions, not just variables.
Within the scope of:

function f (a1, . . . , an) = B

the expression

f (E1, . . . , En)

rewrites to

let var i1 := E1
...

var in := En

in B[a1 7→ i1, . . . , an 7→ in]
end

where i1, . . . , in are previously unused
names.

ALGORITHM 15.8. Inline expansion of function bodies. We assume that no two
declarations declare the same name.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel

function f (a1, . . . , an) =
B

→

function f (a′1, . . . , a′n) =
let function f ′(a1, . . . , an) =

B[ f 7→ f ′]
in f ′(a′1, . . . , a′n)
end

ALGORITHM 15.9. Loop-preheader transformation.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel
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If every use of f ′ within B is of the form f ′(E1, . . . , Ei−1, ai , Ei+1, . . . , En) such that the
i th argument is always ai , then rewrite

function f (a′1, . . . , a′n) =
let function f ′(a1, . . . , an) = B
in f ′(a′1, . . . , a′n)
end

→
function f (a′1, . . . , a′i−1, ai , a′i+1, . . . , a′n) =
let function f ′(a1, . . . , an) = B
in f ′(a′1, . . . , a′i−1, a′i+1, . . . , a′n)
end

where every call f ′(E1, . . . , Ei−1, ai , Ei+1, . . . , En) within B is rewritten as
f ′(E1, . . . , Ei−1, Ei+1, . . . , En).

ALGORITHM 15.10. Loop-invariant hoisting.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel

1 function printTable(l: list, c: cont) =
2 let function doListX(l: list) =
3 if l=nil then c()
4 else let function doRest() =
5 doListX(l.tail)
6 var i := l.head
7 function again() =
8 putInt(i+i,doRest)
9 in putInt(i,again)

10 end
11 in doListX(l)
12 end

PROGRAM 15.11. printTable as automatically specialized.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel
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type mainLink = { · · · }
type printTableLink= {SL: mainLink, cFunc: cont, cSL: ?}
type cont = ? -> answer
type doListXLink1 = {SL: printTableLink, l: list}
type doListXLink2 = {SL: doListXLink1, i: int,

doRestFunc: cont, doRestSL: doListXLink1}

function printTable(SL: mainLink, l: list, cFunc: cont, cSL: ?) =
let var r1 := printTableLink{SL=SL,cFunc=cFunc,cSL=cSL}

function doListX(SL: printTableLink, l: list) =
let var r2 := doListXLink1{SL: printTableLink, l=l}
in if r2.l=nil then SL.cFunc(SL.cSL)

else let function doRest(SL: doListXLink1) =
doListX(SL.SL, SL.l.tail)

var i := r2.l.head
var r3 := doListXLink2{SL=r2, i=i,

doRestFunc=doRest, doRestSL=r2}
function again(SL: doListXLink2) =

putInt(SL.SL.SL, SL.i+SL.i,
SL.doRest.func, SL.doRestSL)

in putInt(SL.SL,i, again,r3)
end

in doListX(r1,l)
end

PROGRAM 15.12. printTable after closure conversion.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel
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printTable: allocate record r1 printTable: allocate stack frame
jump to doListX jump to whileL

doListX: allocate record r2 whileL:
if l=nil goto doneL if l=nil goto doneL
i := r2.l.head i := l.head

allocate record r3

jump to putInt call putInt
again: add SL.i+SL.i add i+i

jump to putInt call putInt
doRest: jump to doListX jump to whileL
doneL : jump to SL.cFunc doneL: return

(a) Functional program (b) Imperative program

FIGURE 15.13. printTable as compiled.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel

type tree = {key: ()->key,
binding: ()->binding,
left: ()->tree,
right: ()->tree}

function look(t: ()->tree, k: ()->key) : ()->binding =
if k() < t().key() then look(t().left,k)
else if k() > t().key() then look(t().right,k)
else t().binding

PROGRAM 15.14. Call-by-name transformation applied to Program 15.3a.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel
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type intList = {head: int, tail: intList}
type intfun = int->int
type int2fun = (int,int) -> int

function sumSq(inc: intfun, mul: int2fun, add: int2fun) : int =
let
function range(i: int, j: int) : intList =
if i>j then nil else intList{head=i, tail=range(inc(i),j)}

function squares(l: intList) : intList =
if l=nil then nil
else intList{head=mul(l.head,l.head), tail=squares(l.tail)}

function sum(accum: int, l: intList) : int =
if l=nil then accum else sum(add(accum,l.head), l.tail)

in sum(0,squares(range(1,100)))
end

PROGRAM 15.15. Summing the squares.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel

function look(t: tree, k: key) : ()->binding =
if k < t.key() then look(t.left(),k)
else if k > t.key() then look(t.right(),k)
else t.binding

PROGRAM 15.16. Partial call-by-name using the results of strictness analysis;
compare with Program 15.14.
From Modern Compiler Implementation in ML,
Cambridge University Press, c©1998 Andrew W. Appel
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